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Abstract
A coal supply chain is a highly complex logistics system, comprising of several parties and
components, focused on transporting coal from suppliers to end buyers. An important
goal in many supply chains is to maximize the throughput. Due to the complex structure
of a coal supply chain, a number of challenges arises when trying to maximize the
throughput of the chain.
One of the key challenges in a coal supply chain and one that plays a vital role when
maximizing the throughput of the chain is the scheduling of preventive maintenance of
the components of the chain that degrade over time, such as the rail network and the coal
stacking machinery. During the maintenance period, the components are unavailable for
work, which may result in a reduction in the throughput of the supply chain. In order
to understand the complexities associated with the problem of scheduling preventative
maintenance, we have analysed the complexity of an abstract version of the problem.
We studied the problem of scheduling maintenance on arcs of a capacitated network so
as to maximize the total flow from a source node to a sink node over a set of given time
periods. Maintenance of an arc shuts down the arc for the duration of the period in which
its maintenance is scheduled, reducing its capacity to zero for that period. A set of arcs
is designated to have maintenance during the planning period, which will require each of
the arcs to be shut down for exactly one time period. In general, this problem is known
to be NP-hard. We have identified a number of characteristics that are relevant for the
complexity of instance classes. In particular, we investigated instances with restrictions
on the set of arcs for which maintenance is scheduled; series parallel networks; capacities
that are balanced, in the sense that the total capacity of arcs entering a (non-terminal)
node equals the total capacity of arcs leaving the node; and identical capacities on all
arcs.
Another factor that has a great impact on the throughput of the coal supply chain is
the management of the stockyard, which is the interface between the land portion of the
coal supply chain and the ocean portion of the coal supply chain, and where the cargoes
get assembled. Given a number of vessels arriving at the port, stockyard management
decisions include: assigning a location to each cargo (stockpile) of a vessel in the stockyard, scheduling the assembly of the cargoes, scheduling the stacking and reclaiming of
the cargoes, etc. The resulting decision problem is challenging, but plays a crucial role
in the overall performance of the logistics chain. In this thesis, we have focused on the
placement of the stockpiles on the stock pads and the scheduling of the reclaiming of the
stockpiles. We study a number of variants of an abstract scheduling problem inspired
by the scheduling of the reclaimers in the stockyard of a coal export terminal. We have

Contents

viii

analysed the complexity of each of the variants, providing complexity proofs for some
and polynomial algorithms for others. For some of the variants, we present mixed integer programming formulations, exact algorithms, such as branch and bound algorithms
and dynamic programming algorithms, and constant factor approximation algorithms.
Furthermore, we perform extensive computational studies to analyse the performance
of the proposed solution methodologies.
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Chapter 1

Introduction
A coal supply chain is a highly complex logistics chain, comprising of several parties and
components, focused on transporting coal from suppliers to end buyers. Some of the
parties that are involved in this chain are coal producers, track owners, rail operators,
terminal operators, and vessel agents. Some of the components that play a role in this
chain are rail tracks, trucks, and ship loaders, each of which is involved in the transport
of coal from one specific place to another. The journey of coal starts with the extraction
from a mine and the storing at mine coal loading facilities, and passes through many
intermediate stages before reaching the end buyers. The intermediate stages include the
transport of the coal from the mine to the port by rail or trucks, the unloading of the
coal onto a stockyard in the form of a stockpile (a stockyard is a place near the port
used to assemble stockpiles before loading them onto vessels), with the help of machines
known as “stackers”, and the load of the coal onto vessels with the help of bucket-wheel
machines known as “reclaimers” and shiploaders. Figure 1.1 gives an overview of a coal
supply chain.

Figure 1.1: Overview of a coal supply chain

Every participant works with the aim of maximizing the throughput of the coal supply
chain, but is naturally biased to optimising its own profit. This creates a conflicting
environment between partners and makes the decision making process for achieving the
1
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2

maximum throughput of the supply chain more complex. Accordingly, for supply chain
performance to be improved and optimised, it is necessary to have a team of coordinators
to manage and coordinate the activities of different participants. This team works with
the aim of maximising the throughput of the entire coal supply chain.
Since a coal supply chain comprises of several parties and components, and coal passes
through many stages, maximizing throughput of the coal supply chain will highly depend
on
• the efficient management of activities at each stage. This includes decisions, of
when, how much, and what quality of the coal should be mined and stored at a
coal loading facility, and the scheduling of the maintenance of all the components,
which may degrade over time (for example rail tracks), in order to keep them in
good shape and working order to avoid any loss (or delay) in throughput due to
unexpected failure of these components;
• the efficient coordination of the activities at different stages, such as deciding when
the coal should be send from coal loading facilities to port terminals, where the
coal should be placed on the stockyard, and when and how the coal should be
loaded from stockyard onto vessels loaders; and
• the efficient coordination between the different parties involved, such as rail operators and terminal operators.
These are some of the challenges when managing a coal supply chain. In this research,
we focus on the following two key challenges of the coal chain:

1. Maintenance scheduling
The components of a coal supply chain, such as the rail network and the coal stacking and reclaiming machinery, degrade over time and need preventive maintenance.
During maintenance, these components become unavailable for work, which may
result in some loss in the total throughput of the coal chain. This clearly indicates
that it is important to prepare a maintenance schedule that results in a minimum
loss of throughput.
Note that a coal supply chain can be viewed as a capacitated flow network with a
given node set V that consists of source node(s) representing the coal load point(s),
transhipment nodes representing the intermediate places, such as stockyards, and
sink node(s) representing the final destination(s) of the coal, arc set A, where the
arcs represent the different components connecting these nodes, such as rail tracks,
and arc capacities ua for each a ∈ A representing the maximum amount of coal
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that can be send on any arc. Thus, scheduling maintenance of a component of a
coal supply chain can be seen as scheduling the shut downs of corresponding arcs
in the network. But, different arc shut down schedules may have different effect
on the throughput of the network. To support this statement, let us consider
the network depicted in Figure 1.2, with three nodes {s, v, t}, three arcs {a, b, c},
and arc capacities {5, 4, 7}. Given a time horizon of two days, the maximum
throughput, when no arc is put on maintenance is 14 units. Now, suppose that
arcs a and b have to undergo maintenance for a unit period (for a day) in the time
horizon of two days. Two possible maintenance schedules are given in Figure 1.2.
Clearly, Schedule 2 is a better schedule as it results in less loss of flow.
Schedule 1
Day
a(5)
s

b(4)

v

Network

c(7)
t

Day 1
Day 2
Total Flow

Arcs
Shut
a
b

Flow
4
5
9

Shedule 2
Arcs
Shut
None
a, b

Flow
7
0
7

Affect of schedules on throughput

Figure 1.2: Example to illustrate how different schedules affect on throughput.

Thus to maximize the throughput, it is important to select the right schedule, i.e.,
a schedule that leads to minimum loss of flow. This gives rise to an interesting
optimization problem in which the maintenance of arcs should be scheduled so as
to maximize the total flow in the network over time.
The complexity of the problem of scheduling maintenance of different components
of a supply chain depends on the characteristics of the supply chain. For example,
if the activities of a given set of components that need maintenance at a given time
period are interdependent (i.e., if one component of this set becomes unavailable
for work then the productivity of all other component of the set becomes 0), then
it is better to schedule the maintenance of all the components together. However,
if these components are not interlinked, then making maintenance scheduling decisions becomes more involved and difficult (see Chapter 3). Thus, it is important
to understand the characteristics of the network that makes the problem difficult
or hard. This inspired us to analyse the problem of scheduling maintenance on a
simpler network to gain a better understanding of the inherent difficulties. The
simpler network that we have chosen to study consists of a single source node, a
single sink node, a given set of arcs with given flow capacities (more than one arc is
allowed between two nodes), a given set of arcs that need to undergo maintenance
for a unit time period in a non-preemptive manner over a given time horizon. The
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full description of the abstract settings in which the problem is analysed are given
in Section 1.1.
2. Reclaimer scheduling
Another key factor that plays a role in maximizing the throughput of a coal supply
chain is the effective management of the stockyard, which forms the interface
between the land portion of the coal supply chain and the ocean portion of the coal
supply chain, where the cargoes are assembled. Given a number of vessels arriving
at the port, stockyard management includes: assigning a location to each cargo
(stockpile) of a vessel in the stockyard, scheduling the assembly of these cargoes,
scheduling the stacking and reclaiming of these cargoes. Each of these activities
gives rise to a challenging operational research problem and has an immense impact
on the overall effectiveness of the stockyard. In this thesis, we have focused on
investigating the problem of scheduling the placement and reclaiming of stockpiles
on the stockpads (a stockyard typically consists of several stockpads).
When deciding the placement location and the reclaim start time of a stockpile, a
number of constraints have to be taken into account. For example, at any point in
time no two stockpiles can occupy the same space on a stockpad, reclaimers cannot
be assigned to two stockpiles at the same time, reclaimers can only be assigned
to stockpiles on stockpads that they serve, reclaimers serving the same stockpad
cannot pass each other, the stockpiles of a vessel have to be reclaimed in a specified
reclaim order and the time between the reclaiming of consecutive stockpiles of a
vessel can be no more than a pre-specified limit, the so-called continuous reclaim
time limit, and the reclaiming of the first stockpile of a vessel cannot start before all
stockpiles of that vessel have been stacked. This shows the importance of preparing
a schedule for reclaimers at a very fine level and making the right decisions about
the placement of the stockpiles.
We have analysed this reclaimer scheduling problem in various abstract settings,
described in Section 1.1, to better understand the inherent complexity and to
investigate possible solution strategies. Our investigation has demonstrated that
reclaimer scheduling gives rise to a large class of challenging and intriguing scheduling problems, partly due to the fact that the itinerary of a reclaimer includes processing time (representing the reclaiming of stockpiles) as well as travelling time
(representing movements between stockpiles).
The rest of this chapter provides a detailed description of the abstract settings
in which the two problems are studied, and outlines the key contributions of this
research. The chapter ends with a discussion of the organization of the thesis.
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Problem description and contributions

In this research, we have dealt with two key issues of a coal supply chain: maintenance
scheduling and reclaimer scheduling. This section gives a complete description of the
settings, for which we have analysed these two problems, and gives a brief overview of
our contributions.

1.1.1

Maintenance scheduling

In order to analyse the fundamental complication that may arise in the scheduling of
preventive maintenance of the components of a coal supply chain, we have looked at the
simplest version of the problem in which all components that may degrade over time
need to undergo maintenance for a unit time period in a non-preemptive manner over a
given time horizon of T periods. In the studied version, we have ignored many real world
constraints, such as a limit on the number of components that can undergo maintenance
in a time period, and the restricted time window ([release date, due date]) in which the
maintenance of a particular component can be scheduled.
As explained earlier, the problem of scheduling maintenance of components can be
viewed as the problem of scheduling arc shut downs in a capacitated network so as
to maximize the flow over time. Therefore, we have formulated the considered version
of the maintenance scheduling problem as follows.

Problem Description
The problem is defined over a network N = (V, A, s, t, u) with a given node set V , arc set
A, source s ∈ V , sink t ∈ V and non-negative integral capacity vector u = (ua )a∈A . In
the arc set A, we allow parallel arcs, i.e., there may exist more than one arc in A having
the same start and end node and may have different flow capacity. In addition, we are
given a subset J ⊆ A of arcs that need to be shut down for exactly one time period.
We consider this network over a given time horizon of T periods with the objective of
maximizing the total flow from s to t.
The considered problem has some similarities to dynamic network flow problems studied extensively in the literature with non-zero as well as zero transit time on the arcs
[27, 28, 36, 39] with the objective of finding the maximum flow that can be sent from
a source to a sink in T time periods. However, in contrast to our problem, there is
no scheduling component in any of these studies. The problem considered by us also
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has some similarities to machine scheduling problems [64]. One of the major differences between a machine scheduling problem and our problem is that the latter has no
underlying machines. In fact, the jobs in our problem are associated with the arcs of
a network. The second major difference between the two problems is their objective
function. Typical objectives for machine scheduling problems are minimizing the sum
of completion times of the jobs or minimizing the maximum completion time of a job
[64], whereas in our problem, we focus on maximizing the throughput.

Key Contributions
The key contribution of this research is an analysis of the complexity of the problem in
the presence of different problem characteristics: (i) the set of arcs that need to be shut
down contains a minimum cut of the network, (ii) the network is balanced, with equal
capacity into and out of each (non-terminal, i.e. transhipment) node, (iii) the network
is series-parallel, (iv) the number of time periods is a fixed parameter, and (v) all arcs
have the same capacity.
We show for case (i) that it is optimal to schedule all jobs in the same time period, and
that this is also true if the network is both balanced and series-parallel. However, if
the network is balanced but not necessarily series-parallel, then the problem is strongly
NP-hard. We provide an approximation ratio for scheduling all jobs in the same time
period in the general case, which shows this is asymptotically optimal as T approaches
infinity. For case (iv), we show that even if T = 2 and the network contains only a single
transhipment node, the problem is NP-hard, and we give an algorithm for series-parallel
networks that has pseudo polynomial complexity for T fixed (but is exponential in T ).
In case (v), if all arcs have the same capacity, we prove that the problem can be reduced
to a maximum flow problem and T additional linear programs, and hence can be solved
in polynomial time. In this case, it is not necessarily optimal to schedule all jobs at the
same time.

1.1.2

Reclaimer scheduling

The reclaiming scheduling problems studied in this research are based on the characteristics of a stockyard at one of the terminals at the port of Newcastle. It has four
stockpads, A, B, C, and D, on which cargoes are assembled. There are six stackers, two
that serve stockpad A, two that serve stockpad B and stockpad C, and two that serve
stockpad D. A single stockpile is built from several train loads over several days. After
a stockpile is completely built, it dwells on its pad for some time (perhaps several days)
until the vessel onto which it is to be loaded is available at one of the berths. Once at
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Figure 1.3: Overview of the stockyard at a port of Newcastle

a berth, and once all its cargoes have been assembled, the reclaiming of the stockpiles
(the loading of the vessel) can begin. A vessel must be loaded in a way that maintains
its physical balance in the water. As a consequence, for vessels with multiple cargoes,
there is a pre-determined sequence in which its cargoes must be reclaimed. A stockpile
is reclaimed using a bucket-wheel reclaimer and the coal transferred to the berth on a
conveyor belt. The coal is then loaded onto the vessel by a ship-loader. There are four
reclaimers, two that serve pad A and pad B and two that serve pad C and pad D. Both
stackers and reclaimers travel on rails at the side of a pad. Stackers and reclaimers that
serve same pads cannot pass each other.
At this stockyard, the reclaiming of a stockpile using a bucket-wheel reclaimer is conducted in a series of long travel bench cuts. For each cut, the reclaimer moves along the
whole length of the stockpile with a fixed boom position. Then the boom is adjusted for
the next cut, the reclaimer turns around and moves along the stockpile in the opposite
direction as indicated in Figure 1.4. The reclaiming process is fully automated and a
typical stockpile is reclaimed in three benches with approximately 55 cuts. In our simplified model, we assume that a stockpile is reclaimed while a reclaimer moves along it
exactly once.
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1st Cut Top Bench
Top Bench

Turnaround Points

Middle Bench

Bottom Bench
Cross Section of Simplified Stockpile

Aerial view of simplified
stockpile illustrates the
long travels bench cut

Figure 1.4: The reclaiming process

Problem Description
The practical importance of reclaimer scheduling at a coal terminal and the complications involved in the real version of the reclaimer scheduling problem prompted us to
study a set of simplified and idealized reclaimer scheduling problems. This will help
create a better understanding of the challenges associated with reclaimer scheduling in
practice. These simplified and idealized reclaimer scheduling problems turn out to lead
to intriguing and, in some cases, surprisingly challenging optimization problems. We
introduce an abstract model with the following settings:

• There are two stockpads of equal size and two reclaimers that initially start from
opposite ends of the stockpads.
• The reclaimers are identical, i.e., they have the same reclaim speed and the same
travel speed.
• The reclaimers move on a single rail in between these two stockpads and cannot
pass each other.
• The reclaiming of a stockpile cannot be split between two reclaimers.
• A reclaimer can serve a stockpile on either stockpad in a non-preemptive manner
(once the reclaiming of a stockpile starts, it should be completed without any
interruptions).
• No two stockpiles placed on the same stockpad can overlap.
• Each stockpile has a given length and a given reclaim time (derived from the
stockpile’s size and the reclaim speed of the reclaimers).
• When a stockpile is reclaimed, it has to be traversed along its entire length by one
of the reclaimers, either from left to right or from right to left.
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• Stacking time (stockpile assembly time) is zero.
For these settings, we have studied a number of variants of the reclaimer scheduling
problem characterised by the following conditions:
• One or two reclaimers are available for reclaiming of stockpiles.
• The positions of the stockpiles on the two stockpads are given or have to be decided.
If the positions have to be decided, then for each stockpile we have to take two
decisions: on which stockpad it should be placed and where on the stockpad it
should be placed.
• Precedence constraints between stockpiles have to be observed or not. In this
thesis, the precedence relation between stockpiles is defined as: the stockpile i
precedes the stockpile j if and only if processing of stockpile i starts before processing of stockpile j. This imposes a chain like structure between the start times
of stockpiles. When precedence constraints have to be observed, the reclaiming
sequence of the stockpiles is completely specified.
• All the stockpiles have to be placed before the start of the reclaiming process or
not. If yes, then the problem is studied with the assumption that it is feasible to
place all the stockpiles before the start of the reclaiming process.
For the case in which the stockpad lengths are such that all the stockpiles can be
assembled before the start of the reclaiming process, and all stockpiles have to be placed
on the stockpads before the start of the reclaiming process, different variants of the
problem are studied with the objective of min max{CR1 , CR2 }, where CRi denotes the
total time taken by reclaimer i to return to its original position after reclaiming all the
stockpiles assigned to Ri , for i = 0, 1. Whereas for the case where the stockpiles do
not have to be placed before the start of the reclaiming process, we studied different
variants of the problem with the objective of min max{

X
j∈A1

Cj ,

X

Cj } where for each

j∈A2

j, Cj is the completion time of the j th stockpile of the set Ai , the ordered set of stockpile
assigned to reclaimer Ri . Clearly, both objectives help in maximizing the throughput of
the coal supply chain.
The reclaimer scheduling problem has some resemblance to a parallel machine scheduling
problems, which have been studied extensively in the literature. The significant difference between the two problems is: in a machine scheduling problem, the machines do not
move or travel whereas reclaimers have to travel from one stockpile to another stockpile
in order to reclaim them. Another class of problems that has been studied widely in literature and has features similar to the reclaimer scheduling problem are quay and yard
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cranes scheduling problems. These problems arise in container terminals. The quay and
yard cranes are used for loading and unloading of containers. To be precise, upon arrival
of a vessel at the port, import containers are taken off the vessel and mounted onto trucks
by the available quay cranes and then unloaded by yard cranes at various locations in
the yard for storage. In the reverse operation, export containers are loaded onto trucks
by yard cranes at the yard, are off-loaded at the quay, and loaded onto a vessel by quay
cranes. The reclaimer and quay/yard cranes have similar features, such as both move
along a single rail track and therefore cannot pass each other, and both can handle one
object at a time (a stockpile in the case of a bucket-wheel reclaimer and a container
in the case of quay or yard cranes); for reclaimer as well as quay/yard crane scheduling problem the primary objective is to maximize throughput through their respective
terminals by minimizing the time it takes to load and/or unload vessels. For both problems, preparing a schedule comprises of four common main components: deciding the
order in which stockpiles/containers are to be served, allocation of stockpiles/containers
between different reclaimers/cranes (in absence of pre given ordering), determining the
route of reclaimers/cranes, and deciding position of stockpiles/containers (if not given
in advance).
However, there are also significant differences between the scheduling of bucket-wheel
reclaimers in a coal terminal and the scheduling of quay and yard cranes in the container
terminals. The number of containers that have to be unloaded from or loaded onto a
vessel in a container terminal is much larger than the number of stockpiles that have to
be loaded onto a vessel in a coal terminal. As a result, the sequencing of operations (e.g.,
respecting precedence constraints between the unloading/loading of containers) is much
more challenging and a primary focus in crane scheduling problems. On the other hand,
containers and holds of a vessel have are of fixed standardised dimension (for example
there are 5 standard dimensions of a containers that are commonly used) whereas there
is no standardised dimension for stockpiles. As a consequence, the time between the
completion of one task and the start of the next task (to account for any movement of
equipment) can only take on a limited number of values in crane scheduling problems at
a container terminal, especially in quay crane scheduling, and can take on any value in
the reclaimer scheduling problem. Also, the containers and holds of a vessel are at equal
distance so the travelling time between two consecutive holds/containers is constant.
Whereas, the distance between two consecutive cargoes is not constant.

Key Contributions
The key contributions for the reclaimer scheduling problem are:
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• A detailed analysis of the computational complexity of different versions of the
problem. Tables 1.1 and 1.2 summarise the complexity results proved for the
different variants studied in this thesis.

Position of
Stockpiles

Single
Reclaimer
With
Without
Precedence
Precedence

Fixed

Polynomially
Solvable

Polynomially
Solvable

Non-Fixed

Polynomially
Solvable

NP-complete

Two
Reclaimers
With
Without
Precedence
Precedence
Pseudo
Polynomially
Solvable
(O(nL3 ))
NP-complete

NP-complete
(Even if the
assignments
are known)
NP-complete

Table 1.1: Complexity results: all the stockpiles have to be placed before the start of
the reclaiming process

Number of
stockpads
available

Single
Reclaimer

Two
Reclaimers

One
Two

NP-complete

NP-complete
NP-complete

Table 1.2: Complexity results: stockpiles do not have to be placed before the start of
the reclaiming process

• Development of solution methodologies for different variants of the problem, such
as mixed integer programs, dynamic programs, and heuristics. Tables 1.3 and 1.4
give a summary of different methodologies developed for the different variants.
• Computational analysis of the developed methodologies. This includes the performance comparison of the developed algorithms with the relevant Mixed integer
programming (MIP). Our results suggest that the approximation algorithms proposed produce solutions that are within a factor of 1.4 (or even less) of a lower
bound. Furthermore, the running time of these algorithms are negligible. Our
results also show that in some cases, the Branch and bound (B&B) algorithms
proposed solve more instances in a given time limit than commercial MIP solver
CPLEX with the MIP formulation.
Our research provides some useful insights that may be helpful in improving stockyard
efficiency. For example, for one of the variant of the reclaimer scheduling problem,
we have used the “shortest processing time” (SPT) rule, which is used extensively in
literature for machine scheduling problem. We have proved that even though the SPT
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Single
Reclaimer
With
Without
Precedence
Precedence
Linear
time
algorithm
Linear
time
algorithm

Linear
time
algorithm
Approximation
algorithms

Two
Reclaimers
With
Without
Precedence
Precedence
Dynamic
Program

Approximation
algorithm

Approximation
algorithms

Approximation
algorithms

Table 1.3: Methodologies: all the stockpiles have to be placed on the stockpads before
the start of the reclaiming process

Number of
stockpads
available
One

Single
Reclaimer

Two
Reclaimers

MIP,
Branch and Bound,
Approximation algorithms

Approximation algorithms

Two
-

MINLP,
Approximation algorithms

Table 1.4: Methodologies: stockpiles do not have to be placed before the start of the
reclaiming process

rule is not optimal for the particular version of the reclaimer scheduling problem, it
gives a solution within a factor 1.4 (or even less) of a lower bound for the problem.
The computational complexity results proved may be helpful in selecting an appropriate
methodology to solve the real version of the problem. Our investigations have also given
rise to a new, intriguing and surprisingly rich class of scheduling problems. One reason
is that the travel time of the reclaimers (i.e., the time between the completion of the
reclaiming of one stockpile and the start of the reclaiming of a subsequent stockpile)
cannot be ignored. Another reason is the interaction between the two reclaimers caused
by the fact that they cannot pass each other.

1.2

Organization of thesis

The remainder of the thesis is organized as follows.
Chapter 2: This chapter is divided into two sections. The first section gives a brief
overview of the basic concepts used in this thesis and the description of problems that are relevant to this thesis. The second section gives a brief overview
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of the work done in the literature on the problems that are closely related to the
considered problems.
Chapter 3: This chapter is based on our work in the paper Boland et al. [12]. It
deals with the problem of scheduling maintenance jobs on the arcs of a considered
network to maximize the total flow through the network in a given time horizon
of T periods (as described in Section 1.1.1). In general, this problem is known
to be NP-complete Boland et al. [9]. In this chapter we give various complexity
results based on the different characteristics of the network, such as networks with
a single transhipment node, series parallel networks, networks with all arcs having
unit capacity, and networks with restrictions on the set of arcs that have a job to
be scheduled. We prove that the schedule S that shuts all arcs at the same time, is
asymptotically optimal, in the sense, the ratio

S
Optimal

→ 1 as T → ∞. We also give

a pseudo polynomial algorithm to solve the problem when the underline network
is a series parallel network and T is bounded. This work is done in collaboration
with Ms. Simranjit Kaur, and Dr. Thomas Kalinowski under the supervision of
Prof. Natashia Boland.
Chapter 4: This chapter is based on our work in the paper Angelelli et al. [2] and
Kapoor and Savelsbergh [43]. It deals with the reclaimer scheduling problem in
the abstract settings as defined earlier. In this chapter, we analyse the different
versions of the problem under the restriction that all stockpiles have to be placed
on two stockpads before the start of the reclaiming process. We assumed the
feasibility of placing all stockpiles together on the stockpads. Here we prove the
complexity results for each of the variants. We give polynomial time algorithms
for the variants that are proved to be in class P. For one, especially interesting
variant, we also develop a constant factor approximation algorithm. This work is
done in collaboration with Prof. Enrico Angelelli under the supervision of Prof.
Martin Savelsbergh and Dr. Thomas Kalinowski.
Chapter 5: In this chapter, we investigate the reclaimer scheduling problem in an
abstract settings, as defined earlier, for the case when stockpiles do not have to
be placed before the start of the reclaiming process. We analyse this problem
for the single reclaimer case as well as for the two reclaimers case. The work
done on the single reclaimer case is based on the our paper Kalinowski et al.
[42]. For the case when there are two reclaimers, we use and extend the idea of
the work done in paper [42]. In this chapter, we prove NP-completeness of both
the versions of the problem and present mixed integer programming formulations
for some versions. For the single reclaimer case, we also show that for a given
reclaiming sequence the problem can be solved in pseudo-polynomial time with
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the help of the proposed dynamic program. We also provide simple, constantfactor approximation algorithms for the single reclaimer case as well as for the two
reclaimers case. We present an exact branch and bound algorithm for the single
reclaimer case and give an extensive computational analysis of the performance
of the algorithms for the single reclaimer case. For the two reclaimers case, we
provide lower bound to the problem, which is further tightened for the special
cases. We also prove some interesting results.
Chapter 6: This chapter summaries and concludes the work done in this thesis.

Chapter 2

Background and literature review
This chapter is divided into two sections. Section 2.1, gives an outline of the definitions,
terminologies and concepts that exist in the literature and are used in this thesis. Section
2.2, gives a detailed overview of the work done on the problems that are closely related
to the problems studied in this thesis.

2.1

Background

For the sake of completeness, this section provides an overview of some of the important
concepts and basic definitions that exist in the literature and are used in this research.
We begin with the concept of computational complexity of a problem. This is followed
by an overview of some of the commonly used techniques, such as dynamic program
algorithms, branch and bound algorithms, and approximation algorithms to handle an
optimization problem. This section ends with a brief description of those problems that
are used in this research and some basic concepts related to these problems.

2.1.1

Computational complexity

For describing the computational complexity and the related terms in this section, we
refer to the book by Garey and Johnson [30] and the book by Grötschel et al. [34].
Computational problems are those problems that take a strings of inputs, i.e. an instance
I of the problem, and return an output that satisfies some given conditions. Two of the
widely applicable computational problems are:
Decision Problem: In decision problem, given an instance I of the problem one has to
take a decision whether it is a “YES” instance of the problem or a “NO” instance
15
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of the problem. For example, the problem of deciding whether the given graph is
a complete graph or not is a decision problem. Another example is, the problem
of checking whether the cost of doing a set of job on a single machine is less than
or equal to a given constant K or not. More precisely, a problem P is a decision
problem if there exists a function f : I → {0, 1} where I is the given instance of
the problem and f (I) = 1 if and only if I is a “YES” instance of the problem.
Optimization Problem: Optimization problem is a problem in which one has to minimize or maximize an objective function f over a given set, S, of real or integer
variables (known as decision variables) satisfying some given restrictions or constraints. The set S is called the feasible region and elements of S are called
candidate solutions or feasible solutions.
Mathematically, an optimization problem can be defined as follows: Given a set S
and a function f : S → R, find an element x∗ ∈ S such that f (x∗ ) 6 f (x), ∀x ∈ S
(“minimization”) or such that f (x∗ ) > f (x), ∀x ∈ S (“maximization”).
The class of optimization problems is very wide. A broad classification of this
class can be done on the basis of the nature of the decision variables. If all decision variables are restricted to take only discrete values, the optimization problem
is known as discrete optimization problem. Whereas, if all decision variables are
allowed to take continuous values then the optimization problem is known as continuous optimization problem. However, if some decision variables are allowed to
take continuous values and others are restricted to take only discrete values then
the problem is known as mixed discrete optimization problem (MDOP).
Here it is worth to note that corresponding to every optimization problem there always
exist a decision problem. In case of maximization (in case of minimization), the decision
version of the optimization problem will ask whether the optimal value for the problem
is at most (or at least) K, for a given parameter K.
Computational complexity theory analyses and classifies the computational problems on
the basis of the difficulty (complexity) level to solve the problem. The difficultly level
of a problem is determined by the upper bound on the amount of resources, time and
storage, required by the best possible algorithm to solve any instance of the problem. In
other words, the complexity of the problem depends on how efficiently the best algorithm
performs, in terms of time and storage, on the worst possible instance of the problem.
The time taken by an algorithm (that plays the most significant role in determining
the efficiency of an algorithm) to solve a problem instance depends on, 1) the number
of steps required to solve the instance, and 2) the instance size which consists of two
terms: number of inputs N (a fixed constant for the problem instance) and the size
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of the input n, determined by the bits required to store the instance when encoded in
the given encoding scheme. The most common encoding schemes used to encode the
numbers are:
• Unary encoding: In unary encoding a number n is represented by a string of
0

1 s of length n. For example, the representation of number 5 in base 1 number
system is 11111. Thus, in unary encoding, the size of an instance of a problem
with inputs {1, 5, 7, 9} is 1 + 5 + 7 + 9 = 22.
• Binary encoding: This is determined by the way a number is written in base 2
number system. Thus, if the number is written as a1 ×2m +a2 ×2m−1 , . . . , am+1 ×20
in the base 2 number system then the corresponding binary encoding is given by
(a1 , . . . , am+1 ) with ai = 0, 1 for all i = 1, · · · , m + 1. For example, the binary
encoding of number 5 is 101 as the corresponding base 2 representation is 1 ×
22 + 0 × 11 + 1 × 10 . In general, the size of a number n, encoded in binary, is
blog2 nc + 1. Thus, in binary encoding, the size of an instance of a problem with
inputs {1, 5, 7, 9} is 1 + 3 + 3 + 4 = 11.
In general it is assumed, until otherwise specified, that the binary encoding is used.
For a given encoding scheme, the time taken by an algorithm to solve an instance of a
problem is a function, f , of the instance size n. It is standard to use the O-notation, in
order to provide a bound on the function f . We say an algorithm is a O(g(n))-algorithm
if there exists a constant c > 0 and a positive integer n0 such that the maximum time
taken by the algorithm to solve any instance I of size n > n0 of the problem is bounded
above by cg(n), i.e., f (n) 6 cg(n), for all n > n0 . Thus, an algorithm is a polynomial
time algorithm for the problem if it is a O(nk )-algorithm, for some constant k.
As noted earlier, every optimization problem has a corresponding decision problem. In
case of a maximization (minimization) problem, the decision version of the problem is
to check whether or not the optimal value is at most (at least) a given constant K.
Clearly, if the optimization problem is solvable in polynomial time, then the decision
version of the problem is also solvable in polynomial time. As a consequence, if the
decision problem is not solvable in polynomial time, then the associated optimization
problem is not solvable in polynomial time. Finally, if the decision version is solvable
in polynomial time, then the associated optimization problem is solvable in polynomial
time by applying binary search on the constant K.
The classical computational complexity theory divides the entire set of decision problems
into the following classes based on their difficulty level:
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Class P The Class P is defined as the set of decision problems for which there exists a
polynomial-time algorithm in the size of the input of the problem. Thus, the class
P is comprises of those problems that are formally considered “easy”.
Class NP The Class NP is the collection of all those decision problems for which there
exists a “certificate” or proof that verifies the “YES”-instance of the problem in
polynomial time. This class includes a large number of problems, such as integer
programming, and Travelling salesmen problem(TSP).
Note that until now it is an open question whether P = N P or not.
On the assumption that P 6= N P , one more class is defined in the literature that consists
of those problems that are not in Class NP but are at least as hard as any problem in
Class NP. These problems are hardest to solve, hardest in the sense that if there exist
a polynomial-time algorithm for any of these problems then there is a polynomial-time
algorithm for every problem in Class NP. These problems are referred as NP-hard
problems. More precisely, a problem A is called NP-hard if
• the problem A is not in the Class NP; and
• every other problem B in Class NP is polynomially reducible to problem A. Any
problem A is said to be polynomially reducible to problem B, if there exists a
function f that maps any instance I1 of the problem A to an instance I2 of the
problem B in polynomial time, such that I1 is a Y ES instance of problem A if
and only if I2 is a Y ES instance of problem B.
There also exist problems that are in Class NP and every other problem of Class NP
is polynomially reducible to these problem. Such problems are the hardest problems in
Class NP and are referred as NP-complete problem.
For many NP-complete problems there exist algorithms that run in polynomial time
when encoded in unary, but become exponential if encoding in other encoding scheme.
For example, consider an algorithm that takes nk time to solve an instance I of the
problem where n is the size of the instance when encoded in unary and k is a constant.
Now if we encode the same instance in binary, then the size of the instance will become
n1 = blog2 nc + 1 and thus the time taken by the algorithm will be 2(n1 k) , which is not
a polynomial. This clearly indicates that the time complexity of an algorithm highly
depends on the encoding system used to encode the instance. Any algorithm that runs
in polynomial time of the size of the input of the instance, when encoded in unary, but
takes exponential time when encoded in other encoding scheme is called an pseudopolynomial algorithm. Furthermore, any NP-complete or NP-hard problem is called
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Weakly NP-complete/NP-hard if there exist a pseudo-polynomial time algorithm,
to solve the problem. However, any problem that is classified as NP-complete or NPhard, is said to be Strongly NP-complete/NP-hard if the problem remains NPcomplete/NP-hard even if the instance is encoded in unary.
Note that an optimization problem can never be an NP problem as Class NP is defined
only for decision problems. However, as noted earlier, solving the optimization version
is at least as hard as solving its decision version. Thus for customary convention (see
Grötschel et al. [34] for example), throughout the thesis we will say that an optimization
problem is NP-complete if the decision version of the problem is NP-complete.
For the purpose of proving complexity of various versions of the considered problem we
have used the following two problems whose complexity are proved in the literature:

Given a set of integers A = {a1 , . . . , am } and a number B

PARTITION problem:
with

m
X

ai = 2B, the 2-PARTITION problem is to decide whether it is possible

i=1

to partition the set into two disjoint subsets A1 , A2 such that
X
ai ∈A1

ai =

X

ai = B.

ai ∈A2

The PARTITION problem is a NP-complete Problem.
3-PARTITION problem:
B with

B
4

< ai <

B
3,

Given a set of integers A = {a1 , . . . , a3m } and a number

for all i = 1, . . . , 3m, and

3m
X

ai = mB, the 3-PARTITION

i=1

problem is to decide whether the set A can be partition into n triplets A1 , . . . , Am
such that

X

ai = B.

ai ∈Aj

The 3-PARTITION problem is a strongly NP-complete Problem.

2.1.2

Techniques to solve the optimization problems

For this section we refer to the book by Fleischer and Skutella [26]. We have already
discussed that the class of optimization problems is very wide and is further classified, on
the basis of the nature of decision variables, as discrete optimization problem, continuous
optimization problem or mixed discrete optimization problems (MDOP). The problems
studied in this thesis lie in the class of mixed discrete optimization problems (MDOP).
These problems can be formulated as a mixed integer programming problem where
some of the decision variables are restricted to take only integer values. Many real world
problems, such as routing, assignment, scheduling, network design can be viewed as a
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MDOP and formulated as a mixed integer programming problem (MIP). In general,
the mixed integer programing problems are hard problems, i.e., there does not exist
any technique that can solve the MDOP in polynomial time, until P = N P . Indeed
solving MDOP, by solving the corresponding MIP on some commercial solvers such as
CPLEX, is generally good for only small scale instances, in the sense, the time taken by
the commercial solvers to solve MIP grows exponentially as a function of the instance
size. In fact, while choosing a solution techniques for MDOP, there is always a trade-off
between the run time of the technique choosen to solve the problem and the quality
of the solution obtained. On the basis of this trade off, we can roughly classify the
available techniques for mixed discrete programing problems into three main categories:
exact algorithms, heuristics and approximation algorithms.

Exact algorithm: An algorithm that gives a guarantee to find an optimal solution for
the problem and has a proof of this fact, is known as exact algorithm. The major
draw back of an exact algorithm is that the run time of it is, often, an exponential
function of instance size. Thus, an exact algorithm is not a practical approach to
solve large scale instances. Two of the widely used exact algorithms for solving
MDOP are the branch-and-bound algorithm and the dynamic programming.
Branch and Bound: The most general exact algorithm for solving a MDOP is
the Branch and bound algorithm. The algorithm partitions/divide the problem into sub-problems by partitioning the feasible domain into subdomains.
The whole procedure of partitioning the problem into sub-problems produces
a tree where nodes represent the sub-problems, obtained by partitioning the
problem by some predefined rule, known as branching rule. Before partitioning a node of a tree, the lower and upper bounds are calculated by using
some pre-specified technique and the best available global bounds for the tree
are updated. A node is partitioned further only if, the objective value of the
sub-problem represented by the node is between the best bounds available
until now. Otherwise, the node is fathomed.
The formation of the nodes of the tree is done in a systematic way in order
to search the solution. The two standard approaches used to form the nodes
in the tree are Depth-first search approach (DFS) and Breadth-first search
approach (BFS). In DFS, a node is partitioned and new nodes are formed
in the tree by going along a branch of the tree. The tree grows along a
branch until the branch is fully explored (i.e., no more sub-problems can be
formed along this branch) or unless the branch is fathomed. A branch is
fathomed if either the sub-problem in hand becomes infeasible or produces
a bound/solution that is not better then the best known bound/solution
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recorded so far. A branch can also be fathomed or pruned by using some
other pre-specified rule for example, explore a branch until the upper and
lower bounds differ by an acceptable tolerance or prune a branch if it is
same as an already existing branch (this pruning rule is known as removing
symmetries). These rules help in avoiding complete enumeration of tree. Once
the branch is fathomed, move one level up and explore the branch going out
of the first available node which is not fathomed.
The second method is known as Breadth-First search approach where the
nodes at a particular level are explored and fathomed in the similar manner
as in DFS. Once the nodes at a level of the tree are formed, the method goes
to the next level and explore (partition) those nodes which are not fathomed.
Dynamic Programming: Dynamic programming (DP) is a widely-used mathematical technique that solves the problem sequentially. It divides the problem
into a sequence of sub-problems satisfying the properties: each sub-problem
of the sequence is a sub-problem of its successor, each sub-problem is of size
less than the size of its successor, all problems of the sequence are dependent
on each other, the optimal solution of each sub-problem is a sub-optimal solution for all its successors, and solving each sub-problem takes less time as
compared to the time required to solve the original problem.
Starting from the solution of initial sub-problem, DP solves the problem sequentially by solving the next sub-problem of the sequence, a problem of
bigger size as compared to the one in hand at present. At each step, the
optimal solution of the sub-problem, solved at that step, is saved in a table
(usually). A recursive relation is then used to find the solution of the larger
sub-problem by using the information stored in the table of solutions for its
immediate predecessor sub-problems. This way each sub-problem is solved
only once and save time to solve the problem.
Heuristic: Heuristic is one of the widely used method to solve a MDOP problem.
Heuristics do not give any guarantee to find an optimal solution but are developed
with the aim of finding a reasonably good solution very quickly. In other words,
using heuristic would mean, sacrificing the guarantee of finding optimal solutions
for the sake of getting good solutions in limited time. Heuristics are generally
based on reasonable and justifiable principles. These methods are often easy to
implement and efficient. However, the major draw back of this technique is, it
does not provide any guarantee on the quality of solution obtained.
Approximation algorithm: An algorithm for a maximization problem is a k - approximation algorithm if it returns a solution of value z such that z ∗ 6 kz, where
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z ∗ is the optimal value of the problem. Similarly, an algorithm for a minimization
problem is a k-approximation algorithm if it returns a solution of value z such that
z 6 kz ∗ , where z ∗ is the optimal value of the problem.

2.1.3

Basic concepts of some related problems used in this research

In this thesis we make use of the network flow problem and the machine scheduling
problem and the concepts related to these problems. This section gives a brief overview,
that includes problem description, notations and related concepts, of these problems.

2.1.3.1

Network flow problem

For this section, we referred the book by Ahuja et al. [1]. In every day life we encounter many network structures in which some commodity is required to flow from the
supplier(s) to the consumers passing through the intermediate places via links that connect these places. For example, the underlying structure of electricity supply in which
electricity flows from the main power generating stations (suppliers) to different local
power station (intermediate places) and then goes to different households and commercial places (consumers). These type of structures that interconnects a group or a system
and are used to send some type of commodity (flow), are examples of flow networks.
More precisely, a flow network is a network used to send some flow satisfying some given
conditions and is defined as the triplet N = (V, A, u) where
• V is the set of nodes consisting of source node(s) representing the origin(s) of the
flow; transhipment nodes representing the intermediate places from which the flow
pass; and the sink node(s) representing destination(s) of the flow. For example,
the node set in a rail network is consisting of the starting station (source node),
the stations through which the rail passes (intermediate node) and the destination
station (sink node);
• A is the set of arcs that represent the connection between a pair of two nodes. For
example, roads in road networks connect two places and rail tracks in rail networks
connect two stations; and
• u = (ua )a∈A is the capacity vector, where ua is the upper bound on the amount of
flow that can be send through the arc a ∈ A.
A network flow problem is the problem of sending the flow from the source node(s) to
the sink node(s) as efficiently as possible, subject to certain constraints. The problem
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that we have studied in this thesis has only single source node, s, and single sink node,
t. Mathematically, we can model a single source, single sink network flow problem
as follows: Given a flow network N = (V, A, u) with a source node s, a sink node t
and capacities ua on each arc a ∈ A, the Network-flow problem is to find a solution
that maximizes (or minimizes) the given objective satisfying the following two standard
constraints together with some other problem specific constraints.
• Capacity constraint: The flow on any arc a ∈ A should not exceed the capacity ua
of the arc. Thus, if fa denotes the flow on an arc a ∈ A then 0 6fa 6 ua ∀a ∈ A.
• Conservation constraint: The total flow that comes in any non-sink non-source
node (also known as transhipment node or intermediate node) should be same
as the total flow that goes out of that node. Thus, if v ∈ V \ {s, t} denotes
an intermediate node with δ − (v) = set of arcs that comes in node v, and δ + (v) =
set of arcs that goes out of node v then

P

a∈δ − (v) fa

=

P

a∈δ + (v) fa ,

∀v ∈ V \{s, t}.

Different networks can have different structures. The complexity of the network flow
problem depends on the underlying network structure. On the basis of the structure we
can broadly categorise the networks as follows:

Series parallel network: A series parallel network is a single source and single sink
network and is constructed by a sequence of series and parallel compositions starting from single arcs where
• parallel composition is the composition of two networks N1 and N2 obtained
by identifying the source node s1 and sink node t1 of N1 with the source node
s2 and sink node t2 of N2 , respectively, and
• series composition is the composition of two networks N1 and N2 obtained
by identifying the sink node t1 of N1 with the source node s2 of N2 .

Otherwise the network is known as Non-series parallel network.
One of the important theorem of network flow problem, used in this research, is known
as Max-flow min-cut theorem [28]. This theorem is defined for the network flow
problem with the objective of sending maximum flow from the source node s to the sink
node t (known as Max-flow problem). The mathematical formulation of the problem
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is as follows:
max

X

fa

a∈δ + (s)

subject to

X
a∈δ − (v)

X

fa =

fa

∀v ∈ N \ {s, t},

a∈δ + (v)

fa 6 ua

∀a ∈ A,

fa > 0

∀a ∈ A.

In order to understand the theorem it is first important to understand the meaning of
the following concepts.
st-cut: An st-cut is a partition N = S ∪ T of the node set such that s ∈ S and t ∈ T .
It can be identified with the set C = {a ∈ A : a = (v1 , v2 ) and v1 ∈ S, v2 ∈ T }.
Capacity of st-cut: Any st-cut C has an associated capacity defines as: uC =

P

a∈C

ua .

The Max-flow min-cut theorem states: in a flow network N , the maximum amount
of feasible flow, satisfying all the given constraints, passing from the source node s to
the sink node t is equal to the minimum capacity of an st-cut of the network.

2.1.3.2

Machine scheduling problem

For the definitions and related concepts in this section we referred to the book by Pinedo
[64]. Consider a rail network system where some new tracks need to be built (job) with
the help of the finite number of available machines. Let us assume that the cost and the
processing time to built each track is different for different machines. And the task is
to allocate and sequence the given number of jobs (building a new track) between the
limited number of available resources so that the total cost and total time, in building
all the tracks, is minimized. This is an example of machine scheduling problem where we
have to find the best allocation of jobs between the available machine together with best
sequencing of the jobs assigned to each machines in order to achieve the two specified
objectives. More formally, machine scheduling problem can be define as follows:
Consider a set J = {j1 , . . . , jn } of n jobs that have to be performed on a given set
M = {M1 , . . . , Mn } of m machines with the restriction that a machine can do only one
job at a time. Let pik denotes the processing time of job ji on machine Mk . Machine
scheduling problem is the problem of finding the best schedule, where a schedule
specifies when and on which machine each job is to be executed, with the aim of achieving
one or more objectives satisfying the given set of constraints.

Chapter 2. Premilaries and Literature Review

25

Machine scheduling problem has many real world applications such as production systems, and supply chains.
To describe a particular machine scheduling problem we require number of inputs. Some
of which are:
• number of jobs and number of machines;

• machines characteristics, such as whether all the machines are identical or not,
where identical machines means pik = p1k , for all i and for all k;

• the job characteristics, such as whether the job has to be done in a non-preemptive
manner or not, where non-preemptive means the job should be done by single machine without any interruptions; the specific time window in which a job has to be
started (release time) or finish (due time), if there is any; presence of precedence
constraints, i.e., the sequence in which the jobs has to be done, if there is any; and

• the objective(s) where some of the common objectives used for machine scheduling
problem are to minimize the maximum completion time of last job of each machine,
and to minimize the weighted completion time.
The standard notation used to represent the different classes of the machine scheduling
problem is a three parameter notation α|β|γ, given by Graham et al. [33], where α
describes machine environments, β describes job characteristics and γ describes objective
function(s). For complete list of required parameters, possible machine environments,
possible job characteristics, and possible objective functions, we refer the reader to the
book on scheduling by Pinedo [64].
The settings in which we have studied the reclaimer scheduling problem, reclaimers can
be considered as parallel identical machines with given job characteristics and objective
function, as defined in the description of the reclaimer scheduling problem given in the
Chapter 1.
Most machine scheduling problem is NP-complete. For example, single-machine scheduling problem with precedence relation in set-up times is known to be NP-hard [64]. Similarly, the problem of scheduling the parallel identical machines with the objective of
minimizing the makespan is proved to be NP-Hard problem [30]. Thus, the general
approaches to solve a machine scheduling problem are heuristics and approximation
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algorithms. The description of some of the standard heuristics available for machine
scheduling problem, that have been used in this research, are as follows:

List scheduling: It is one of the widely used greedy heuristic for machine scheduling
problem. At each step of a greedy heuristic, we move to the best nearest option
(defined by some criterion) out of all the options in hand. Note that in greedy
heuristic we move from one best choice to another, which guarantees the local
optimal but not the global optimal. The list scheduling starts with a given list
of jobs in which jobs are ordered by a specific priority criterion. This defines
precedence constraints in the jobs where the job i in the list must be started before
all of its successors. Starting from the first job, the heuristic, repeatedly selects
the next unscheduled job, from the list, and assigns it to a machine greedily, that
is to the machine that is available first, with the aim to achieve the given objective.
There are number of variants of the list scheduling heuristics . One of the famous
list scheduling heuristic, used in this research, is shortest processing time first
(SPT) in which the list is formed by ordering the jobs in the non-decreasing order
of their processing times.
Local Search: One of the widely used heuristic, not only in machine scheduling but in
any scheduling problem, is the local search heuristic. Local search heuristic starts
from a given feasible solution and iteratively search the set of feasible solution, in
the neighbourhood of the current solution, with the aim of improving the value of
given objective function. The heuristic continue until some pre-defined stopping
criteria is met. A rule that defines the neighbourhood, a set of solutions which
can be generated from the original solution by applying some local operations, for
each feasible solution is always pre-specified. An example of a local operation is,
swap two jobs between different machines.

2.2
2.2.1

Literature review
Maintenance scheduling problem

The components of many real world complex systems such as transport system, and
power system may degrade over time that could lead to the failure of these systems.
Unexpected failure of equipments can be very expensive in many senses, such as loss
of production, and adverse effect on the society. For example, failure of water system,
communication system or health system can have a huge damage to the environment and
society. Thus, regular and efficient maintenance of the degradable components of such
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systems is a fundamental requirement to ensure continued reliability and performance
of these systems.
The maintenance job are broadly classified into the following three categories:
Corrective Maintenance: Such maintenance is performed to restore failed equipments (components) of a system. This kind of maintenance is performed on urgent
basis and is not pre-scheduled. It is highly expensive and the availability of the
resources needed to do the maintenance is uncertain at a particular time.
Preventive Maintenance: Preventive maintenance can be described as maintenance
of the equipments of a system before a fault occurs. It is done on regular time
intervals, where the time intervals are decided on the basis of past failure history
of equipments, even if there is no real failure. It has an advantage over corrective
maintenance in the sense that it minimizes the sudden failure of a unit or the
whole system by performing preplanned scheduling of equipments.
Predictive Maintenance:

Predictive maintenance means to predict the appropriate

time for performing maintenance of an equipment of the system. In predictive
maintenance, the current condition of an equipment is continuously monitored
and the need for maintenance of the component is decided on the basis of its
current condition.
The above discussion clearly indicates the importance of doing a maintenance activity
for each equipment of a system before it breaks down. In fact the maintenance activities
should be scheduled in such a way that minimize the cost of maintenance and/or maximize the productivity of the system. For a detailed literature review of maintenance
activities and their optimization, we refer the reader to Sharma et al. [65]. We also refer
the reader to Garg and Deshmukh [31] for the detail review on maintenance management
and optimization.
In this research we focus on scheduling preventive maintenance activities. Much of the
studies done in past on preventive maintenance, are conducted with the objective of either minimizing the cost of maintenance or miximizing the overall system reliability. For
example, Dekker and van Rijn [22] present a opportunity based preventive maintenance
scheduling model with the objective of minimizing the cost. They refer the opportunity as any event where the preventive maintenance of equipments does not incur cost
penalties. Edwards et al. [25] offer a model for predicting the costs of equipment downtime in open-pit mining. Knights et al. [47] propose a model that assist in evaluating
the economic benefits of maintenance improvement projects. Moghaddam and Usher
[55] develop a model to determine the optimal preventive maintenance and replacement
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schedules with the objective of minimizing the total cost and maximizing overall system
reliability over the given planning horizon.
Budai et al. [17] notice that in none of the above mentioned studies the maintenance is
analysed in line with production, which is one of the important component of an effective maintenance schedule. This aspect of maintenance scheduling is important because
of the direct strong relationship between production and maintenance. Any disruption
in machine operation may also result in loss of production in addition to the costs of
its maintenance. In the last decades, some researchers have focused on integration of
production and maintenance activities. Cassady and Kutanoglu [18] study the effect of
maintenance scheduling on production scheduling. A model that integrates preventive
maintenance planning decisions with single-machine scheduling decisions and minimizes
the total expected weighted completion time of jobs is proposed. Sortrakul et al. [66]
present a genetic algorithm to solve an optimization model that integrates the production scheduling with the preventive maintenance planning for a single machine. Budai
et al. [17] discuss the advantages of considering the impact of maintenance planning on
production. We refer the reader to [5, 6, 18, 77] for further literature on scheduling
maintenance in line with production. Our work also lies in the same category, but it is
different from all the works mentioned above, in the sense that in our problem, the cost
of a maintenance plan assess the impact of maintenance on throughput and uses it to
compare the alternative plans with the aim of maximizing the throughput.
There is a very little literature on finding a maintenance schedule with an objective of
maximum throughput. To the best of our knowledge, Boland et al. [9, 11, 13] initiated the
study on problem of scheduling arc shut downs on a given subset of arcs of a network with
the objective of maximizing the total flow through the network over a given time horizon
with general processing times. Boland et al. [9, 11] model and solve the maintenance
scheduling problem that arises in coal supply chain, which has a number of additional
side constraints, using a rolling time horizon mixed integer programming approach.
Boland et al. [11] establish the complexity of the general problem, and present four local
search heuristics. We are not aware of any other studies on this, or on closely related
problems.
Dynamic network flows problem is also a well studied problem in the literature. For
instance Ford and Fulkerson [28] study the problem of finding the maximum flow that
can be sent through a network, from a source to a sink, in T time periods with transit
times on the arcs. The studies in [27, 36, 39] discuss different versions of the dynamic
maximum flow problem with zero transit times. However, as oppose to the maintenance
scheduling problem we study in this research, none of the above mentioned studies have a
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scheduling component. For a comprehensive survey on dynamic network flow problems,
we refer the reader to [27, 36].
The maintenance scheduling literature can also be classified on the basis of its application areas such as railways, aircrafts and other transportation systems, and production
systems.
One of major application area with the need of maintenance scheduling is transportation
facilities. This includes railways, ships, air planes etc. Higgins [38] study the maintenance and crew scheduling problem in a railway track with the objective of minimizing
the disruption to and from scheduled trains and the completion times of maintenance
activities. They propose a tabu search algorithm for the same. Budai et al. [16] study
the problem of scheduling maintenance activities, routine (cyclic) as well as project (noncyclic) and the interaction between two, for railway tracks. They work with the objective
of minimizing the sum of track possession, which reflects the train schedule disruption,
and the direct costs of the maintenance activities. A mixed integer program is developed
and four heuristics for the problem are presented. The benefits of clustering the jobs to
minimize the track possession cost are also discussed, which corresponds to one type of
alignment in our context. Later, Peng and Ouyang [60] study the maintenance of rail
tracks. They aimed at finding a optimal allocation of given sets of track maintenance
jobs, which they refer as projects, to a given number of machines (production teams),
of limited capacities, with the objective of minimizing the total cost of performing the
maintenance jobs. The total cost in their case includes the labour costs, fixed team
costs, travel costs and the costs from side constraints. Each job (project) is identified
with an arc in the underlying network and needs to be processed starting from one end
of the arc to the other end. Further, they assume that the processing times of jobs are
machine dependent. A time space network model is proposed with many types of side
constraints. A multiple neighbourhood search and other enhancement algorithms are
also proposed to solve the model. In 2014, Peng and Ouyang [61] extend their work
by incorporating the optimal clustering of track maintenance jobs into projects, rather
than taking them as inputs. Each arc in the network now represents a maintenance
job and a project corresponds to a path. They propose a mixed-integer mathematical
programming model and a set of integrated heuristic algorithms to solve the problem.
We refer the reader to Lidén [49] for a detailed survey of railway maintenance activity.
The maintenance scheduling of ships has also been explored in the literature. Deris et al.
[23] analyse the problem of determining the schedule of cyclic maintenance activities of
a battleship with the objective of maximizing the availability of ship operations under
time windows and resource constraints. A constraint programming model is presented.
A genetic algorithm is also proposed. Deris et al. [23] study the maintenance scheduling
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problem for the ship only when it is in dockyard. Go et al. [32] analyse the operation and
preventive maintenance scheduling problem for container ships. In their study, the operation schedule specifies the working times of subsystems and the maintenance schedule
specifies the start time of each maintenance activity. They study the problem while a
ship is sailing from a starting port to a destination port. The objective of minimizing the
sum of deviations between the due-dates and the start times of maintenance activities
is considered.
Aircraft is another area where we needs scheduling maintenance of their components.
Van den Bergh et al. [71] gives a detailed survey on aircraft maintenance activities.
All the studies on maintenance scheduling in the area of transportation, except few for
example [16, 52] are usually focused on scheduling maintenance for the transport equipments rather than the infrastructure over which it moves. Whereas, the problem that
we are working on considers the maintenance of infrastructure. However a number of
interesting studies are available on transport infrastructure particularly for rail track
maintenance, for example [15, 60, 61], but all of them focus on minimizing the disruption to scheduled activities and not on maximizing the number of trains. Whereas, we
concentrate on maximizing the throughput of the system.
In production systems, many researchers work on the multi-component system maintenance. In multi-component maintenance models the system consists of multiple units
(equipments or machines) that may depend on each other economically, stochastically
or structurally (see [17, 24, 35, 68, 73]). Economic dependence focuses on the direct
cost of the maintenance activity, and whether or not carry out maintenance on multiple units simultaneously can decrease costs, e.g. via economies of scale, or increase
them, e.g. via the need to employ extra resources. Stochastic dependence concerns
with the failure probabilities and whether or not these are related across units. Structural dependence applies, for example, when the part needing maintenance is inside or
connected to other components, so in order to have maintenance on one component,
others may also need maintenance, or at the least dismantling. The multi-component
maintenance get benefited from alignment of maintenance jobs as it is the interaction
of subsystems and their maintenance schedules. Many researcher work around this fact
and take advantage of grouping techniques (combine or align the executions of maintenance activities as much as possible) for maintenance activities in these systems. All the
studies on multi-component system maintenance, work with the objective of minimizing
the maintenance costs [16, 21, 72, 74, 75]. We have also tried to study the structure of
the networks where we can benefited by grouping techniques but our main concern is to
maximize the throughput of the network.
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Another problem that looks similar to our problem is the machine scheduling problem.
It is studied widely in the literature [41, 64]. The two major characteristics of our problem that makes it different from the machine scheduling problem are: the association of
jobs with the arcs of the network, and the objective of maximizing the throughput of the
network. We also review some more relevant literature on related problems. Bouloutas
and Gopal [14] study the problem of minimizing inter-partition flow designed efficient
routing algorithms by partitioning a tree network. However, this partitioning keeps the
account for the loss of flow in one snapshot of time, as oppose to the way we handle
it in the network maintenance where the partitioned network segments are maintained
in different time periods. Gandham et al. [29] study the problem of scheduling communication over links with the goal of minimizing the number of partitions, whereas,
for network maintenance, the goal is to minimize multi-period loss of flow across partitions. Several authors have also worked on the network expansion problem [3, 4, 19].
The network expansion problem is different as the objective in this problem is to reduce
investment costs rather than retain connectivity.
Recently, Tawarmalani and Li [69] analyse the network maintenance scheduling for tree
networks with the objective of minimizing the productivity loss, which is equivalent
to maximizing throughput of the network over the time horizon. The key difference
between his work and our problem is, the work in [69] is done under the restriction of
maintenance capacity limit on each period. Whereas, we do not have such restrictions.
Also [69] assume that there is maintenance on every arc of the network, which for us is
a special case.

2.2.2

Reclaimer scheduling problem

The scheduling of bucket wheel reclaimers in a coal terminal has some similarities to
the scheduling of quay and yard cranes in container terminals. When a vessel arrives
at a container terminal, import containers are taken off the vessel and mounted onto
trucks by 4 quay cranes and then unloaded by yard cranes at various locations in the
yard for storage. In the reverse operation, export containers are loaded onto trucks by
yard cranes at the yard, are off-loaded at the quay, and loaded onto a vessel by quay
cranes. Both reclaimers and cranes move along a single rail track and therefore cannot
pass each other, and both can handle one object at a time (a stockpile in the case of a
bucket wheel reclaimer and a container in the case of quay or yard cranes). Furthermore,
in coal terminals as well as container terminals maximizing throughput, i.e., minimizing
the time it takes to load and/or unload vessels, is the primary objective, and achieving
a high throughput depends strongly on effective scheduling of the equipment.
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However, there are also significant differences between the scheduling of bucket wheel
reclaimers in a coal terminal and the scheduling of quay and yard cranes in the container
terminals. The number of containers that have to be unloaded from or loaded onto a
vessel in a container terminal is much larger than the number of cargoes that have to
be loaded onto a vessel in a coal terminal. As a result, the sequencing of operations
(e.g., respecting precedence constraints between the unloading/loading of containers) is
much more challenging and a primary focus in crane scheduling problems. On the other
hand, containers and holds of a vessel has fixed length whereas stockpiles can have an
arbitrary length. As a consequence, the time between the completion of one task and
the start of the next task (to account for any movement of equipment) can only take
on a limited number of values in crane scheduling problems at a container terminal,
especially in quay crane scheduling, and can take on any value in reclaimer scheduling
problem.
Below, we give a brief overview of the literature on scheduling of quay and yard cranes
in container terminals.
Most of the literature on quay crane scheduling focuses on a static version of the problem
in which the number of vessels, berth assignments, and the quay crane assignments for
each vessel are known in advance for the entire planning horizon. Daganzo [20] studies
the optimal assignment quay cranes (QCs) to the holds of multiple vessels. In the
considered setting, a task refers to the loading or unloading of a single hold of a vessel and
any precedence constraints between the containers of a single hold are not accounted for.
Crane movement time between different holds is assumed to be negligible. The fact that
QCs cannot pass each other is not explicitly considered. A mixed integer programming
formulation minimizing the (weighted) sum of departure times of the vessels is presented.
Some heuristics for a dynamic variant, in which vessel arrival times are uncertain are also
proposed. Peterkofsky and Daganzo [63] develop a branch-and-bound algorithm for the
same problem that is able to solve larger problem instances. Kim and Park [44] studies
the scheduling of multiple QCs simultaneously operating on a single vessel taking into
account precedence constraints between containers and no- passing constraints between
QCs. In their setting, a task refers to a “cluster”, where a cluster represents a collection
of adjacent slots in a hold and a set of containers to be loaded into/unloaded from
these slots. The objective is to minimize a weighted combination of the load/unload
completion time of the vessel and the sum of the completion times of the QCs, with higher
weight for the load/unload completion time. The sum of the completion times of the QCs
is included in the objective to ensure that QCs will be available to load/unload other
vessels as early as possible. The problem is modeled as a parallel machine scheduling
problem. A MIP formulation is presented and branch-and-bound algorithm is developed
for its solution. A greedy randomized adaptive search procedure (GRASP) is developed
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to handle instances where the branch-and-bound algorithm takes too much time. Moccia
et al. [54] have strengthened the MIP formulation of Kim and Park [44] by deriving sets
of valid inequalities. They propose a branch-and-cut algorithm to solve the problem to
optimality.
Ng and Mak [59] also study the scheduling of multiple QCs for a single vessel with
the objective of minimizing the loading/unloading time. In their setting, a task refers
to the loading/unloading of a single hold, but no-passing constraints for the QCs are
explicitly taken into account. A heuristic that partitions the holds of the vessel into
non-overlapping zones and assigns a QC to each zone is proposed. The optimal zonal
partition is found by dynamic programming. Zhu and Lim [78] consider the same setting,
but formulate a mixed integer programming model and propose a branch-and-bound
algorithm for its solution (which outperforms CPLEX on small instances). A simulated
annealing algorithm is developed to handle larger instances.
Liu et al. [51] study a dynamic variant of the problem considered by Daganzo [20] which
accounts for movement time of QCs and that QCs cannot pass each other, and enforces a
minimum separation between vessels. By limiting the movement of QCs to be unidirectional, i.e., either from “stern to bow” or from ”bow to stern” when loading/unloading
a vessel, it becomes relatively easy to handle the no-passing constraint and to enforce
a minimum separation. The objective is to minimize the time to load/unload multiple
vessels. A heuristic is proposed for the solution of the problem. Lim et al. [50] study
a static, single vessel setting and also adopt a unidirectional movement restriction for
QCs to handle the no-passing constraint. When a task refers to the loading/unloading
of a hold, it is shown that there always exists an optimal schedule among the unidirectional schedules. Since a unidirectional schedule can be easily obtained for a given
task-to-QC assignment, a simulated annealing algorithm is proposed to explore the space
of task-to-QC assignments. For a more detailed, more comprehensive survey of crane
scheduling, the reader is referred to Bierwirth and Meisel [8]. Recently Legato et al.
[48] presented a refined version of an existing mixed integer programming formulation of
the QC scheduling problem incorporating many real-life constraints, such as QC service
rates, QC ready and due times, QC no-passing constraints, and precedence constraints
between groups of containers. Unidirectional QC movements can be captured in the
model as well. The best known branch-and-bound algorithm (i.e., from Bierwirth and
Meisel [7]) is improved with new lower bounding and branching techniques.
Yard crane (YC) scheduling is another critical component of the efficient operation of a
container terminal. The yard is typically divided into several storage blocks and YCs are
used to transfer containers between these storage blocks and trucks (or prime movers).
YCs are either rail mounted or rubber wheeled. The rubber wheeled YCs have the
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flexibility to move from one yard block to another while rail mounted YCs are restricted
to work on a single yard block. Kim and Kim [45] study the problem of minimizing
the sum of the set up times and the travel times of single YC. Their mixed integer
programming model determines the optimal route for the YC as well as the containers
to be picked up by the YC in each of the storage blocks. Because of the excessive solve
times of the mixed integer program for large instances, two heuristics are proposed in
Kim and Kim [46]. Zhang et al. [76] study the problem of scheduling a set of YCs covering
a number of storage blocks so as to minimize the total tardiness (or delays). A mixed
integer program model determines the number of YCs to be deployed in each storage
block in each planning period and a Lagrangian relaxation based heuristic algorithm is
employed to find an optimal solution.
Ng and Mak [56, 58] studied the problem of scheduling a YC that has to load/unload a
given set of containers with different ready times. The objective is to minimize the sum
of waiting times. The problem is formulated as mixed integer programming problem,
and a branch-and-bound algorithm is developed for its solution. Ng [57] expands the
study to the scheduling of multiple YCs in order to minimize the total loading time or
the sum of truck waiting times. Because more than one YC can serve a storage block,
a no-passing constraint has to be enforced. A dynamic programming based heuristic
is proposed to solve the problem and a lower bound is derived to be able to assess the
quality of the solutions produced by the heuristic.
Petering [62] investigates how the width of the storage blocks affects the efficiency of the
operations at a container terminal, given that the number of prime movers, the number
of YCs, the service rates of the YCs remain unchanged. A simulation study indicates
that the optimal storage block width ranges form 6 to 12 rows, depending on the size
and shape of the terminal and the annual number of containers handled by the terminal.
Their experimental results further show that restrictive YC mobility due to more storage
blocks gives better performance than a system with greater YC mobility.
Only recently, researchers have started to examine the scheduling of equipment in bulk
goods terminals. Hu and Yao [40] consider the problem of scheduling the stacker and reclaiming at a terminal for iron ore. It is assumed that all tasks (stacking and reclaiming
operation) are known at the start of the planning horizon. The terminal configuration
is such that a single stracker/reclaimer serves two pads, so there is no need to consider
a no-passing constraint. A sequence dependent set-up time, as a result of the movement
of the stacker/reclaimer between two consecutive tasks, is considered. A mixed integer
programming formulation is presented and a genetic algorithm is proposed. Sun and
Tang [67] study the problem of scheduling reclaimers at an iron ore import terminal
serving the steel industry. Each reclaim task has a release date and due date, and the
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goal is to minimize the completion of a set of reclaim tasks. The terminal configuration
is not specified and no mention is made of no-passing constraints. A mixed integer programming formulation is presented and a Benders decomposition algorithms is proposed
for its solution.
Recently, Hanoun et al. [37] studied the operational scheduling of the continuous coal
handling problem with multiple conflicting objectives. They analysed a coal handling
facility that has two streams of coal flowing inward from the wash plant to the stockyard
and simultaneously go outward from the stockyard to trains. In their model when a
train arrives at a load point, it is loaded with the help of 2 reclaimers in a window of
2 hours duration. The authors focused on the problem of scheduling the stackers and
reclaimers, and planning and managing the selection of the appropriate stockpiles for
stacking and reclaiming that ensures diversity of products in the stockyard, satisfy the
constraint of loading the train in 2 hours, maintain the lowest age of coal, and minimize
the conflicts arising from machinery movements. They modelled the problem as a BiObjective Optimization Problem (BOOP) with the first objective as minimizing the
delays introduced on the continuous flow of coal (i.e., coal production) from the plant
due to stacker unavailability, while moving between stockpiles, and the second objective
as minimizing the overall age of coal in the stockyard.
They also proposed an heuristic that schedules the different type of coals and trains
one at a time in a non-decreasing order of the planned start time of each type of coal
and the train estimated arrival time. Hanoun et al. [37] did a computational analysis
by testing the performance of proposed heuristic on 10 real-life scenarios, each having a
planning period of 1 week with a time unit of 1 hour. Their computational results show
that the solution heuristic is effective and the coal throughput is substantially impacted
by the conflicting objectives. The authors claim that both, the model and the heuristic,
can act as a decision support system for the stockyard planner to explore the effects of
alternative decisions, such as balancing age and volume of stockpiles, and minimizing
conflicts due to stacker and reclaimer movements.
There are some similarities between the work of Hanoun et al. [37] and the work done by
us on reclaimer scheduling problem. For example, Hanoun et al. [37] also worked with
the objective of maximizing the throughput of the coal chain by choosing an appropriate stockpile for a particular coal type so that the possible delay caused by machine
movements is minimized. The another similarity is the stockyard layout considered by
Hanoun et al. [37]. They also worked with the similar stockyard layout consisting of
2 stock pads, 2 stackers that runs between the 2 stock pads and can stack the coal on
either stock pad, one conveyor belt for each stacker that runs into it. We are working
with 2 reclaimers instead of 2 stackers in the same settings. However,in addition to the
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above described layout, Hanoun et al. [37] also assume that there are 2 reclaimers but
each of them is assigned to a single stock pad and runs on the outer side of its assigned
stock pad and each has an associated conveyor belt that runs out of it.
Hanoun et al. [37] assumed some constraints on the location and the movement of
the stackers and the reclaimers that can be summarised as (1) the left stacker cannot
pass/overtake the right stacker, (2) the stacker and reclaimer cannot work on a stockpile
at the same time, and (3) the left (right) most stockpile on both the stock pads should be
served by the left (right) stacker. We also put similar constraints on the two reclaimers
such as the two reclaimers that are running in between the two stock pads cannot
pass/overtake each other, and cannot work on the same stockpile but we do not restricted
the serving of the left(right) most stockpile on both the stock pads by the left(right)
reclaimer.
In spite of the above described similarities there are some differences between the work
of Hanoun et al. [37] and our work. For example, Hanoun et al. [37] worked with the
assumption of 7 stockpiles on each stock pad located parallel to each other. We work
with the more general settings where given a number of stockpiles, the stockpiles can be
placed anywhere on the available empty space on either stock pad with no restriction
of having equal number of stockpiles on two stock pads. Further, in our settings, the
stockpiles on two stock pads need not be placed parallel to each other. Hanoun et al. [37]
worked with the restriction of loading the train in the time window of 2 hours, whereas
we do not have any such restriction. For Hanoun et al. [37] the positions of all the
stockpiles are fixed and a particular coal type should be placed on one of the relevant
stockpiles and hence has a finite number of possible positions where it can be placed.
Whereas for us either the position of all the stockpiles (consisting of a particular coal
type) are given or we can place the stockpiles anywhere on the empty space available
on one of the two stock pads so that no two stockpiles on the same stock pad overlap
with each other and we can achieve the given objective. One of the objective of Hanoun
et al. [37] is to minimize the age of the stockpiles on either stock pad which impose an
implicit preferences, based on their age, on the serving of some of the stockpiles. In our
model, we worked on the versions where either all the stockpiles has to be served in a
pre-defined precedence order or there is no precedence constraints.
Hanoun et al. [37] has not explicitly mention the initial positions of the reclaimers and
stackers, and the process in which a particular stockpile is going to be reclaimed or
stacked. Whereas in our study we assume that the 2 reclaimers start from the opposite
end of the stock pad, the reclaiming of an stockpile can be started either from its left
end or from its right end, and the reclaiming of stockpile is done in a series of long travel
bench cut as explained in Figure 1.4 of Chapter 1.

Chapter 3

Arc shutdown scheduling with
unit processing time jobs, no time
windows and no storage nodes
3.1

Introduction

This chapter deals with the problem of scheduling maintenance of the components in
a supply chains. As explained in Chapter 1, this problem can be viewed as problem
of scheduling arc shut downs on a network N = (V, A, u) where arcs in the arc set
A represent components; nodes in the node set V represent different stages of supply
chain connected by the arcs of the network; and arc capacities in the set u represent the
working/loading capacity of the corresponding components. Given a set J ⊆ A of arcs in
which each arc have to be shut down non pre-emptively with the given processing time
over the given time horizon of T time periods, the problem is to find the optimal schedule
for the shut down of the arcs in J so as to maximize the flow through the network. There
can be many real world constraints on the problem that may make the problem more
involved and may increase the complexity of the problem. For example, release time and
due time constraints on the arc shut downs, and the bound on the maximum number
of arcs that can be shut in a time period etc. In order to understand the inherent
complexity of the problem, we decided to analyse the complexity of the simpler version
of the problem where each component that requires maintenance need to shut down for
a unit time period, the maintenance of component can be done anywhere in the given
set [T ] = {1, · · · , T } of T time periods, and there is no bound on the number of arcs
that can be shut down in a time period. We worked with the objective of maximizing
the throughput of the network in the given time horizon of T periods.
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Mathematical formulation and complexity of the problem

Mathematically, this problem can be formulated as the following mixed binary programming problem:

max z =

T
X

T
X


X


i=1

s.t.



fai −

X

fai 

(3.1)

a∈δ − (s)

a∈δ + (s)

fai 6 ua

a ∈ A \ J, i ∈ [T ],

(3.2)

fai 6 ua yai

a ∈ J, i ∈ [T ],

(3.3)

yai = T − 1

a ∈ J,

(3.4)

v ∈ N \ {s, t}, i ∈ [T ],

(3.5)

fai > 0

a ∈ A, i ∈ [T ],

(3.6)

yai ∈ {0, 1}

a ∈ J, i ∈ [T ],

(3.7)

i=1

X
a∈δ − (v)

X

fai =

fai

a∈δ + (v)

where s denotes the source node, t denotes the sink node, δ − (v) and δ + (v) denotes the
set of incoming and outgoing arcs of node v, respectively, fai > 0 for a ∈ A and i ∈ [T ]
denotes the flow on arc a in time period i, and yai ∈ {0, 1} for a ∈ J and i ∈ [T ] indicates
when the arc a is not shut down for maintenance in time period i, i.e. yai = 0 in the
period i in which the outage for arc a is scheduled.
Boland et al. [13] prove that the problem is strongly NP-complete by proving the NPcompleteness of the decision version of the problem which says “Given a network N =
(V, A, s, t, u) with the job set J and a time horizon T , does there exist a arc shut down
schedule that gives a total flow of at least K over the time horizon of T periods”. To
prove the complexity of the decision version of the problem, Boland et al. [13] used
the reduction from 3-PARTITION problem which says: given a positive integer B
and a set {u1 , . . . , u3m } of positive integers with B/4 < ui < B/2, for all i such that
3m
X

ui = mB, does there exists a partition of the set {u1 , . . . , u3m } into m triples such

i=1

that the sum of each triple is equals to B? Clearly, an instance I of the 3-PARTITION
problem will be a “YES” instance of the problem if and only if there exists a partition
of the set {u1 , . . . , u3m } into m triples such that the sum of each triple is equals to B.
Corresponding to an instance I of the 3-PARTITION problem, Boland et al. [13] have
¯ the network given in Figure 3.1, of their problem with T = m.
constructed an instance I,
The arc labels in Figure 3.1 indicate arc capacities and the bold arc does not have any
job associated with it. It is easy to see that the upper bound of m(m − 1)B, on the
¯ can be achieved if and only if in each time period we shut
total flow for instance I,
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exactly three arcs, between s and v, whose capacities sum to B. In other words, the
upper bound of m(m − 1)B can be achieved if and only if the 3-Partition instance has
a solution. This shows that the problem is NP-complete.
u1
u2
s

..
.

u3m

v

(m − 1)B
t

Figure 3.1: Network for complexity instance used by Boland et al. [10]

Note that the important characteristics of the network in the Figure 3.1 are: it has
only one non-source non-sink node (transhipment node), J 6= A, i.e., not all arcs of the
network have job, the capacities of all the arcs are not same, the network is a series
parallel network (defined in Chapter 2), the network is not balanced , i.e., the total
capacity of arcs into the node v is not equal to the capacity of the arcs going out of
the node v, and all the arcs of the minimum st-cut (a cut separating the source node
s and the sink node t with minimum capacity) is in the job set J. Thus, the class of
networks having above characteristics is NP-complete. This left open the question about
the complexity of the class of networks in which some or all of the above characteristics
does not hold. In this chapter we analyse the effect of different characteristics of the
network on the complexity of the network.

3.1.2

Key contributions

Our key contribution in this chapter is analyses of how the complexity of the problem (3.1) to (3.7) depends on the following characteristics: (i) all arcs in a minimum
capacity st-cut of the network have a job, (ii) the network is a balanced networks, (iii)
the network is a series-parallel network, (iv) the number of time periods is bounded, and
(v) all arcs have the same capacity.
In the real application motivating this work [11, 13], the network is indeed series-parallel.
Analysing the real network data from 2012, we find that the network is close to balanced,
with almost 40% of transhipment nodes balanced, and just under 94% having ratio
between the smaller and the larger of the two capacities greater than 0.5, with the
average ratio more than 0.7. There are also many arcs with identical capacity: the 137
arcs only have 9 distinct capacity values, with more than 70% of arcs having only two
distinct capacity values.
Note that a single transshipment node network is a special type of series parallel network.
For single transshipment node networks we show that if the job set J contains a st-cut
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(for this case there are precisely two st-cuts δ − (v) and δ + (v)), or if the network is
balanced, it is optimal to shut all arcs at the same time. Now onwards, we will refer a
schedule that shut all arcs at the same time as all-together schedule. We show that in
general for instances with single transhipment node network and a time horizon of two
periods it is NP-complete to decide if the all-together schedule is optimal which proves
that the problem for general networks with a bounded time horizon is NP-complete.
For case (i), we show that it is optimal to schedule all jobs in the same time period.
We also prove the optimality of the all-together schedule for a network that is both
balanced and series-parallel. However if the network is balanced but not necessarily
series-parallel, then the problem is strongly NP-complete. We provide an approximation
ratio for all-together schedule for the general case, and prove that in general, alltogether schedule is asymptotically optimal as T approaches to infinity. For case (iv),
we show that even if T = 2 and the network contains only a single transhipment node,
the problem is weakly NP-complete, and we give an algorithm for series-parallel networks
that has pseudopolynomial complexity (exponential in T ) for T fixed. In case (v), if all
arcs have the same capacity, we prove that the problem can be reduced to a maximum
flow problem and T additional linear programs, and hence can be solved in polynomial
time. In this case it is not necessarily optimal to schedule all jobs at the same time.
Organization of this chapter. Section 3.2, contains a discussion of cases of the
network with a single transhipment node. In Section 3.3, we explore general networks.
Section 3.4, analyses the performance of the all-together schedule for general networks.
In Section 3.5, we present an algorithm for general series parallel networks. In Section
3.6, we consider the case that all arcs have the same capacity.

3.2

Networks with single transhipment node

This section gives a result that describes a class of instances with single transhipment
node networks for which all-together schedule is optimal. Further we prove that for a
general instance of the single transhipment node network with bounded time horizon, it
is NP-complete to decide the optimality of all-together schedule.
Consider a network having only one transhipment node, say v. In order to classify
the networks for which the all-together schedule is optimal we introduce the following
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notations. Let
C1− =

X

C1+ =

ua ,

a∈δ − (v)

C2− =

X

ua ,

a∈δ + (v)

X

C2+ =

ua ,

a∈δ − (v)\J

X

ua .

a∈δ + (v)\J

Proposition 3.1. If (i) C1− 6 C1+ and C2− 6 C2+ or (ii) C1+ 6 C1− and C2+ 6 C2− , then
it is optimal to schedule all jobs at the same time.
Proof. If all jobs are scheduled at the same time, say in time period 1, then we will get
n

o

n

the flow of min C2− , C2+ in the first time period and the flow of (T − 1) min C1− , C1+

o

in the remaining T − 1 time periods. This way we will get a lower bound of
o

n

n

o

min C2− , C2+ + (T − 1) min C1− , C1+ .
on the total throughput from the network. On the other hand, since each arc in the
job set J has to shut down for exactly one time period, the maximum flow that can be
send from the source node s to the transhipment node v in T time periods cannot be
greater than T C1− −

X

ua . Similarly, the maximum flow that can be send from

a∈δ − (v)∩J

the transhipment node v to the sink node t in T time periods cannot be greater than
X

T C1+ −

ua . Thus, using

a∈δ + (v)∩J

ua = C1− − C2− and

X
a∈δ − (v)∩J

X

ua = C1+ − C2+

a∈δ + (v)∩J

we obtain an upper bound of
o

n

min T C1− − (C1− − C2− ), T C1+ − (C1+ − C2+ )

n

= min C2− + (T − 1)C1− , C2+ + (T − 1)C1+

o

on the maximum total flow through the network over T time periods. Clearly, if (i)
C1− 6 C1+ and C2− 6 C2+ or (ii) C1+ 6 C1− and C2+ 6 C2− then the upper bound equals
the lower bound. This proves the proposition.
Remark 3.1. A simple consequence of the Proposition 3.1 is, for an instance with single
transshipment node network, the all-together schedule is optimal if
• C1− = C1+ , i.e., the network is balanced, or
• C1− 6 C1+ and J ⊇ δ − (v), i.e., the job set J contains a minimum st-cut or
• C1+ 6 C1− and J ⊇ δ + (v).
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Next we show that for a single transshipment node networks with a bounded time
horizon, it is NP-complete to decide the optimality of the all-together schedule. We
prove the result by taking T = 2. For a time horizon of two time periods, i.e. T = 2,
the problem is to find partition of the job set J = J 1 ∪ J 2 , into two parts such that
the total flow is maximized. In other words, we want to find a partition of the job set
J = J 1 ∪ J 2 in order to


max min

J 1 ∪J 2 =J




X



a∈δ − (v)\J 1

X

ua ,

a∈δ + (v)\J 1

ua




+ min






X



a∈δ − (v)\J 2

ua ,

X
a∈δ + (v)\J



ua  .

2

The following proposition shows that it is NP-complete to decide the optimality of the
trivial partition J 1 = J and J 2 = ∅.
Proposition 3.2. For a network with one transhipment node and a time horizon of two
periods, it is NP-complete to decide if it is optimal to schedule all jobs at time 1.
Proof. To prove the result, we show that the decision version of the problem is NPcomplete. We first show that the decision version of the problem is in NP and then
reduce an instance of the NP-complete PARTITION problem to an instance of the
decision version of the problem.
The decision version of the problem is in NP. Given a network N = (V, A, s, t, u) with
the job set J and a time horizon T , the decision version of the problem will ask whether
there exist a schedule that do not shut all arcs at time 1 and give a total flow of greater
than equal to the flow K, where K is the flow of the schedule that shut all arcs at time
1? Note that if a schedule is given then the corresponding total flow can be find out
by solving T maximum flow problems. Since maximum flow problem are polynomially
solvable problems, the problem of checking whether the given schedule will give a flow of
greater than or equal to K or not, can be done in polynomial time. Hence the decision
version of the problem is in NP.
Reduction from PARTITION: An instance is given by a set D = {u1 , . . . , um } of positive
integers with

Pm

i=1 ui

D1 ∪ D2 such that

P

= 2B, and the problem is to decide if there is a partition D =

i∈D1

ui =

P

i∈D2

ui = B. We consider the network shown in Figure

3.2 where every arc except the bold arc from the node v to the sink node t has an
associated job. Let the time horizon be T = 2.
Scheduling all jobs at time 1 gives a total flow of 4B − 1. On the other hand, since all
the arcs between node s from v has to be shut down for exactly one time period, the
maximum flow that can be send form the source node s to the node v in 2 time periods
is 4B. Whereas, the maximum flow that can be send from the node v to the sink node t
in 2 time periods is 4B. Thus the maximum flow that can be send through this network
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2u1
2u2

2B − 1

.
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s

1

v

2um

t

2B − 1

Figure 3.2: The network for the reduction from Partition. Arcs are labelled with
capacities.

over 2 time period is 4B. But the upper bound of total flow of 4B is achievable if and
only if there is a flow of 2B in each time period, and this is equivalent to a positive
solution for the PARTITION instance.
The reduction from PARTITION suggests the use of dynamic programming to obtain
a pseudo-polynomial algorithm for the single node problem. This is indeed possible,
and in fact can be done more generally for series-parallel networks. This more general
approach is presented in the Section 3.5 (see Proposition 3.10).

3.3

General networks

In this section, we explore complexity issues for the class of networks having more than
one transhipment node and also discuss some of its tractable subclasses. We start with
a lemma generalising the upper bound in the single node case.
Lemma 3.3. Let S ⊆ A be any st-cut in the network. The objective value for problem
(3.1) – (3.7) is bounded above by
T

X

ua + (T − 1)

X

ua .

a∈S∩J

a∈S\J

Proof. Since S is a cut, the total flow over the whole time horizon is bounded above by
T X
X
i=1 a∈S

fai =

T
XX
a∈S i=1

fai =

T
X X
a∈S\J i=1

fai +

T
X X

fai 6

a∈S∩J i=1

X

T ua +

a∈S\J

X

(T − 1)ua ,

a∈S∩J

by the combination of (3.2) — (3.4). The result follows.
As an immediate consequence we obtain that the problem is tractable when the set of
arcs that have to undergo maintenance contains a minimum cut.
Proposition 3.4. If J contains a minimum cut S of the network then it is optimal to
schedule all jobs at the same time.
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Proof. Since S is a minimum cut, the maximum flow in any period in which no maintenance is scheduled is
(T − 1)

P

a∈S

P

a∈S

ua , so scheduling all jobs at time 1 gives a total flow of

ua , which achieves the upper bound from Lemma 3.3.

In Section 3.2, Proposition 3.1 implied that if the network is balanced and has only one
transhipment node then it is optimal to schedule all jobs together at the same time. The
following proposition show that the balanced property alone is not enough to guarantee
a solution in polynomial time. In fact the next proposition proves that in general the
problem is strongly NP-complete if the network is a balanced network.
Proposition 3.5. The problem is strongly NP-complete for balanced networks.
Proof. To prove the result, we show that the decision version of the problem (3.1) –
(3.7) with balanced network is NP-complete in the strong sense. To do this we first
show that the decision version of the problem is in NP and then reduce an instance
of the strongly NP-complete 3-PARTITION problem to an instance of the decision
version of the problem.
The decision version of the problem is in NP. Given a network N = (V, A, s, t, u) with
the job set J and a time horizon T , the decision version of the problem will ask whether
there exist a schedule that give a total flow of greater than or equal to a given number K?
Note that if a schedule is given then the corresponding total flow can be find by solving
T maximum flow problems. Since maximum flow problem are polynomially solvable
problems, the problem of checking whether the given schedule will give a flow of greater
than or equal to K or not can be done in polynomial time. Hence the decision version
of the problem is in NP.
Reduction from 3-PARTITION: A 3-PARTITION instance is given by an integer B
and a set {u1 , . . . , u3m } of integers with B/4 < ui < B/2 for all i and

P3m

i=1 ui

= mB.

The problem is to decide if there is a partition of the set {u1 , . . . , u3m } into m triples
such that the sum of each triple equals B. Consider the network shown in Figure 3.3,
where the arc labels indicate capacities, and the bold arcs don’t have jobs associated
with them. Also let the time horizon be T = m.
By Lemma 3.3, applied to the cut ({s}, {v1 , v2 , t}), the total flow is bounded by
T (m − 1)B + (T − 1)

3m
X

ui = 2m(m − 1)B.

i=1

To achieve the bound 2m(m − 1)B the arc (s, v2 ) is at capacity in every time period.
This implies that we have to schedule exactly one job on the arcs between v2 and t in
each time period. Now flow conservation in node v2 implies that the flow on the arc
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(m − 1)B
u1
u2
s

..
.

u3m

B
B
v1

B

v2

..
.

B

t

(m − 1)B

Figure 3.3: The network for the reduction from 3-Partition. Arcs are labeled with
capacities.

(v1 , v2 ) is zero in every time period. Considering the cut ({s, v1 , v2 }, {t}) the bound
2m(m − 1)B can be achieved only if the arc (v1 , t) is at capacity in every time period.
Using flow conservation in node v1 we can now conclude that in order to achieve the
bound 2m(m − 1)B it is necessary and sufficient to send in each time period (m − 1)B
units of flow from s to v1 , and this can be done if and only if the answer for the 3PARTITION instance is YES.
As already mentioned, not all instances of the general balanced network are hard. The
single-node variant is easy and is in fact a special case of a series-parallel network. Note
that the network constructed in the above NP-completeness proof is not series-parallel.
We show below (Proposition 3.7) that indeed the case of series-parallel balanced networks
is easy. Although we have already defined the meaning of series-parallel network in
Chapter 1, for the sake of completeness of the chapter we restate the definition here as
well.
Definition 3.6. By series-parallel network we mean a two-terminal series-parallel network that has a single source and single sink and is constructed by a sequence of series
and parallel compositions starting from single arcs. For two networks N1 and N2 the
parallel composition of N1 and N2 is obtained by identifying the source node s1 and
sink node t1 of N1 with the source node s2 and sink node t2 of N2 , respectively. The
series composition of networks N1 and N2 is obtained by identifying the sink node t1 of
N1 with the source node s2 of N2 .
We denote the parallel and series compositions by N1 ⊕P N2 and N1 ⊕S N2 , respectively.
The next proposition shows that the series-parallel balanced networks are tractable.
Proposition 3.7. If the network is series-parallel and balanced then it is optimal to
schedule all jobs at the same time.
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Proof. Consider a series parallel network N = (V, A, s, t, u) with a given job set J and
the time horizon of T periods. We will prove the result by taking time horizon T = 2,
as it can then be easily extended for general time horizon. For any subset A1 ⊆ A, let
FN,A1 denotes the maximum flow value in the network N = (V, A \ A1 , s, t, u |A\A1 ) in a
time period.
Now if we shut all arcs at the same time period, say in time period 1, then the maximum
possible flow in first time period is FN,J and the maximum possible flow in second time
period is FN,∅ . Thus the maximum total flow that we can get in 2 time period is
FN,J + FN,∅ . However a schedule that partition the job set J into two subsets J 1 and
J 2 and schedule the shut down of jobs of the set J i in ith time period (i.e. a schedule
that do not shut all arcs in the same time period), will give a maximum flow value of
FN,J 1 + FN,J 2
Thus, the statement that it is optimal to schedule all jobs at the same time is true if
and only if
FN,J 1 ∪J 2 + FN,∅ > FN,J 1 + FN,J 2
for all partitions of the job set J.
We prove the proposition by induction on the structure of the graph. The claim holds
for the base case of a single arc. So assume that N is a series-parallel network that is
not a single arc. Then N = N1 ⊕P N2 or N = N1 ⊕S N2 for some smaller networks
Ni = (Vi , Ai , si , ti , ui ) (i ∈ {1, 2}). By induction,
FNi ,J 1 ∪J 2 + FNi ,∅ > FNi ,J 1 + FNi ,J 2
i

i

i

i

for all partitions Ji1 , Ji2 of the job set Ji for the network Ni . Now let J 1 ,J 2 be an arbitrary
partition of the job set J of the network N and let Jik = J k ∩ Ai , for i, k ∈ {1, 2}.
Case 1. N = N1 ⊕P N2 . Then
FN,J 1 ∪J 2 = FN1 ,(J 1 ∪J 2 )∩A1 + FN2 ,(J 1 ∪J 2 )∩A2 = FN1 ,J 1 ∪J 2 + FN2 ,J 1 ∪J 2 .
1

1

2

So that
FN,J 1 ∪J 2 + FN,∅ = FN1 ,J 1 ∪J 2 + FN1 ,∅ + FN2 ,J 1 ∪J 2 + FN2 ,∅
1

1

2

2

> FN1 ,J 1 + FN1 ,J 2 + FN2 ,J 1 + FN2 ,J 2
1

1

2

2

= FN1 ,J 1 + FN2 ,J 1 + FN1 ,J 2 + FN2 ,J 2
1

2

= FN,J 1 + FN,J 2 .

1

2

2
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Case 2. N = N1 ⊕S N2 . Then
FN,J 1 ∪J 2 = min{FN1 ,(J 1 ∪J 2 )∩A1 , FN2 ,(J 1 ∪J 2 )∩A2 } = min{FN1 ,J 1 ∪J 2 , FN2 ,J 1 ∪J 2 }.
1

1

2

2

Since N is balanced, FN,∅ = FN1 ,∅ = FN2 ,∅ . We denote this common value by F .
Now,
FN,J 1 ∪J 2 + F = min{FN1 ,J 1 ∪J 2 , FN2 ,J 1 ∪J 2 } + F
1

1

2

2

= min{FN1 ,J 1 ∪J 2 + F, FN2 ,J 1 ∪J 2 + F }
1

1

2

2

> min{FN1 ,J 1 + FN1 ,J 2 , FN2 ,J 1 + FN2 ,J 2 }
1

1

2

2

> min{FN1 ,J 1 , FN2 ,J 1 } + min{FN1 ,J 2 , FN2 ,J 2 }
1

2

1

2

= FN,J 1 + FN,J 2 .

3.4

Approximation with the all-together schedule

Since scheduling all jobs in the same period is optimal in some cases, in this section we
now ask how well it performs as an approximation algorithm in the general case. In
general, scheduling all jobs in the same period gives an approximation ratio of at least
(T −1)F
U

where F is the maximum flow in the network (in a single period) with no arcs

shut down, and U is an upper bound on the optimal value defined by
!

U = min T
S∈S

X
a∈S

ua −

X

ua

a∈S∩J

for S the set of all st-cuts in the network. Note the fact that U is an upper bound on
the optimal value follows immediately from Lemma 3.3.
Proposition 3.8. Scheduling all jobs in the same period gives an approximation ratio
no less than

(T −1)F
.
U

Proof. Let z ∗ denote the optimal value and z̃ denote the throughput obtained by scheduling all arcs in the same period. Clearly z̃ ≥ (T − 1)F and, by Lemma 3.3, z ∗ ≤ U , so
z̃
(T − 1)F
≥
.
∗
z
U
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F
U

≥

48
1
T,

and the worst performance found by scheduling all

shutdowns in the same period would occur if this inequality is tight, and the ratio of its
throughput to the optimal value attains

(T −1)F
U

=

T −1
T .

Example 3.1 shows that there

are instances for which this worst case occurs.
Example 3.1. Consider the network shown in the Figure 3.4. Arc labels indicate arc
capacities and the bold arc does not have an associated job. There are two arcs of
capacity u between the nodes s and v, and the arc (v, t) also has capacity u. The time
horizon is T . Clearly if both arcs that have an associated job are shut together then a
u
s

u

v

u

t

Figure 3.4: Instance with worst approximation ratio for the all-together schedule

throughput of (T − 1)u is obtained, whereas the optimal throughput of the network is
obtained by shutting the two arcs in different periods, giving a throughput of T u, and an
approximation ratio of

(T −1)u
Tu

=

T −1
T .

Hence we have the following result.
Proposition 3.9. Scheduling all jobs in the same period has approximation ratio
1−

1
T,

T −1
T

=

and is asymptotically optimal in the sense that this ratio approaches 1 as T tends

to infinity.

3.5

Arc multi-set algorithm

In this section, we present an algorithm for general series-parallel networks, which for
the instance used in the proof of Proposition 3.2 coincides with the well known dynamic
programming algorithm for Partition. With feasible values for the binary variables
yai (a ∈ J, i ∈ [T ]) we can associate a vector z y = (ziy )i=1,...,T where ziy denotes the
maximum flow in the network with arc set A \ {a : yai = 0}. By symmetry we
may assume that z1y > z2y > · · · > zTy . Our algorithm exploits the fact that many
different maintenance schedules y may give rise to the same vector z y to gain efficiency
over naive enumeration of schedules. The algorithm computes the possible vectors z
for subnetworks of the network N , starting from single arcs. To do this we use sp-trees
which encode the construction of series-parallel networks. An sp-tree for a series-parallel
network N is a full binary tree in which the leaves correspond to the arcs of N , any
internal node corresponds to the composition of its two child nodes, and the type of
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Figure 3.5: A series-parallel network and the corresponding sp-tree.

composition (series or parallel) is indicated by a node label (‘S’ or ‘P’, respectively).
Figure 3.5 shows a network and the corresponding sp-tree.
Recognition of series-parallel networks and construction of an sp-tree can be done in
linear time [70]. So assume we are given the sp-tree with node set V = L ∪ W, where
L is the set of leaves and W is the set of internal nodes. The set W is partitioned
into level sets Wi where Wi is the set of internal nodes at distance i from the root.
Let d be the largest index such that Wd 6= ∅. The lists of possible maximum flow
vectors z are initialised at the leaves by assigning a list with a single element to the leaf
corresponding to arc a. The unique element in this list is (ua , ua , . . . , ua , 0) if a ∈ J and
(ua , ua , . . . , ua , ua ) if a 6∈ J. Then the lists for the internal nodes are computed going
up in the tree as described in Algorithm 3.1. The list generated for each node v ∈ V is
denoted by Lv . More precisely, in order to calculate the maximum flows, the algorithm
will move up in the tree one level at a time, starting from the leaf nodes. Before moving
up by one level the algorithm constructs the list of possible maximum flows for each
node v of the current level ` by combining the flows of its child nodes as follows: if the
node is a parallel node then the list Lv of maximum possible flow vectors is constructed
by adding each possible flow vector of one of its child nodes to each possible flow vector
(and to all its possible permutations) of its other child. On the other hand, if the node
v is a series node then the list Lv of maximum possible flow vectors is constructed by
taking minimum of the pair of possible flow vectors of two children, with one flow vector
from each child, and all their permutations. In either case, the list Lv is then sorted so
that the components of each flow vector z in the list are arranged in decreasing order
of their value. This helps in removing symmetries. By interpreting each maximum flow
vector as a multiset, it can be seen that the operations at an sp-tree node create all
possible multisets that can be formed by either addition, (for a parallel node), or by
componentwise minimization, (for a series node), of its child node multisets. Thus these
operations ensure that the set of flow vectors calculated at each node of the sp-tree
are the set of all possible maximum flow vectors that could occur in the subnetwork
of the original network that corresponds to the sp-tree descended from that node, with
symmetric cases removed. This algorithm returns the maximum total throughput, and
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Algorithm 3.1 Maximizing total throughput for series-parallel networks

for v ∈ L do
Let a ∈ A be the arc corresponding to v
if a ∈ J then Lv ← {(ua , ua , . . . , ua , 0)} else Lv ← {(ua , ua , . . . , ua , ua )}
for i = d, d − 1, . . . , 0 do
for v ∈ Wi do
Lv ← {}
/* initialize empty list*/
Let u and w be the child nodes of v
for each z ∈ Lu , z 0 ∈ Lw and π a permutation of {1, 2 . . . , T } do
if v is a parallel composition node then
0
for i ∈ [T ] do zi00 = zi + zπ(i)
else /* v is a series composition node */
0
for i ∈ [T ] do zi00 = min{zi , zπ(i)
}
00
sort the components of z in non-increasing order
if z 00 6∈ Lv then add z 00 to Lv
Let v be the root node of the sp-tree and return max

T
P

z∈Lv i=1

zi

it is easy to see how to keep track of corresponding schedules for all the elements of the
lists in the internal nodes.
Example 3.2. Suppose for the network in Figure 3.5 the capacities are ua = 4, ub = 1,
uc = ud = 2, the set of arcs with a job is J = {a, b, c}, and the time horizon is T = 3. As
per the algorithm, the leaf nodes should corresponds to arcs of the network, i.e., a, b, c, d
with associated list of possible maximum flow vectors z of dimension T , initialised as
a single element (ua , ua , · · · , 0) if a ∈ J and (ua , ua , · · · , 0) otherwise. Thus, for the
considered instance the algorithm initialises the list of flow vectors for the leaf nodes
corresponding to arcs a, b, c ∈ J as {(4, 4, 0)}, {(1, 1, 0)} and {(2, 2, 0)} respectively, and
initialises the list for the leaf node corresponding to arc d as {(2, 2, 2)}.
Now, the algorithm will move up by one level and construct the list of possible maximum
flows for each node v of this level by combining the list of flow vectors of its child nodes,
as explained in the description of algorithm. Thus, for the considered example, the
algorithm will first construct the list of possible maximum flow vectors for the parallel
node on the left hand side of the sp-tree in Figure 3.5, at level one, whose child nodes
are the leaf nodes for arcs a and b, by adding the flow vector associated with leaf node
corresponding to the arc a to each element of the set {(1, 1, 0), (1, 0, 1), (0, 1, 1)} (the flow
vector associate with leaf node corresponding to the arc b, and all its permutations). The
resulting list is then sorted followed by removals of duplications. This way, we get only
two flow vectors in the list for this parallel node, in particular, Lv = {(5, 5, 0), (5, 4, 1)}.
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The list of flow vectors for other internal nodes are obtained similarly. Figure 3.6 illustrates the list of flow vectors for each internal node of the tree. Figure 3.6 illustrates
how the lists for the internal nodes are computed.
S

P

{(4, 4, 0), (4, 2, 0), (4, 4, 1), (4, 2, 1)}

{(5, 5, 0), (5, 4, 1)}

P

{(4, 4, 2)}

P

P

P

P

{(4, 4, 0)}

{(1, 1, 0)}

{(2, 2, 0)}

{(2, 2, 2)}

Figure 3.6: Computation of the possible maximum flow vectors.

The optimal vector in the root node is (4, 4, 1) giving a total throughput of 9, and this
can be obtained by scheduling the job on arc b for the second time period and the jobs
for arcs a and c for the third time period.
Bounding the runtime of Algorithm 3.1 we obtain the following complexity result.
Proposition 3.10. Let m be the number of arcs, and let B be an upper bound for the
capacities. For series-parallel networks the problem can be solved in time O(m2T +1 B 2T
T log(T )T ! ).
Proof. The entries of the vectors in the lists at the internal nodes are bounded by mB,
hence every list can contain at most (mB)T elements. Thus the loop over (z, z 0 ) ∈
Lu × Lw and permutations π is over at most T ! (mB)2T elements. Inside this loop is
another one giving an additional factor T , and a sorting operation which is at most
a factor of T log(T ). With the use of hash tables, checking z 00 is not already in the
list prior to insertion will not worsen the complexity of operations inside this loop,
which is thus T log(T ). In total there are m − 1 internal nodes, thus the runtime is
O(T log(T )T ! (mB)2T (m − 1)).
We add two remarks on an efficient implementation of Algorithm 3.1.
1. Any vector z that is dominated by another vector z 0 in the list, meaning that
zi 6 zi0 for all i ∈ {1, 2 . . . , T }, can be removed immediately. This is because, for
any other vector z 00 6= z 6= z 0 , zi + zi00 6 zi0 + zi00 and min{zi , zi00 } 6 max{zi0 , zi00 } for
all i ∈ {1, . . . , T }.
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2. In the loop over (z, z 0 ) ∈ Lu ×Lw and permutations π, it is necessary to loop over all
permutations only if the entries of the vectors z and z 0 are pairwise distinct because
otherwise some permutations will give same results and hence will be redundant.
An efficient implementation detects the occurrence of these type of multiple entries
and restricts the range of the considered permutations accordingly.

3.6

Networks with all arcs having unit capacity

In this section we study the case that the capacity of every arc equals 1. We can aggregate
all time periods and solve a standard max flow problem to get an upper bound. The
max flow problem is
X

max

X

Xa

(3.8)

a∈δ − (s)

a∈δ + (s)

s.t.

X

Xa −

X

Xa =

v ∈ N \ {s, t},

Xa

(3.9)

a∈δ − (v)

a∈δ + (v)

Xa 6 T

a ∈ A \ J,

(3.10)

Xa 6 T − 1

a ∈ J,

(3.11)

Xa > 0

a ∈ A.

(3.12)

where Xa denotes the aggregated flow on arc a ∈ A.
We will show that this upper bound is actually tight. This follows by induction once
we can find a max flow X ∗ and cover all the arcs carrying flow T by a collection of arc
disjoint s-t-paths. Given any max flow we can reduce the flow along any cycles carrying
flow, and we can remove arcs with zero flow. So in order to prove that the upper bound
is tight it is sufficient to prove the following result.
Proposition 3.11. Let (V, A, s, t) be an acyclic network with source s ∈ V and sink
t ∈ V , and suppose X ∗ : A → [T ] satisfies the flow conservation constraints
X
a∈δ − (v)

Xa∗ =

X

Xa∗

for all v ∈ V \ {s, t}.

a∈δ + (v)

Then there is a collection P of arc-disjoint s-t-paths such that A∗ ⊆
A∗ = {a ∈ A : Xa∗ = T } is the set of arcs carrying flow T .

S

P ∈P

P , where
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Proof. We consider the following binary program, in which (ξa )a∈A induces a set of
arc-disjoint s-t-paths:
X

max

ξa

(3.13)

a∈A∗

s.t.

X

X

ξa −

ξa = 0

v ∈ V \ {s, t},

(3.14)

ξa ∈ {0, 1}

a ∈ A.

(3.15)

a∈δ − (v)

a∈δ + (v)

We have to prove that the optimal objective value for the problem (3.13) — (3.15) is
|A∗ |. The flow conservation constraints (3.14) form a network matrix, hence we do not
lose anything by relaxing integrality, i.e. we can replace (3.15) by 0 6 ξa 6 1 for all
a ∈ A. The dual problem can be written in the form
min

X

ηa

(3.16)

a∈A

s.t. πv − πw + ηa > 0
πv − πw + ηa > 1

a = (v, w) ∈ A \ A∗ ,

(3.17)

a = (v, w) ∈ A∗ ,

(3.18)

πs = πt = 0,

(3.19)
a ∈ A.

ηa > 0

(3.20)

A feasible solution with objective value |A∗ | is given by πv = 0 for all v ∈ V , ηa = 0 for
a ∈ A \ A∗ , and ηa = 1 for a ∈ A∗ . In order to prove our claim we have to check that
|A∗ | is a lower bound, i.e. that

P

a∈A ηa

> |A∗ | for every feasible solution. To see this

let P 0 be any decomposition of the flow X ∗ into paths, that is a collection of s-t-paths
such that every arc a is contained in exactly Xa∗ paths P ∈ P 0 . Adding up constraints
(3.17) and (3.18) over the arcs of any path P ∈ P 0 , we obtain

P

ηa > |P ∩ A∗ |, hence

a∈P

X

Xa∗ ηa =

a∈A

X X
P ∈P 0

X

ηa >

a∈P

|P ∩ A∗ | = T |A∗ |.

P ∈P 0

Finally, using Xa∗ 6 T for all a ∈ A,
X
a∈A

ηa >

X X∗
a
a∈A

T

ηa > |A∗ |.

To summarize, if ua = 1 for all a ∈ A then the problem can be reduced to solving the
max flow problem (3.8) – (3.12) followed by T instances of (the linear relaxation of) the
problem (3.13) – (3.15).
Proposition 3.12. An instance of the problem with ua = 1 for all a ∈ A, can be solved
in time polynomial in the size of the network and the time horizon T .

Chapter 4

Reclaimer scheduling problem: all
stockpiles have to be placed
before the start of the reclaiming
process
4.1

Introduction

In this chapter we analyse the reclaimer scheduling problem with the restriction that
all stockpiles have to be placed before the start of the reclaiming process, assuming
feasibility to do so. Under this restriction, we introduce the abstract model of the
reclaimer scheduling problem with the following additional basic assumptions:
• There are two reclaimers R0 and R1 that serve two stockpads; one on either side
of the reclaimers.
• Reclaimer R0 starts at one end of the stockpads and Reclaimer R1 starts at the
other end of the stockpads.
• Stockpiles are reclaimed by one of the two reclaimers R0 and R1 that move forward
and backward along a single rail in the aisle between the two stockpads.
• The reclaimers cannot pass each other but they can go along side by side.
• The reclaimers are identical, i.e., they have the same reclaim speed and the same
travel speed.
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• Each stockpile has a given length and a given reclaim time (derived from the
stockpile’s size and the reclaim speed of the reclaimers).
• When a stockpile is reclaimed, it has to be traversed along its entire length by one
of the reclaimers, either from left to right or from right to left.
• After reclaiming the stockpiles, the reclaimers need to return to their original
position.
Using these basic assumptions, we define a number of variants of the reclaimer scheduling
problem:
• Both reclaimers are used for the reclaiming of stockpiles or only one reclaimer (R0 )
is used to reclaim the stockpiles.
• The positions of the stockpiles on the stockpads are given or have to be decided. If
the positions on the stockpads are given, it is implicitly assumed that the stockpile
positions are feasible, i.e., that stockpiles on the same stockpad do not overlap. If
the positions have to be decided then for each stockpile two decisions have to be
taken, on which stockpad the stockpile should be placed, and the location of the
stockpile on the particular stockpad.
• Precedence constraints between stockpiles have to be observed or not. When
precedence constraints have to be observed, the reclaim sequence of the stockpiles
is completely specified. That is, the precedence constraints form a chain involving
all the stockpiles.
The goal in all settings is to reclaim all stockpiles and to minimize the time at which
both reclaimers have returned to their original positions.

4.2

Key contributions

We analyse the complexity of different variants of the proposed abstract model and develop algorithms for the solution of these variants. Tables 4.1 and 4.2, summaries the
complexity analysis done for different variants and the techniques proposed for them
respectively. We present extensive computational study of the performance of the developed approximation algorithms for the problem. Our investigation has resulted in
insights that may be helpful in improving stockyard efficiency. For example our study
shows that in the absence of precedence constraints, though the best schedules characterised by the simple out and back routing, a routing without any turns, and a simple
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assignment technique, in which left (right) reclaimer is restricting to serve left (resp.
right) portion until a specific points on the stockpads, is not optimal but provides a
good approximation solution. We make a conjecture that the best schedule thus ob4
3

tained will give a

approximate solution and our experimental results support our

conjecture.
Single
Reclaimer
With
Without
Precedence Precedence

Two
Reclaimers
With
Without
Precedence Precedence

Fixed

Polynomially
Solvable

Polynomially
Solvable

Non-Fixed

Polynomially
Solvable

NP-complete

Pseudo
Polynomially
Solvable
(O(nL3 ))
NP-complete

Position of
Stockpiles

NP-complete
(Even if the
assignments
are known)
NP-complete

Table 4.1: Summary of the complexity results for different variants of the reclaimer
scheduling problem studied in this chapter.

Position of
Stockpiles
Fixed

Non-Fixed

Single
Reclaimer
With
Without
Precedence
Precedence
Linear
time
algorithm
Linear
time
algorithm

Linear
time
algorithm
Approximation
algorithms

Two
Reclaimers
With
Without
Precedence
Precedence
Dynamic
Program

Approximation
algorithm

Approximation
algorithms

Approximation
algorithms

Table 4.2: Proposed methodologies for different variants of the reclaimer scheduling
problem studied in this chapter.

The remainder of the chapter is organized as follows. In Section 4.3, we define some
notations that are used throughout the chapter and introduce a graphical representation
of schedules that will be used throughout the chapter. In Sections 4.4 and 4.5, we present
the analysis of a number of variants of the reclaimer scheduling problem. In Section 4.6,
we present the computational results for approximation algorithms. In Section 4.7, we
give some final remarks and discuss future research opportunities.
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Notations

We use the following notations. When the positions of the stockpiles are given, we have
two sets J1 = {1, . . . , n1 } and J2 = {n1 + 1, . . . , n} of stockpiles located on the two
identical and opposite stockpads P1 and P2 . We represent a stockpad by segment [0, L],
with L being the length of the stockpad. Stockpile j ∈ J1 occupies a segment [lj , rj ] on
stockpad P1 (0 6 lj < rj 6 L). Similarly, stockpile j ∈ J2 occupies a segment [lj , rj ]
on stockpad P2 . Stockpiles cannot overlap on the same stockpad and we assume that
rj 6 lj+1 for j ∈ {1, . . . , n1 − 1} and for j ∈ {n1 + 1, . . . , n − 1} and that rj , lj for
j ∈ {1, . . . , n} and L are integers.
Reclaimers start and finish at the two endpoints of the rail, reclaimer R0 at point 0
and reclaimer R1 at point L, and can reclaim stockpiles on either one of the stockpads
(we assume there is no time required to switch from one stockpad to the other), but
they cannot pass each other. A reclaimer can stay idle or move forward and backward
at the given speed s. When reclaiming a stockpile the speed reduces. Without loss of
generality, we assume that the reclaim speed is equal to 1. Thus, the time necessary to
reclaim stockpile j is pj = rj − lj , the length of stockpile j.
When the positions of the stockpiles are not given but have to be decided, we are given
the length pj ∈ Z of each stockpile j (0 < pj 6 L) and we have to decide the stockpad
on which to locate the stockpile (either P1 or P2 ), the position (lj , rj ) of that stockpad
that the stockpile will occupy, and the reclaimer schedules. We have to ensure that the
segments occupied by stockpiles on the same stockpad do not overlap. We will assume
that

Pn

4.3.1

j=1 pj

6 2L to guarantee that a feasible placement of stockpiles exists.

Graphical representation of a feasible schedule

The schedule Hk of reclaimer Rk (k = 0, 1) with makespan Ck (the total time taken by
reclaimer k to come back to its initial position after reclaiming all the stockpiles assigned
to it) can be described by a piecewise linear function representing the position of the
reclaimer on the rail as a function of time. The function itself is described by an ordered
list of qk + 1 points
(k)

Hk = {(t, x)i

∈ R+ × [0, L] | i = 0, 1, . . . , qk }
(k)

(k)

in the time-space Cartesian plane, where (t, x)0 = (0, kL), (t, x)qk = (Ck , kL), and the
(k)

slope between consecutive points (t, x)i
• 0, the reclaimer is idle;

(k)

and (t, x)i+1 is either:
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• +s, the reclaimer is moving to the right without processing any stockpile;
• −s, the reclaimer is moving to left without processing any stockpile;
• +1, the reclaimer is moving to right while processing a stockpile on either one of
the two stockpads; and
• −1, the reclaimer is moving to left while processing a stockpile on either one of
the two stockpads.
This is illustrated in Figure 4.1. A pair (H0 , H1 ) of reclaimer schedules is feasible if:
space
6
5

R0

4

R1

3
2
1
0

time
0

1

2

3

4

5

6

7

Figure 4.1: Reclaimer movement in time-space.

1. the two functions H0 and H1 satisfy the inequality H1 (t) > H0 (t), ∀t > 0 (the
reclaimers do not pass each other);
2. each interval [lj , rj ] is traversed at least once at speed 1 (either from left to right
or from right to left); and
3. all other constraints are satisfied, e.g., precedence constraints between stockpiles.
The makespan of a feasible schedule (H0 , H1 ) is Cmax = max(C0 , C1 ).
Next, we analyze a number of variants of the reclaimer schedule problem. We start by
considering variants in which the positions of the stockpiles are given, which means only
the schedules of the reclaimers have to be determined. This is followed by considering
variants in which the positions of the stockpiles are not given, but have to be determined,
which means that both the stockpile positions and the reclaimer schedules have to be
determined.
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Reclaimer scheduling without positioning decisions
No precedence constraints
Single reclaimer

For variants with a single reclaimer, we assume that the active reclaimer is reclaimer R0
with initial position x0 = 0, and the reclaimer R1 is inactive reclaimer and remain at
position L al the time i.e. the schedule of reclaimer R1 is H1 (t) = L for all t > 0.
∗
We start by observing that the optimal makespan Cmax
cannot be less than twice the

time it takes to reach the farthest stockpile endpoint rmax = max{rn1 , rn } at speed s
plus the additional time to process the stockpiles, i.e.,
∗
Cmax

n
rmax X
rj − lj
>2
+
(rj − lj ) −
s
s
j=1





(4.1)

Next, we consider the Forward-Backward (FB) algorithm given in Algorithm 4.1.
Algorithm 4.1 Forward-Backward
Input: n1 and {(lj , rj )| j = 1, . . . , n}
Initialize q = 0 and B = ( (0, 0) )
for j = 1, . . . , n1 do
if lj 6= xq then add (tq + (lj − xq )/s, lj ) to B and increase q by 1
Add (tq + (rj − lj ), rj ) to B and increase q by 1
for j = n, n − 1, . . . , n1 + 1 do
if rj 6= xq then add (tq + |rj − xq | /s, rj ) to B and increase q by 1
Add (tq + (rj − lj ), lj ) to B and increase q by 1
if ln1 +1 6= 0 then add (tq + ln1 +1 /s, 0) to B and increase q by 1
Output: Cmax = tq with H0 = B

Theorem 4.1. Algorithm 4.1 computes an optimal schedule for a single reclaimer in
O(n) time.
Proof. The schedule that is returned by Algorithm 4.1 is optimal because by construction, its makespan equals the lower bound given by (4.1). The schedule H0 can be
computed in O(n) time by scanning forward the stockpile list for stockpad P1 and backward the stockpile list for stockpad P2 .
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Two reclaimers

Unfortunately, optimally exploiting the additional flexibility and extra opportunities
offered by a second reclaimer is not easy as we have the following theorem.
Theorem 4.2. Determining an optimal schedule for two reclaimers when the positions of
the stockpiles are given and the stockpiles can be reclaimed in any order is NP-complete.
Proof. To prove the complexity of the problem we prove that the decision version of the
problem is NP-complete. The decision version of the problem is as follows:
Decision version:

Given a schedule for the problem with two reclaimers when the

positions of the stockpiles are given and the stockpiles can be reclaimed in any order,
∗
check whether the value of the makespan Cmax
6 K for a given constant K or not.

It is not hard to see that the decision version of the problem is in NP as to check whether
the schedule value is less than or equal to some given constant is equivalent to calculate
the values of the routes for two reclaimers for the given schedule, which can be done in
polynomial time.
We provide a transformation from Partition. An instance is given by positive integers
a1 , . . . , am and B satisfying a1 + · · · + am = 2B and the problem is to decide if there
is an index set I ⊆ {1, . . . , m} with

P

i∈I

ai = B. We reduce this to the following

instance of the reclaimer scheduling problem. The length of the stockpad is L = 6B,
the travel speed is s = 5B, and we have n = m + 2 stockpiles which are all placed
on stockpad P1 , i.e., n1 = n. The stockpile lengths are ai (i = 1, . . . , m) for the first
m stockpiles and the two additional stockpiles have both length 2B. The positions of
the stockpiles on the stockpad are defined by the line segments [lm+1 , rm+1 ] = [0, 2B],
[lm+2 , rm+2 ] = [4B, 6B], and [li , ri ] = [2B +

Pi−1

j=1 ai , 2B +

Pi

j=1 ai ]

for i = 1, . . . , m. We

claim that a makespan 6 3B + 1 can be achieved if and only if the Partition instance
is a YES-instance. Clearly, if there is no I with

P

i∈I

ai = B, we cannot divide the

stockpiles between the two reclaimers in such a way that the total stockpile length for
both reclaimers is 3B, which implies that one of the reclaimers has a reclaim time of at
least 3B + 1, hence its makespan is larger than 3B + 1 (as the reclaimer also has to travel
without reclaiming a stockpile). Conversely, if there is an I with

P

i∈I

ai = B, we can

achieve a makespan of less than or equal to 3B + 1 as follows. Reclaimer R0 moves from
x = 0 to x = 4B while reclaiming (from left to right) stockpile m + 1 and the stockpiles
with index in I, and then it returns to its start point at time 3B +1. Reclaimer R1 moves
from x = L to x = 2B without reclaiming anything, and then it moves back to x = L,
reclaiming (from left to right) the stockpiles with index in {1, . . . , m} \ I and stockpile
m + 2. There is no clashing because the region that is visited by both reclaimers is the
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interval [2B, 4B], and reclaimer R0 enters this interval at time 2B and leaves it at time
3B + 3/5, while reclaimer R1 enters at time 2/5 and leaves at time B + 1.
To be able to analyze the quality of schedules for two reclaimers, we start by deriving a
lower bound. For this purpose, we allow preemption, i.e., we allow a stockpile to be split
and processed either simultaneously or at different times by any of the two reclaimers.
Let
S1 =

n1
[

[lj , rj ]

S2 =

and

j=1

n
[

[lj , rj ]

(4.2)

j=n1 +1

be the subsets of [0, L] that represent occupied space on stockpads P1 and P2 , respectively. Furthermore, let
Q1 = S1 4S2 ,

Q2 = S1 ∩ S2 ,

and

E = [0, L] \ (S1 ∪ S2 )

be the subsets of [0, L] with a stockpile on one side , with stockpiles on both sides, and
with no stockpile on either side, respectively. Let E ∗ be the closure of E and note that
E ∗ is a union of finitely many pairwise disjoint intervals, say
E ∗ = [a1 , b1 ] ∪ [a2 , b2 ] ∪ · · · ∪ [ar , br ].

(4.3)

For a subset X ⊆ [0, L] let `(X) denote the (total) length of X. Since both the reclaimers
has to come back to their original positions after completing their work therefore, the
set Q1 has to be traversed once with speed 1 and once with travelling speed s and the set
Q2 has to be traversed twice with speed 1. Hence C1 + C2 > `(Q1 ) + 2`(Q2 ) + `(Q1 )/s,
which implies the lower bound
Cmax = max{C1 , C2 } >

1
C1 + C2
> [`(Q1 ) + 2`(Q2 ) + `(Q1 )/s] .
2
2

We can improve this bound by taking into account the set E ∗ . Note that for each
i = 1, . . . , r both ai and bi corresponds to one of the end point of some stockpile placed
on one of the stockpad. Therefore at most one of the intervals in the partition (4.3)
can contain points that are not visited by any reclaimer, because existence of two such
intervals [ai1 , bi1 ] and [ai2 , bi2 ] (say) would mean that the stockpiles between the points
bi1 and ai2 are not reclaimed. Now we consider two cases.
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Case 1. If every point of the set E ∗ is visited, then the set E ∗ is traversed (at least)
twice with speed s, so in this case the makespan Cmax is at least
K0 =

1
[`(Q1 ) + 2`(Q2 ) + `(Q1 )/s + 2`(E ∗ )/s] .
2

Case 2. If some point in the interval [ai , bi ], i ∈ {1, . . . , r}, is not visited, then everything left of ai is reclaimed by R0 , while everything right of bi is reclaimed by R1 ,
so in this case the makespan Cmax is at least
(

Ki = 2 max

`(Q−
1
`(E ∗− )
`(Q+
1
`(E ∗+ )
+
1)
1)
(1 + ) + `(Q−
)
+
,
`(Q
)
+
(1 + ) +
2
2
2
s
s
2
s
s

)

+
∗
where Q−
1 = Q1 ∩ [0, ai ], Q1 = Q1 ∩ [bi , L], and similarly for Q2 and E . Thus

from the above discussion it is clear that Cmax > min{Ki : i = 0, . . . , r}.
In the next theorem we will show that if the preemptions are allowed then we can find a
point x∗ between [0, L] in linear time such that the schedule in which everything on the
left of x∗ is reclaimed by reclaimer R0 and everything on the right of x∗ is reclaimed by
reclaimer R1 is optimal with the value of the schedule as min{Ki : i = 0, . . . , r}.
Theorem 4.3. The optimal makespan for a preemptive schedule equals
K ∗ = min{Ki : i = 0, 1 . . . , r},
and an optimal preemptive schedule can be computed in linear time.
Proof. By the above discussion, K ∗ is a lower bound for the makespan of a preemptive
schedule. In order to prove the optimality of K ∗ , we define two functions f, g : [0, L] → R
as follows. Let f (x) be the return time of reclaimer R0 if it moves from 0 to x, reclaiming
everything on this part of stockpad P1 , and then moves back to 0 while reclaiming
everything on this part of stockpad P2 . Similarly, let g(x) be the return time of reclaimer
R1 if it moves from L to x reclaiming everything on this part of stockpad P1 , and then
moves back to L, reclaiming everything on this part of stockpad P2 . These are piecewise
linear, continuous functions, which can be expressed in terms of the sets Q1 , Q2 and E ∗ :
`(E ∗− (x))
`(Q−
1 (x))
+ 2`(Q−
,
2 (x)) + 2
s
s
`(Q+
`(E ∗+ (x))
1 (x))
g(x) = `(Q+
+ 2`(Q+
,
1 (x)) +
2 (x)) + 2
s
s

f (x) = `(Q−
1 (x)) +

+
∗
where Q−
1 (x) = Q1 ∩ [0, x], Q1 (x) = Q1 ∩ [x, L], and similarly for Q2 and E . Note

that for i > 0, Ki = max{f (ai ), g(bi )}. The functions f and g satisfy the following
conditions:

,
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• f (0) = g(L) = 0 and f (L) = g(0) = 2K0 ,
• f (x) + g(x) = 2K0 for all x ∈ [0, L], and
• f is strictly increasing, and g is strictly decreasing.
Thus the functions f and g are strictly monotonic, continuous and bounded function
on a closed and bounded interval [0, L]. These properties of the two functions give
the existence of unique points 0 6 x∗ , y ∗ 6 L such that f (x∗ ) = K0 = g(y ∗ ). But
f (x∗ )+g(x∗ ) = 2K0 =⇒ g(x∗ ) = 2K0 −f (x∗ ) = K0 which together with the uniqueness
of y ∗ enforces that y ∗ = x∗ . Thus we can say that there exist a unique x∗ ∈ [0, L] with
f (x∗ ) = g(x∗ ) = K0 .
Case 1. There is at least one stockpile at position x∗ , i.e., x∗ ∈ Q1 ∪Q2 , i.e., each point
of E ∗ is visited twice. In this case, for any interval [ai , bi ] in the partition (4.3),
either the interval [ai , bi ] lies on the left of x∗ or on the right of x∗ . In other words,
for each i = 1, . . . , r either bi 6 x∗ or ai > x∗ . Thus using the fact that f is a
monotonically increasing function and g is a monotonically decreasing function we
get Ki = max{f (ai ), g(bi )} > max{f (x∗ ), g(x∗ )} = K0 . This value is achieved
by reclaiming everything on the left of x∗ by reclaimer R0 and everything on the
right of x∗ by reclaimer R1 as described in the definition of the functions f and g.
Case 2. There is no stockpile at position x∗ , i.e., x∗ ∈ [ai , bi ] for some interval [ai , bi ]
in the partition (4.3), i.e., the interval [ai , bi ] is not visited by any reclaimer. Then
Ki = max{f (ai ), g(bi )} 6 max{f (x∗ ), g(x∗ )} = f (x∗ ) = K0 . For j < i, we
have Kj > g(bj ) > g(x∗ ) = K0 , and for j > i, Kj > f (aj ) > f (x∗ ) = K0 . Hence
K ∗ = Ki , and this value is achieved by reclaiming everything left of ai by reclaimer
R0 and everything right of bi by reclaimer R1 as described in the definition of the
functions f and g.
This concludes the proof of the optimality of the value K ∗ . In order to compute x∗ , which
defines an optimal schedule, we order the numbers 0, l1 , r1 , . . . , ln , rn , L increasingly,
which can be done in linear time, because we assume that the stockpiles on each stockpad
are already ordered from left to right. This gives an ordered list
0 = x0 6 x1 6 x2 6 · · · 6 x2n+2 = L
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of the breakpoints of the piecewise linear functions f and g. We can determine the
values of f and g at these points recursively, by f (x0 ) = 0,

f (xk ) =




f (xk−1 ) + (xk − xk−1 ) · 2/s



f (xk−1 ) + (xk − xk−1 ) (1 + 1/s)




f (x
k−1 ) + (xk − xk−1 ) · 2

if [xk−1 , xk ] ⊆ E ∗
if [xk−1 , xk ] ⊆ Q1
if [xk−1 , xk ] ⊆ Q2

for k = 1, 2, . . . , 2n + 2, and g(xk ) = 2K0 − f (xk ). Then there is a unique index k with
f (xk−1 ) 6 K0 = f (x∗ ) < f (xk ). Thus the point (x∗ , f (x∗ )) lies on the line passing
through the points (xk−1 , f (xk−1 )) and (xk , f (xk )) and we can calculate the point x∗ as
follows:
f (xk ) − f (xk−1 ) ∗
(x − xk−1 )
xk − xk−1
K0 − f (xk−1 )
· (xk − xk−1 ) (as K0 = f (x∗ )).
=⇒ x∗ = xk−1 +
f (xk ) − f (xk−1 )

f (x∗ ) − f (xk−1 ) =

Note that in an optimal preemptive schedule the left reclaimer R0 is restricted to work
on the left side of a point and right reclaimer is restrictive to work on the right side of
that point. Thus in preemptive scheduling the reclaimers do not pass each other. In
other words, in a preemptive schedule the left reclaimer always remain on the left side
of the right reclaimer, which is one of the basic assumption of our abstract model.
Further it is worth to note, if the optimal makespan for a primitive schedule is Ki for
some i > 0 (i.e., if x∗ , the optimal split point defined in Theorem 4.3, is in E ∗ ), the
corresponding schedule will also be an optimal schedule for the case when preemptions
are not allowed. However, if we do not allow preemptions and the optimal makespan for a
preemptive schedule is K0 , then the corresponding schedule will remain optimal schedule
for the case when preemptions are not allowed only if x∗ ∈ Q1 . Otherwise, there may
exists feasible assignments of stockpiles in which two overlapping stockpiles placed on
two different stockpads are assigned to two different reclaimers. Such kind of assignments
may lead to schedules where in order to satisfy the assumption that two reclaimers never
overpass each other, either reclaimer has to wait before starting the reclaiming of some
of the stockpiles assigned to them. This imply, while analysing the non-preemptive
schedules we should keep track of possible waiting times of reclaimers as well. This can
be done by keeping account of the activities of each reclaimer on individual stockpad.
Thus, in order to analyse and describe the non-preemptive schedules we introduce some
additional notations and few more functions. For x ∈ [0, L], the region occupied by
stockpiles left (resp. right) of x on stockpad i is denoted by Si− (x) (resp. Si+ (x)). More
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precisely, with S1 and S2 defined by (4.2),
Si− (x) = Si ∩ [0, x],

Si+ (x) = Si ∩ [x, L].

Furthermore, in order to capture the work done by reclaimer R0 (R1 ) on the stockpad
i, upto a point x ∈ [0, L], we define functions fi (resp. gi ) : [0, L] → R for i ∈ {1, 2} by
fi (x) = `(Si− (x)) +

x − `(Si− (x))
,
s

gi (x) = `(Si+ (x)) +

L − x − `(Si+ (x))
.
s

Note that f (x) = f1 (x)+f2 (x) and g(x) = g1 (x)+g2 (x), where f and g are the functions
defined in the proof of Theorem 4.3.
Let j ∈ {1, . . . , n1 } be a stockpile on stockpad P1 , and let j 0 ∈ {n1 + 1, . . . , n} be
a stockpile on stockpad P2 . If R0 reclaims all stockpiles left of (and including) j on
stockpad P1 , and all stockpiles left of (and including) j 0 on stockpad P2 , then its earliest
possible return time is
F (j, j 0 ) = f1 (rj ) + |rj − rj 0 |/s + f2 (rj 0 ) = 2 max{(f (rj ), f (rj 0 ))}.

(4.4)

Similarly, if R1 reclaims all stockpiles right of (not including) j on stockpad P1 , and all
stockpiles right of (not including) j 0 , then its earliest possible return time is
G(j, j 0 ) = g1 (lj+1 ) + |lj+1 − lj 0 +1 |/s + g2 (lj 0 +1 ) = 2 max{(g(lj+1 ), g(lj 0 +1 ))}.

(4.5)

See Figure 4.2 for an illustration.
P1
lj

rj

rj+1

lj+1

P2
lj 0

rj 0

lj 0 +1

rj 0 +1

P1
rj

lj

lj+1

rj+1

P2
lj 0

rj 0

lj 0 +1

rj 0 +1

Figure 4.2: Two stockpile assignments for non-preemptive schedules: at the top with
min{lj+1 , lj 0 +1 } > max{rj , rj 0 } and at the bottom with lj 0 +1 < rj .

Observe that if lj 0 +1 > rj and lj+1 > rj 0 , then no clashes will occur between the two
reclaimers and a makespan of C(j, j 0 ) = max(F (j, j 0 ), G(j, j 0 )) can be achieved. On the
other hand, if lj 0 +1 < rj or lj+1 < rj 0 , then it can happen that one reclaimer has to wait.
Therefore, in order to specify a schedule, we have to
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• Choose one of two options for the routing of R0 : (1) first reclaim stockpiles
1, 2, . . . , j on stockpad P1 from left to right and then stockpiles j 0 , j 0 − 1, . . . , n1 + 1
on stockpad P2 from right to left, or (2) first reclaim stockpiles n1 + 1, . . . , j 0 on
stockpad P2 from left to right and then stockpiles j, j − 1, . . . , 1 on stockpad P1
from right to left;
• Choose one of two options for the routing of R1 : (1) first reclaim stockpiles n1 , n1 −
1, . . . , j + 1 on stockpad P1 from right to left and then stockpiles j 0 + 1, . . . , n on
stockpad P2 from left to right, or (2) first reclaim stockpiles n, n − 1, . . . , j 0 + 1
on stockpad P2 from right to left and then stockpiles j + 1, . . . , n1 on stockpad P1
from left to right; and
• Choose which reclaimer waits.
Taking all possible combinations we have 8 different schedules for a given pair (j, j 0 ) of
stockpiles. For p, q ∈ {1, 2} and k ∈ {0, 1}, let Cpqk be the makespan that results from
routing option p for R0 , routing option q for R1 , and letting Rk wait if necessary. We
describe the computation of Cpqk in detail for lj 0 +1 < rj and k = 1. The cases with
lj+1 < rj 0 or k = 0 can be treated in the same way. Since R1 waits if necessary, the
1 }, where C 1
makespan of R0 is F (j, j 0 ), defined in (4.4). So Cpq1 = max{F (j, j 0 ), Cpq1
pq1

is the corresponding makespan for R1 and can be computed as follows. In each case we
1
express Cpq1
as G(j, j 0 ) + w where G(j, j 0 ) is the lower bound for the makespan of R1

given in (4.5) and w is the waiting time which is the expression in square brackets in
the equations below.
Case 1. Both reclaimers start on stockpad P1 . If g1 (rj ) > f1 (rj ), that is the reclaimer
R0 reaches to the point rj and start moving on its way back before R1 reaches
1 = G(j, j 0 ). Otherwise R
to the point rj , then no waiting is necessary and C111
1

waits at x = rj until R0 arrives there at time f1 (rj ), hence
1
C111
= g1 (rj ) + [f1 (rj ) − g1 (rj )] + (rj − lj 0 +1 )/s + g2 (lj 0 ).

Case 2. R0 starts on stockpad P1 and R1 starts on stockpad P2 . If g2 (lj 0 +1 ) 6 f1 (lj 0 +1 ),
1 = G(j, j 0 ). Otherwise R waits on its way
then no waiting is necessary and C121
1

to x = lj 0 +1 for a period of length f1 (rj ) − g2 (rj ) and the makespan is
1
C121
= g2 (lj 0 +1 ) + [f1 (rj ) − g2 (rj )] + (lj+1 − lj 0 +1 )/s + g1 (lj+1 ).

Case 3. R0 starts on stockpad P2 and R1 starts on stockpad P1 . If g1 (rj ) > f2 (rj 0 ) +
(rj − rj 0 )/s, then R1 arrives at x = rj when R0 is already on its way back, no
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1
waiting is necessary, and C211
= G(j, j 0 ). Otherwise R1 waits at x = lj+1 for a

period of length f2 (rj 0 ) + (rj − rj 0 )/s − g1 (rj ) and the makespan is
1
C211
= g1 (lj+1 ) + [f2 (rj 0 ) + (rj − rj 0 )/s − g1 (rj )] + (lj+1 − lj 0 +1 )/s + g2 (lj 0 +1 ).

Case 4. Both reclaimers start on stockpad P2 . If g2 (lj 0 +1 ) 6 f2 (lj 0 +1 ), then R1 is
already on its way back when R0 arrives at x = lj 0 +1 , no waiting is necessary, and
1 = G(j, j 0 ). Otherwise R waits to the right of x = r for a period of length
C211
1
j

f2 (rj 0 ) + (rj − rj 0 )/s + f1 (rj ) − f1 (lj 0 +1 ) to arrive at x = lj 0 +1 at the same time as
R0 on its way back, and the makespan is
1
C221
= g2 (lj 0 +1 )+[f2 (rj 0 )+(rj −rj 0 )/s+f1 (rj )−f1 (lj 0 +1 )]+(lj+1 −lj 0 +1 )/s+g1 (lj+1 ).

The necessary data to evaluate the 8 schedules associated with a pair (j, j 0 ) can be
computed in linear time in the same way as the functions f and g are evaluated in the
proof of Theorem 4.3.
In the discussion above, we have assumed that a schedule has the following properties:
• Each reclaimer changes direction exactly once.
• Reclaimer R0 reclaims everything between 0 and some point on one stockpad from
left to right, and then everything from some (possibly different) point to 0 on the
other stockpad from right to left.
• Reclaimer R1 reclaims everything between L and some point on one stockpad from
right to left, and then everything from some (possibly different) point to L on the
other stockpad from left to right.
From now onwards, any schedule characterised by the above three mentioned conditions
will be referred as a contiguous unimodal schedule. Since every contiguous unimodal
schedule is associated with some stockpile pair, we have the following theorem.
Theorem 4.4. An optimal contiguous unimodal schedule can be computed in quadratic
time.
The next example shows that it is possible that there is no optimal contiguous unimodal
schedule.
Example 4.1. Consider an instance with four stockpiles of lengths 2, 10, 10, 2 shown in
Figure 4.3, and let the travel speed be s = 5. Unimodal routing results in Cmax = 15.2.
However, when R0 first travels to x = 10 without processing any stockpile, then processes
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makespan 14.4
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Figure 4.3: Instance demonstrating that unimodal routing is not always optimal.

stockpile 3 while coming back, then travels to x = 2, and finally processes stockpile 1,
and R1 first processes stockpile 2, then turns and processes stockpile 4 on the way
back, the resulting makespan is 14.4. This shows that sometimes “zigzagging” can be
beneficial.
Next, we prove that though the optimal schedule need not be a contiguous unimodal
schedule but the value of the best contiguous unimodal schedule is less than 2 times the
value of the optimal schedule. In order to do this we analyze one particular schedule,
which is obtained by a natural modification of the optimal preemptive schedule and
therefore can be computed in linear time.
Let x∗ be the optimal split point for a preemptive schedule as described in Theorem 4.3,
and let k be the index with xk−1 < x∗ 6 xk . As noted earlier, If x∗ ∈ E ∗ , i.e., there
is no stockpile at x∗ , then the optimal preemptive schedule is actually non-preemptive,
and yields an optimal solution with makespan K ∗ , the optimal preemptive makespan.
In general, the stockpiles are assigned according to the following rules (see Figure 4.4).
1. All stockpiles j with rj 6 x∗ are assigned to R0 , and all stockpiles j with lj > x∗
are assigned to R1 .
2. If there is exactly one stockpile j with lj 6 x∗ 6 rj then this stockpile is assigned
to R0 if x∗ − lj > rj − x∗ and to R1 otherwise.
3. If there are two stockpiles j ∈ {1, . . . , n1 } and j 0 ∈ {n1 +1, . . . , n} with lj 6 x∗ 6 rj
and lj 0 6 x∗ 6 rj 0 then both of them are assigned to R0 if
(x∗ − lj ) + (x∗ − lj 0 ) + |lj − lj 0 |/s > (rj − x∗ ) + (rj 0 − x∗ ) + |rj − rj 0 |/s,
and otherwise both stockpiles are assigned to R1 .

(4.6)
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Figure 4.4: Possible assignments for contiguous unimodal schedules: x∗ ∈ S1 \ S2
(top), x∗ ∈ S1 ∩ S2 (bottom).

Let (H̃0 , H̃1 ) be a best unimodal schedule associated with this stockpile assignment,
and let C̃ = max{C̃0 , C̃1 } be the makespan of this schedule.
Now in order to prove that the optimal contiguous unimodal schedule is less than or
equal to two times of the optimal schedule, we will prove that the schedule (H̃0 , H̃1 ) is
a 2-approximation schedule.
Theorem 4.5. We have C̃ 6 2K ∗ . In particular, the schedule (H̃0 , H̃1 ) provides a
2-approximation for the problem of scheduling two reclaimers when the positions of the
stockpiles are given and the stockpiles can be reclaimed in any order. The factor 2 is
asymptotically best possible (for s → ∞).
Proof. Since both the reclaimers and both the stockpads are identical therefore without
loss of generality, we can make the following assumptions.
• If x∗ ∈ S1 4S2 , then x∗ ∈ S1 \ S2 and for the stockpile j with lj < x∗ < rj , we
have x∗ − lj > rj − x∗ , so that stockpile j is assigned to R0 .
• If x∗ ∈ S1 ∩ S2 , then for the two stockpiles j ∈ {1, . . . , n1 } and j 0 ∈ {n1 + 1, . . . , n}
with lj < x∗ < rj and lj 0 < x∗ < rj 0 , we have rj > rj 0 and (4.6) holds, so that
both stockpiles are assigned to R0 .
Furthermore, it turns out that in order to establish the factor 2 bound it is sufficient to
consider the setting where R0 starts on stockpad P1 , R1 starts on stockpad P2 , and R1
waits if necessary. We start by bounding C̃0 , the makespan for R0 . If x∗ ∈ S1 \ S2 then
C̃0 = f1 (rj ) + (rj − x∗ )/s + f2 (x∗ ) = f1 (x∗ ) + (rj − x∗ )(1 + 1/s) + f2 (x∗ ) 6 2K ∗ ,
where the last inequality follows from
K ∗ = f (x∗ ) = f1 (x∗ ) + f2 (x∗ ) > (x∗ − lj ) + x∗ /s > (rj − x∗ )(1 + 1/s).
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If x∗ ∈ S1 ∩ S2 then
C̃0 = f1 (x∗ ) + (rj − x∗ ) + (rj − rj 0 )/s + f2 (x∗ ) + (rj 0 − x∗ )
= K ∗ + (rj − x∗ ) + (rj − rj 0 )/s + (rj 0 − x∗ ) 6 2K ∗ .
The bound for the makespan C̃1 of R1 can be derived simultaneously for both cases after
noting that in our setting we have rj 0 = xk . If g2 (xk ) 6 f1 (xk ) or g2 (rj ) > f1 (rj ) then
no waiting is necessary, and the makespan of R1 is
C̃1 6 g2 (xk ) + (rj − xk ) + g1 (rj ) 6 g1 (xk ) + g2 (xk ) 6 K ∗ .
Otherwise the waiting time for R1 is
f1 (rj ) − g2 (rj ) = [f1 (xk ) + (rj − xk )] − g2 (rj ) < g2 (xk ) − g2 (rj ) + (rj − xk )
hence the makespan is (using g1 (xk ) = g1 (rj ) + (rj − xk ))
C̃1 = g2 (xk ) + [g2 (xk ) − g2 (rj ) + (rj − xk )] + (rj − xk )/s + g1 (rj )
= [g1 (xk ) + g2 (xk )] + [g2 (xk ) − g2 (rj ) + (rj − xk )/s] 6 2K ∗ .

To see that the factor of 2 cannot be improved, consider two stockpiles each of length L.
According to our rule, both stockpiles are assigned to the left reclaimer and this yields a
makespan of C̃ = 2L. On the other hand, assigning one stockpile to each reclaimer and
reclaiming both of them from right to left yields a makespan of C ∗ = (1 + 2/s)L.
Example 4.1 shows that unimodal routing might not be optimal. Next, we examine
whether contiguous assignment is always optimal, i.e., whether there always exists an
optimal schedule characterized by two stockpiles j ∈ {1, . . . , n1 } on stockpad P1 and j 0 ∈
{n1 +1, . . . , n} on stockpad P2 and an associated assignment of stockpiles {1, . . . , j, j 0 , j 0 −
1, . . . , n1 + 1} to R0 and the remaining stockpiles to R1 . We call such a schedule a
contiguous schedule. The next example shows that it is possible that no contiguous
schedule is optimal.
Example 4.2. Consider the instance (illustrated in Figure 4.5) with n = n1 = 5, i.e., all
stockpiles on stockpad P1 , and stockpile positions are determined by the line segments
[0, 1] [1, 2], [2, 4], [4, 5], [5, 6]}. The best we can do with a contiguous schedule is to
assign stockpiles 1 and 2 to R0 and the other stockpiles to R1 , which yields a makespan
of 4 + 4/s. But by assigning stockpiles 1, 2 and 4 to R0 and stockpiles 3 and 5 to R1 we
can achieve a makespan of 3 + 9/s. The ratio

4+4/s
3+9/s

tends to 4/3 for s → ∞.
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optimal: makespan 3.5, s = 18
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Figure 4.5: An instance where contiguous scheduling is not optimal (with s = 18).
At the top the reclaimer movements and at the bottom the stockpile positions.

We conjecture that Example 4.2 represents the worst case for the performance of contiguous schedules.
Conjecture 4.1. An optimal contiguous schedule provides a 4/3-approximation for the
problem of scheduling two reclaimers when the positions of the stockpiles are given and
the stockpiles can be reclaimed in any order.
A natural approach for finding an optimal contiguous schedule is to determine an optimal
schedule for each pair (j, j 0 ) ∈ {1, . . . , n1 } × {n1 + 1, . . . , n} and pick the best one.
Unfortunately, it is already an NP-complete problem to determine the best routing for
a given contiguous assignment of stockpiles to reclaimers.
Theorem 4.6. Suppose that we are given the stockpile positions and a contiguous assignment of the stockpiles to two reclaimers. Then it is NP-complete to find an optimal
schedule.
Proof. To prove the complexity of the problem we prove that the decision version of the
problem is NP-complete. The decision version of the problem is as follows:
Decision version: Given a schedule when the positions of stockpiles and a contiguous
assignment for two reclaimers is already known, check whether the value of the makespan
∗
Cmax
6 K for a given constant K or not.

It is not hard to see that the decision version of the problem is in NP as to check whether
the schedule value is less than or equal to some given constant can be done in polynomial
time.
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We provide a reduction from Partition. Let the instance be given by positive integers
a1 , . . . , am whose sum is 2B. A corresponding instance of the reclaimer scheduling
problem is constructed as follows (see Figure 4.6 for an illustration). The stockpad
length is L = 53B and the travel speed is s = 2. On stockpad P1 , there are m + 3
stockpiles with lengths a1 , . . ., am , 9B, 26B and 16B, and on stockpad P2 there are
3 stockpiles with lengths 35B, 6B and 2B. The positions of the first m stockpiles
corresponding to the integers from the Partition instance are determined by
lj = L −

j
X

ai ,

for j ∈ {1, . . . , m}

rj = lj + aj

i=1

and the positions of the 6 dummy stockpiles are determined by the line segments [0, 9B],
[9B, 35B], [35B, 51B], [0, 35B], [35B, 41B] and [41B, 43B]. Let stockpiles 1, . . . , m, m +
2, m + 3, and m + 6 be assigned to reclaimer R1 and let stockpiles m + 1, m + 4, and
m + 5 be assigned to reclaimer R0 . We claim that the smallest possible makespan
9B

26B

16B

am

a1

m+1

m+2

m+3

m

1

35B

6B

m+4
space

2B

m+5 m+6
makespan: 75B

48B
42B
36B
30B
24B
R0

18B
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0B
0B

time
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40B
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70B

Figure 4.6: Reclaimer scheduling instance (and optimal reclaimer movements) used
in the proof of Theorem 4.6.

for this assignment is 75B, and that this makespan can be achieved if and only if the
Partition instance is a YES-instance. First, suppose the instance is a YES-instance,
and that I ⊆ {1, . . . , m} is an index set with

P

i∈I

ai = B. In this case, a makespan of

75B is achieved by the following schedule (see Figure 4.6).
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• R0 moves from x = 0 to x = 35B without reclaiming anything, and reaches
x = 35B at time t = 17.5B. Then it reclaims stockpile m + 5 from left to right,
moves back to x = 35B (arriving at time t = 26.5B), reclaims stockpile m + 4
from right to left, then stockpile m + 1 from left to right, and finally returns to its
starting point at time t = 75B.
• R1 moves from x = 53B to x = 51B while reclaiming the stockpiles j with j ∈ I,
then it reclaims stockpile m + 3 from right to left, reaching x = 35B at time
t = 17.5B. It moves to x = 43B without reclaiming anything, reclaims stockpile
m + 6 from right to left, moves to x = 35B, where it arrives at time t = 26.5B.
Then it reclaims stockpile m + 2, moves back to x = 51B, and finally to x = 53B,
reclaiming the stockpiles j with j ∈ {1, . . . , m} \ I.
Next, we assume the existence of a schedule with a makespan of at most 75B. We
want to show that this implies that the instance is a YES-instance. For the sake of
contradiction, assume that the Partition instance does not have a solution. In order
to reclaim the stockpile m + 2, reclaimer R1 has to spend a time interval of length 39B
in the interval X = [9B, 35B]. It cannot enter this interval before time 9B, and the
latest possible time for leaving X is 75B − 9B = 66B. This implies that R1 has to enter
X between t = 9B and t = (66 − 39)B = 27B. Let I, I 0 ⊆ {1, . . . , m} be the sets of
stockpiles that R1 reclaims before and after its first visit to X, respectively. Note that
our assumption on the Partition instance implies

P

j∈I

aj 6= B.

Case 1. R1 enters X at time t0 < 26.5B. Since R0 cannot finish reclaiming stockpile
m + 5 and be back at x = 35B before time 26.5B, this implies that R0 starts
reclaiming stockpile m + 5 after R1 has left X. If R0 does not reclaim both
stockpiles m + 1 and m + 4 before stockpile m + 5, then its makespan is at least
t0 + 39B + 6B + 16B + 9B > 79B. So we may assume that R0 reclaims stockpiles
m+1, m+4 and m+5 in this order. Its makespan is at least t0 +39B +6B +20.5B,
hence t0 6 (75 − 65.5)B = 9.5B. This implies that before entering X, the maximal
time that R1 can spend in the interval [51B, 53B] is 9.5B − 8B = 1.5B. Together
with our assumption that

P

j∈I

aj 6= B, this implies

P

j∈I

aj < B. On the other

hand, R0 does not leave the interval [35B, 53B] before time 9B+9B/2+41B+3B =
57.5B, and this is the earliest time at which R1 can start reclaiming stockpile m+3.
Consequently, 57.5B + 16B + B +
a contradiction to the fact that

P

1
2

P

j∈I 0

j∈I∪I 0

aj 6 75B, i.e.,

P

j∈I 0

aj < B, which is

aj = 2B.

Case 2. R1 enters X at time t0 ∈ [26.5B, 27B]. 26.5B + 39B + 16B = 81.5B > 75B
implies that stockpile m + 3 needs to be reclaimed before R1 enters X. From our
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assumption about the Partition instance and
75B > 26.5B + 39B + 8B + B +
it follows that

P

j∈I 0

aj < B, hence

P

j∈I

1X
1X
aj = 74.5B +
aj
2 j∈I 0
2 j∈I 0

aj > B. Since 26.5B+39B+6B+20.5B =

92B > 75B, we deduce that R0 reclaims stockpile m + 5 before R1 enters X, i.e.,
before time 27B. This is only possible if m + 5 is the first stockpile reclaimed
by R0 , because 9B + 16B + 6B > 27.5B. Together with the makespan bound of
75B, this implies that R0 enters the interval [35B, 53B] at time 17.5B and leaves
it at time 26.5B. From

P

j∈I

aj > B it follows that R1 cannot finish reclaiming

stockpile m + 3 at time 17.5B. This leaves two possibilities.
Case 2.1. Stockpile m + 6 is reclaimed before R1 enters X. Then the entering
time is at least
3B/2 + 4B + 2B + 5B + 16B = 28.5B,
which is the required contradiction.
Case 2.2. Stockpile m + 6 is reclaimed after R1 enters X. Then the makespan of
R1 is at least
26.5B + 39B + 3B + 2B + 5B = 75.5B,
which is the required contradiction.
Till now we learned that given an assignment, to find the best contiguous schedule is hard
due to the hardness of finding the best possible route. Next, we consider two routing
improvement strategies. Note that, for a given contiguous assignment the unimodal
routing is the best routing if it gives a unimodal contiguous schedule without waiting
time. Thus, in the description of the routing improvement strategies, we assume that one
of the reclaimers has to wait in the optimal unimodal contiguous schedule S. Without
loss of generality, we can assume that it is the right reclaimer R1 .
Note that in order to improve the value of the schedule S, the waiting time needs to be
reduced (by increasing the total travel time). Since we have assumed that R1 is waiting
in schedule S, an improvement can be made if R1 do some more work while going in the
direction of its farthest point rather then remain idle and wait for R0 to clear its path,
without much increase in the travelling time. An improvement can also be made if at
the same time R0 do less work while going towards its farthest point and tries to clear
the path as quickly as possible, without much increase in the travelling time. In other
words, an improvement may be obtained by having R0 reach its farthest point as early
as possible and having R1 reach its farthest point as late as possible while increasing
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the total travel time as little as possible. Each of the improvement strategies is designed
around this idea.
Smart unimodal routing: We start by dividing the stockpads into the largest number
of sections S1 , S2 , .., Sm with the property that none of the stockpiles crosses a section
boundary. See Figure 2 for an example. Next, for each section Si , we calculate the travel
S1

Sj

Sk

Sm

Figure 4.7: Dividing the stockpads into sections for Smart unimodal routing.

and processing time associated with stockpad 1, from the start point of the section to
the end point of the section, and denote it by Wi1 . Similarly, the travel and processing
time associated with stockpad 2 is denoted by Wi2 . For each section Si , i = 1, ..., m, let
mini = min{Wi1 , Wi2 } and maxi = max{Wi1 , Wi2 }. Let the farthest stockpile processed
by R0 on stockpad 1 be in section Sk and on stockpad 2 be in section Sj . Since the
stockpads are identical, we may assume that the farthest point reached by R0 is determined by a stockpile on stockpad 1. Now in each section Si , i = 1, ..., k, R0 processes its
assigned stockpiles among those that determine mini while going forward and processes
its remaining assigned stockpiles while coming back, whereas R1 does the opposite.
We call the resulting schedule as Contiguous smart unimodal schedule. We observe
that the total travel time for each reclaimer in such a schedule has not changed as both
reclaimers still process all stockpiles in one forward and one backward pass. However,
the waiting time of R1 may be reduced.
The next way to improve the contiguous routing technique is to use a local neighbourhood search technique where we try to improve Cmax by applying local changes in the
route corresponding to schedule S.
Restricted zigzag routing: We will describe “Restricted zigzag routing” for the case
in which the optimal unimodal contiguous schedule is such that R1 incurs waiting, R0
processes stockpiles on stockpad 1, P1 , while going forward and R1 processes stockpiles
on stockpad 2, P2 , while going forward, because the other cases can be handled in a
similar way.
Let us denote the set of stockpiles processed by reclaimer R0 on the stockpad P1 from
left to right by Mf0 = {1, 2, ..., j} and the set of stockpiles processed by reclaimer R0
0

0

on the stockpad P2 from right to left by Mb0 = {j , j − 1, ..., n1 + 1}. Similarly let
Mf1 = {j + 1, j + 2, ..., n1 } denotes the set of stockpiles of stockpad P2 processed by R1
from left to right and Mb1 = {a1k1 +1 , a1k1 +2 , ..., a1n1 } denotes the set of stockpiles of the
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stockpad P1 processed by R1 from right to left. Note that initially, Mf0 contains all the
jobs on the stockpad P1 assigned to R0 , Mb0 contains all the jobs on the stockpad P2
assigned to R0 , Mf1 contains all the jobs on the stockpad P2 assigned to R1 , and Mb1
contains all the jobs on the stockpad P1 assigned to R1 .
Because R1 incurs waiting time, R0 serves stockpiles on stockpad 1, while going forward,
and R1 serves stockpile on stockpad 2, we are interested in the local search neighbourhood consisting of all moves that take a single stockpile from Mb0 and place it in Mf0 and
that take a single stockpile from Mf1 and place it in Mb1 . We employ a simple descent
search, i.e., if such a move improves Cmax , then it is accepted, the route of the reclaimer
is updated and the search continues. See Algorithm 4.2 for more details.
Algorithm 4.2 Restricted zigzag routing
input : The optimal contiguous unimodal schedule S, the sets Mfi Mbi for the reclaimer
Ri for i = 0, 1. For R0 , we will move a stockpile from the set Mb0 to the set
Mf0 , and for R1 we will move a stockpile from the set Mf1 to the set Mb1 .
∗
output: Cmax
and S ∗

for i ∈ Mb0 do
Move the stockpiles i from set Mb0 to Mf0 at an appropriate place.
Calculate the value of objective function Cmax by serving i from left to right.
∗
if Cmax < Cmax
then
∗
Set Cmax = Cmax and S ∗ = S i.e. update the solution value.

Update the sets Mf0 and Mb0 .
for k ∈ Mf1 do
Move the stockpiles k from set Mf1 to Mb1 at an appropriate place.
Calculate the value of objective function Cmax by serving k from right to left.
∗
if Cmax < Cmax
then
∗
Set Cmax = Cmax and S ∗ = S i.e. update the solution value.

Update the sets Mf1 and Mf1 .
break.
∗
if Cmax = Cmax
then
break.

We call the resulting schedule as Contiguous RZZ schedule. An extensive computational analysis is presented in the Section 4.6 to compare the performance of all the three
approximation algorithms Contiguous unimodal, Contiguous smart unimodal and
Contiguous RZZ described above.
Note that, the routing in the optimal schedule for the instance considered in the proof
of Theorem 4.6 is neither a contiguous smart routing and a contiguous RZZ routing.
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Thus we can conclude that both the routing techniques, contiguous smart routing and
a contiguous RZZ routing, may give improvement in schedule value but none of them is
optimal.

4.4.2

Precedence constraints

4.4.2.1

Single reclaimer

In this section, for sake of simplicity, we assume that the stockpiles are indexed by their
position in the precedence chain, i.e., J = {1, 2, . . . , n} and 1 → 2 → · · · → n (where
i → j means that stockpile i has to be reclaimed before stockpile j). Furthermore,
for convenience, we add two dummy stockpiles, one at the beginning of the precedence
chain (stockpile 0) and one at the end of the precedence chain (stockpile n + 1) with
(l0 , r0 ) = (ln+1 , rn+1 ) = (0, 0).
Theorem 4.7. Determining an optimal schedule for a single reclaimer when the positions of the stockpiles are given and the stockpiles have to be reclaimed in a prespecified
order can be done in time O(n).
Proof. Let fr (j) be the optimal makespan that can be obtained starting from the right
endpoint of stockpile j and processing stockpiles j +1, . . . , n+1. Similarly, let fl (j) to be
the optimal makespan that can be obtained starting from the left endpoint of stockpile
j and processing stockpiles j + 1, . . . , n + 1. Naturally, we are interested to fr (0) = fl (0).
The functions fr and fl can be computed as follows.

fr (j) =



0

if j = n + 1,
o

n


|rj+1 − lj+1 | + min |rj −lj+1 | + fr (j + 1), |rj −rj+1 | + fl (j + 1)
s
s


0
fl (j) =
n
o

|rj+1 − lj+1 | + min |lj −lj+1 | + fr (j + 1), |lj −rj+1 | + fl (j + 1)
s

s

if j 6 n.
if j = n + 1,
if j 6 n.

and fl (0), fr (0) can be computed backward from fl (n) and fr (n) respectively in O(n)
time.

4.4.2.2

Two reclaimers

Each stockpile must be processed either from left to right or from right to left by a
reclaimer.
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Theorem 4.8. If the travel speed s is an integer, then an optimal schedule for two
reclaimers when the positions of the stockpiles are given and the stockpiles have to be
reclaimed in a prespecified order can be determined in pseudo-polynomial time, in particular O(nL3 ).
(j)

Proof. We consider n + 1 stages j = 0, 1, . . . , n and indicate with x0

(j)

and x1

the

positions of reclaimers R0 and R1 at stage j, respectively. At stage j = 0 reclaimers R0
(0)

(0)

and R1 are located at positions x0 = 0 and x1 = L, respectively. At stage 1 6 j 6 n
one of the reclaimers has just finished reclaiming stockpile j and the other reclaimer has
repositioned. At stage n, the reclaimers R0 and R1 move back to positions 0 and L,
(n)

(n)

respectively (taking |x0 − 0|/s and |x1 − L|/s, respectively).
The system evolves from stage j to stage j + 1 according to the following rules. One
(j)

reclaimer, say R0 at position x0 , is chosen to move either to point lj+1 and reclaim
(j)

stockpile j + 1 ending at point rj+1 , taking time t = |x0 − lj+1 |/s + (rj+1 − lj+1 )
or to point rj+1 and reclaim stockpile j + 1 ending at point lj+1 , taking time t =
(j)

|x0 − rj+1 |/s + (rj+1 − lj+1 ). In either case, the final position of R0 is denoted by
(j+1)

x0

(j)

. The other reclaimer, in this case R1 at position x1 , will reposition to a point in
(j+1)

the set [x0

(j)

(j)

(j+1)

, L] ∩ [x1 − ts, x1 + ts]. That is, the position x1

of R1 at stage j + 1

is restricted by the final position of R0 , by the endpoint of the stockpad L, and by the
maximum distance ts that R1 can travel.
(j)

(j)

Note that when x0 and x1 are integer points, the maximum distance ts that R1 can
travel is integer. Now either R1 will travel the maximum distance or will stop at the
endpoint of the next stockpile in the precedence order (only if the end point belongs
(j+1)

to the [x0

(j)

(j)

, L] ∩ [x1 − ts, x1 + ts]) so that it can start the reclaiming of the next

stockpile as soon as R0 finish reclaiming of the current stockpile. In either case R1 will
end up at an integer point as the stockpile endpoints are also integers . Because both
reclaimers start at integer points, both reclaimers will be at integer points at every stage.
Let f (j, x0 , x1 ) be the minimum makespan that can be obtained when the two reclaimers
start from x0 and x1 , respectively, to process stockpiles j + 1, . . . , n. The optimal
makespan f (0, 0, L) can be computed by backward dynamic programming.
Let the set of points that can be reached by R0 from x in time t when R1 ends in point
y be denoted by
Γ0 (x, y, t) = [0, y] ∩ [x − ts, x + ts] ∩ N.
Similarly, let the set of points that can be reached by R1 from x in time t when R0 stops
in y be denoted by
Γ1 (x, y, t) = [y, L] ∩ [x − ts, x + ts] ∩ N.
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The recursion is given by f (n, x0 , x1 ) = max{x0 /s, (L − x1 )/s} and f (j, x0 , x1 ) =
min{F1 , F2 , F3 , F4 } for j < n, where

|x0 − lj+1 |
+ |rj+1 − lj+1 |+
min
f (j + 1, rj+1 , x),
s
x∈Γ1 (x1 ,rj+1 ,t)
|x0 − rj+1 |
F2 =
+ |rj+1 − lj+1 |+
min
f (j + 1, lj+1 , x),
s
x∈Γ1 (x1 ,lj+1 ,t)
|x1 − lj+1 |
+ |rj+1 − lj+1 |+
min
f (j + 1, x, rj+1 ),
F3 =
s
x∈Γ0 (x0 ,rj+1 ,t)
|x1 − rj+1 |
F4 =
+ |rj+1 − lj+1 |+
min
f (j + 1, x, lj+1 )
s
x∈Γ0 (x0 ,lj+1 ,t)
F1 =

Thus, computing f (0, 0, L) does not require more than O(nL3 ) time, which is pseudopolynomial with respect to the instance size.
Remark 4.1. If the travel speed is rational, say s = a/b for integers a > b, then
multiplying through with b and repeating the proof of Theorem 4.8, we obtain an optimal
solution in time O(n(bL)3 ).

4.5
4.5.1
4.5.1.1

Reclaimer scheduling with positioning decisions
No precedence constraints
Single reclaimer

Theorem 4.9. Positioning stockpiles and simultaneously determining an optimal schedule for a single reclaimer is NP-complete.
Proof. As done before here as well we prove the complexity of the problem by proving
that the complexity of the decision version of the problem. The decision version of the
problem is as follows:
Decision version:

Given a schedule for the problem together with the positions of

∗
stockpile with single reclaimer, check whether the value of the makespan Cmax
6 K for

a given constant K or not.
It is not hard to see that the decision version of the problem is in NP as to check whether
the schedule value is less than or equal to some given constant can be done in polynomial
time.
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Reduction from Partition to an instance with stockpad length L = 2B. We map each
element ai to a stockpile i of length ai and set s = 1. Partition has a solution if and
only if the stockpiles can be divided over the two stockpads in such a way that they take
up an equal amount of space, i.e., if the makespan is equal to 2B.

4.5.1.2

Two reclaimers

Theorem 4.10. Positioning stockpiles and simultaneously determining an optimal schedule for two reclaimers is NP-complete.
Proof. Reduction from Partition to an instance with stockpad length L = 2B. We
map each element ai to a stockpile i of length ai , add two dummy stockpiles each with
length B, and set s = 1. Partition has a solution if and only if the stockpiles can be
divided equally over the two reclaimers and equally over the two stockpads in such a way
that they take up an equal amount of space, i.e., if the makespan (for both reclaimers)
is equal to 2B.

4.5.2
4.5.2.1

Precedence constraints
Single reclaimer

Note that our problem is feasible only if it is possible to place all stockpiles on the
two stockpads. An obvious necessary condition is that the sum of all stockpile lengths
is at most 2L. This is clearly not sufficient, as p1 = p2 = p3 = 6 and L = 10 give
an infeasible instance, and if the sum of the stockpile lengths is equal to 2L then it is
actually NP-hard to decide if the instance is feasible. With the stronger assumption that
p1 + · · · + pn 6 3L/2 the problem is always feasible, and in fact we can find an optimal
solution as follows. Let P = p1 + · · · + pn be the sum of all stockpile lengths, and let
Pk =

k
X

n
X

k

P =

pi ,

i=1

pi = P − P k

i=k+1

for k ∈ {0, . . . , n}. The Forward-Backward Positioning described below achieves a
makespan of
C = P + min P k − P
06k6n

k

/s.

(4.7)

Let k be the index where the minimum in (4.7) is achieved. Equivalently, k is the unique
k

index with P k−1 6 P and P k > P
Case 1. min{P k , P

k−1

} 6 L.

k+1

.
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, then place stockpiles 1, . . . , k on stockpad P1 , one after the

other starting from 0 and place stockpiles k + 1, . . . , n on stockpad P2 , one
after the other in reverse order starting from 0, i.e., (li , ri ) = (P i−1 , P i ) for
i

i = 1, . . . , k, and (li , ri ) = (P , P
2. If P k > P

k−1

i−1

) for i = k + 1, . . . , n.

, then place stockpiles 1, . . . , k − 1 on stockpad P1 , one after

the other starting from 0 and place stockpiles k, . . . , n on stockpad P2 , one
after the other in reverse order starting from 0, i.e., (li , ri ) = (P i−1 , P i ) for
i

i = 1, . . . , k − 1 and (li , ri ) = (P , P

i−1

) for i = k, . . . , n.

k

This yields a makespan of P + |P k − P |/s, as we claimed.
Case 2. min{P k , P

k−1

k

} > L. In this case pk > max{L/2, P k−1 , P } and P − pk < L

(because we have assumed that P 6 3L/2). Place stockpiles 1, . . . , k − 1 on
stockpad P1 , one after the other starting from 0, followed by k + 1, . . . , n also
on stockpad P1 , one after the other in reverse order starting from P − pk . Place
stockpile k on stockpad P2 starting from max{P − 2pk , 0}, i.e.,






i

(li , ri ) = P i−1 , P i

for i = 1, . . . , k − 1,

(li , ri ) = P k−1 + P , P k−1 + P

i−1



for i = k + 1, . . . , n,

(lk , rk ) = (max{P − 2pk , 0}, max{P − pk , pk }) .
Algorithm 4.3 Forward-Backward positioning
k−1

if min{P k , P
} 6 L then
k−1
k
if P < P
then
for i = 1, . . . , k do (li , ri ) ← (P i−1 , P i ) (on pad 1)
i
i−1
for i = k + 1, . . . , n do (li , ri ) ← (P , P ) (on pad 2)
else
for i = 1, . . . , k − 1 do (li , ri ) ← (P i−1 , P i ) (on pad 1)
i
i−1
for i = k, . . . , n do (li , ri ) ← (P , P )(on pad 2)
else
for i = 1, . . . , k − 1 do (li , ri ) ← (P i−1 , P i ) (on pad 1)
i
i−1
for i = k + 1, . . . , n do (li , ri ) ← (P k−1 + P , P k−1 + P ) (on pad 1)
(lk , rk ) ← (max{P − 2pk , 0}, max{P − pk , pk }) (on pad 2)

The stockpile positions are described more precisely in Algorithm 4.3, and the schedule
is completely determined by the positions and the given reclaim directions.
Lemma 4.1. For instances with p1 + · · · + pn 6 3L/2, the stockpile positions determined
by Algorithm 4.3 with the reclaim directions described above achieve a makespan of
t

C = P + min P t − P /s.
06t6n

(4.8)
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Proof. By definition, k is the index for which the minimum in (4.8) is obtained. In Case
1, there is exactly one time interval in which the reclaimer moves without reclaiming
anything, namely when it moves from rk to rk+1 or from rk−1 to rk between reclaiming
the stockpiles on pad P1 and the stockpiles on pad P2 . This takes time P k − P

k

/s

and the result follows.
In Case 2, there are three time intervals in which the reclaimer moves without reclaiming
anything, namely when it moves (1) from rk−1 to lk , (2) from rk to rk+1 and (3) from
ln to 0. These travel time intervals have lengths
P k−1 − max{P − 2pk , 0},
max{pk − (P − pk ), 0} = max{2pk − P, 0},
P k−1 ,
and this yields a makespan
k

C=P +

2P k − P
Pk − P
P k−1 − P + 2pk + P k−1
=P+
=P +
.
s
s
s

The next lemma states that the RHS of (4.8) is a lower bound on the makespan.
Lemma 4.2. For any placement of the stockpiles and any feasible reclaimer schedule,
the makespan C satisfies
C > P + min P k − P
06k6n

k

/s.

Proof. Suppose we have an optimal stockpile placement together with an optimal reclaimer schedule. Let x1 be the rightmost point reached by the reclaimer, and let t1
be the time when x1 is reached for the first time. Let I be the set of stockpiles whose
reclaiming is at or before time t1 and let J be the set of stockpiles whose reclaiming is
finished after time t1 . Clearly I = {1, . . . , k} for some k, where k = 0 corresponds to
I = ∅. The sets I and J can be partitioned according to the pads on which the stockpiles
are placed: I = I1 ∪ I2 where I1 contains the stockpiles on pad P1 , and I2 contains the
stockpiles on pad P2 , and similarly for J = J1 ∪ J2 . Let
Xi =

[

[lj , rj ],

j∈Ii

Yi =

[

[lj , rj ]

j∈Ji

for i ∈ {1, 2}. Recall that the total length of a set X ⊆ [0, L] is denoted by `(X). The
total stockpile length equals
P = `(X1 ) + `(X2 ) + `(Y1 ) + `(Y2 ).

(4.9)
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Between t = 0 and t = t1 the reclaimer has to visit (1) the set X1 4X2 while reclaiming,
(2) the set X1 ∩ X2 twice while reclaiming and at least once while moving without
reclaiming, (3) the set [0, x1 ] \ (X1 ∪ X2 ) at least once without reclaiming. This yields
t1 > `(X1 ) + `(X2 ) +

`(X1 ∩ X2 ) + x1 − `(X1 ∪ X2 )
s
x1 − `(X1 ) − `(X2 ) + 2`(X1 ∩ X2 )
= `(X1 ) + `(X2 ) +
.
s

Applying the same argument to the time interval [t1 , C] and the sets Y1 and Y2 , we have
C − t1 > `(Y1 ) + `(Y2 ) +

x1 − `(Y1 ) − `(Y2 ) + 2`(Y1 ∩ Y2 )
.
s

Adding these two inequalities, taking into account (4.9), we obtain
C>P +

2(x1 + `(X1 ∩ X2 ) + `(Y1 ∩ Y2 )) − P
.
s
k

Using x1 + `(X1 ∩ X2 ) > `(X1 ) + `(X2 ) = P k and x1 + `(Y1 ∩ Y2 ) > `(Y1 ) + `(Y2 ) = P ,
we obtain

k

C>P +

2 max{P k , P } − P
k
= P + P k − P /s.
s

From Algorithm 4.3, Lemmas 4.1 and 4.2 we get the following theorem.
Theorem 4.11. If the sum of the stockpile lengths is at most 3L/2 then the problem of
finding optimal stockpile positions and a corresponding schedule for a single reclaimer
can be solved in time O(n).

4.5.2.2

Two reclaimers

Theorem 4.12. Positioning stockpiles and simultaneously determining an optimal schedule for two reclaimers when the stockpiles have to be reclaimed in a given order is NPcomplete.
To prove the theorem, we introduce the following variation of Partition which we call
1,6-Partition:
1,6-Partition. Given a set A = {a1 , . . . , an } of positive integers with

Pn

i=1 ai

the set A be partitioned into two disjoint subsets A1 and A2 such that
B and

P

ai ∈A2

= 7B, can

P

ai ∈A1

ai =

ai = 6B?

The next theorem shows that solving 1,6-Partition problem is as hard as to solve
Partition problem.
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Theorem 4.13. The 1,6-Partition problem is NP-complete.
Proof. Consider an instance I of Partition problem as follows: given a set of positive
integers A = {a1 , . . . , an } and a positive integer B such that

n
X

ai = 2B. The instance

i=1

I is a YES instance of Partition if and only if there exist a partition A1 , A2 of the
X
X
set A such that A = A1 ∪ A2 with
ai =
ai = B. Now create an instance I¯
ai ∈A1

ai ∈A2

of 1,6-Partition problem with the set Ā = {a1 , . . . , an , 5B} of n + 1 positive integers.
¯ is a YES instance of 1,6-Partition if and only if I is a YES
Clearly the instance I,
instance of Partition. Thus 1,6-Partition is a NP-complete problem.
We will prove the Theorem 4.12 by using 1,6-Partition. To illustrate the idea of
the proof and the reason for introducing 1,6-Partition let us consider the following
example.
Example 4.3. Consider the following instance of 1,6-Partition: a set A = {a1 , . . . , an }
= {5, 1, 6, 1, 1, 7} with

Pn

i=1 ai

= 7B = 21, i.e., B = 3. Create the following instance of

the reclaimer scheduling problem: stockpad length L = 108, traveling speed s = 3, and
a set of n + 4 = 10 stockpiles of lengths 30, 87, 3, 21, 5, 1, 6, 1, 1, 7, respectively, to be
reclaimed in that order. Note that four special stockpiles have been added that have to
be reclaimed first.
An obvious lower bound on the objective function value is 162, the sum of the reclaim
times of the stockpiles. Next consider the stockpile placements and reclaimer assignments shown in Figure 4.8, i.e., stockpiles 1 and 3 together with stockpiles 5, 7, and
10 are assigned to R0 and stockpiles 2 and 4 together with stockpiles 6, 8, and 9 are
assigned to R1 . Furthermore, let R0 reclaim stockpile 1 going out and stockpiles 3, 5,
7, and 10 coming back, and let R1 reclaim stockpile 2 going out and stockpiles 4, 6, 8,
and 9 coming back.
9

30

21
4

15

1

7

6

1
5

3

6
87

10

7

5

3

2

18

11

21

89

Figure 4.8: Reclaimer scheduling instance for Example 4.3.

Observe that R1 can complete the reclaiming of stockpile 4 at time 30 + 87 + 3 +
21 = 141 (the value 3 corresponds to the travel time required to go from the left-most
point of stockpile 2 to the left-most point of stockpile 4. Furthermore, observe that the
remaining reclaim time assigned to Reclaimer R1 is 3 and that Reclaimer R1 also has
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to travel 108 - 30 - 21 - 3 = 54 to get back to its starting position, which takes 18 for
a total of 3 + 18 = 21. So Reclaimer R1 can return at time 162 if and only if it does
not incur any waiting time, i.e., it can start reclaiming stockpiles 6, 8, and 9 as soon
as it reaches their left-most point. Their positions are chosen precisely to make this
happen. For example, the left-most position of stockpile 6 is 66, i.e., 15 away from 51,
which implies that while R0 is reclaiming stockpile 5, which takes 5, reclaimer R1 can
move from the right-most position of stockpile 4 to the left-most position of stockpile 6.
While R1 reclaims stockpile 6, reclaimer R0 waits at the right-most position of stockpile
7. And so on. Finally, observe that the stockpiles 6, 8, and 9 correspond to a subset
A1 with

P

ai ∈A1

subset A2 with

ai = 1 + 1 + 1 = 3 = B and the stockpiles 5, 7, and 10 correspond to a

P

ai ∈A2

ai = 5 + 6 + 7 = 18 = 6B.

More generally, for an instance of 1,6-Partition, we create a corresponding instance
of the reclaimer scheduling problem with stockpad length L = 36B, travelling speed
s = 3, and a set of n + 4 stockpiles of lengths 10B, 29B, B, 7B, a1 , . . . , an , respectively,
to be reclaimed in that order. We will show that the instance is a yes-instance of 1,6Partition if and only if there exists a reclaimer schedule in which both reclaimers
return to their starting positions at time 54B.
Proof. Suppose the instance of 1,6-Partition is a yes-instance, then the placements and
assignments shown in Figure 4.9, i.e., stockpiles 1 and 3 together with the stockpiles
corresponding to the subset A1 are assigned to R0 and stockpiles 2 and 4 together
with the stockpiles corresponding to the subset A2 are assigned to R1 , the placement
of stockpiles 1, · · · , 4 is represented by the line segments [l1 , r1 ] = [0, 10B], [l2 , r2 ] =
[7B, 36B], [l3 , r3 ] = [6B, 7B], and [l4 , r4 ] = [10B, 17B], the stockpiles in A2 are placed
on stockpad P2 in the interval [0, 6B] and the stockpiles in A1 are placed on stockpad
P1 in the interval [17B, 36B] in such a way that the distance between two consecutive
stockpiles i and j is 3

Pj−1

It can easily be verified that schedule S ∗ has an

k=i+1 ak .

objective function value equal to the lower bound of 54B.
3B

10B
1

A2

A1

7B
4

B

29B

3

2

Figure 4.9: Placement and assignment for the reclaimer scheduling instance in the
proof of Theorem 4.12.

Next, we prove that lower bound of 54B is not achievable if (1) stockpiles 1, 2, 3, and 4
are placed differently or (2) the instance of 1,6-Partition is a no-instance.
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First, observe that to achieve the lower bound there cannot be any time between the end
of the reclaiming of one stockpile and the start of the reclaiming of the next stockpile.
Furthermore, w.l.o.g., we can assume that stockpile 1 is assigned to R0 with placement
[l1 , r1 ] = [0, 10B].

Claim 1: The lower bound of 54B cannot be achieved if stockpiles 1 and 2
are assigned to the same reclaimer.
This is obvious because the stockpiles cannot fit together on a single path and have
different lengths. Therefore, stockpile 2 has to be assigned to R1 and placed on stockpad
P2 . It also follows that stockpile 2 has to be reclaimed from right to left.

Claim 2: The lower bound of 54B cannot be achieved if stockpile 3 is assigned
to R1 or stockpile 4 to R0 .
To avoid time between the end of reclaiming of stockpile 2 and the start of reclaiming
of stockpile 3, stockpile 3 has to be placed on stockpad P2 to the left of stockpile 2. As
a consequence, stockpile 4 has to be placed on stockpad P1 , because there is not enough
space left to place it on stockpad P2 . As a result, stockpile 3 and stockpile 4 cannot be
reclaimed by the same reclaimer, because the right-most position of stockpile 3 will be
less than or equal to 7B and the left-most position of stockpile 4 will be greater than
or equal to 10B. Furthermore, if stockpile 4 would be assigned to Reclaimer R0 , then,
because Reclaimer R0 always has to be to the left of Reclaimer R1 , it is unavoidable to
incur travel time before the start of the reclaiming of stockpile 4. Thus, stockpile 4 has
to be assigned to R1 and stockpile 3 to R0 .

Claim 3: The lower bound of 54B cannot be achieved unless the travel time
between l2 and l4 is exactly B.
Since l2 6 7B and l4 > 10B, we have

l4 −l2
3

> B. Since stockpile 3 has length B and has

to be reclaimed between stockpile 2 and 4, if l4 > 10B or l2 < 7B, then there will be
travel time of at least

l4 −l2 −B
3

in the schedule.

From the above three claims it follows that to be able to achieve the lower bound of 54B,
stockpiles 1 and 3 have to be assigned to R0 , stockpiles 2 and 4 have to be assigned to
R1 , and the four stockpiles have to be placed so that the line segments representing there
placements are as follows: [l1 , r1 ] = [0, 10B], [l2 , r2 ] = [7B, 36B], [l3 , r3 ] = [6B, 7B], and
[l4 , r4 ] = [10B, 17B].
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Claim 4: The lower bound of 54B is achievable iff the instance of 1,6-Partition
is a yes-instance.
Observe that R1 can complete the reclaiming of stockpile 4 at time 47B and at that time
will be at position 17B. The remaining space of 19B on stockpad P1 has to be allocated
to stockpiles, say x, and unoccupied space, say y. To reach its starting position at or
before time 54B, the time spend on reclaiming, i.e., x, and the time spend on traveling,
i.e., y/3 should be less than or equal to 7B. Thus, we have
x + y = 19B
3x + y 6 21B,
which implies x 6 B, i.e., the stockpiles placed on stockpad P1 should take up no more
space than B. However, given that the remaining space available for the placement
of stockpiles on stockpad P2 is 6B, this implies that the stockpiles corresponding to
a1 , a2 , . . . , an with
with

P

ai ∈A1

Pn

j=1 aj

ai = B and

= 7B have to be partitioned into two subsets A1 and A2

P

ai ∈A2

ai = 6B, i.e., the instance of 1,6-Partition is a yes-

instance.

4.6

Computational study

In this section we study the performance of the techniques proposed in Section 4.4, to
solve the abstract model in the settings when the position of stockpiles are given to
us. To be able to study the performance of the approximation algorithms, described in
Section 4.4, we implemented a random instance generator requiring the following input
parameters: # Stockpiles, % Large Stockpiles, % Small Stockpiles, Length Range Large
Stockpiles, Length Range Small Stockpiles, % Empty Space on stockpad, Travel Speed,
and Reclaim Speed. The stockpiles on stockpad 1 are generated by randomly (uniform)
generating the starting position and length for each stockpile. While generating the
stockpiles it has been ensured that no two stockpiles on stockpad 1 overlap with each
other. Once the stockpiles are generated, we check whether the total empty space left on
stockpad 1 is same as the required % or not. If no, then we adjust (reduce or increase) the
length of the stockpad 1 and shift the position of stockpiles so that the new positions of
stockpile and length of pad are consistent with the requirement. The process is repeated
for the stockpiles on stockpad 2, starting with the original length of stockpad 2. In the
final step, we do the adjustments that make the length of two stockpads same while
maintaining the desired % of empty space on the two stockpads.
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For our computational experiments the following parameters were used: # Stockpiles
= 20, % Large Stockpiles and % Small Stockpiles ∈ {30, 50, 70}, Length Range Large
Stockpiles = [25,35], Length Range Small Stockpiles = [5,15], % Empty Space on Each
stockpad ∈ {10, 40}, Travel Speed ∈ {2, 8, 20, 100}, and Reclaim Speed = 1.
We have generated 10 instances for each combination of parameters. As all algorithms
are very efficient on instances of this size, we focus on comparing their performance in
terms of quality only. In each of the result tables (Table 4.3-4.5), we report the average
∗
over the 10 instances of the difference between Cmax
and the lower bound provided by

the preemptive version of the problem.
The results clearly demonstrate the benefit of evaluating the two possible assignments for
the stockpile i the impact of the travel speed of the reclaimers. When the travel speed
of the reclaimers gets large (relative to their reclaim speed), contiguous unimodal
schedule, produces schedules that are close to optimal. We also see that careful routing
of the reclaimers, i.e., introducing zig-zagging, can almost always improve upon simple
unimodal routing. Furthermore, introducing zig-zagging appears to be more effective
when the amount of reclaiming that needs to be done on both pads is more balanced
and when there is less empty space on the pads.
%Large
-%Small

30-70

50-50

70-30

Speed

2
8
20
100
2
8
20
100
2
8
20
100

Contiguous
unimodal
schedule
6.933
3.570
2.467
0.978
6.510
3.566
2.174
0.893
6.048
3.360
2.360
0.928

Contiguous
RZZ
schedule
6.342
2.975
2.160
0.926
6.323
3.070
2.022
0.827
5.937
3.034
2.098
0.837

Contiguous
Smart unimodal
schedule
6.774
3.411
2.203
0.953
6.407
3.543
2.106
0.893
5.810
3.231
2.161
0.846

Table 4.3: % Empty Space stockpad 1 = 10, % Empty Space stockpad 2 = 10

4.7

Final remarks

We have studied a number of variants of an abstract scheduling problem, inspired by
the scheduling of reclaimers in the stockyard of a coal export terminal, under the restriction that all the stockpiles have to be placed on the stockpads before the start of

Chapter 4. Stacking all the stockpiles before the start of the reclaiming process
%Large
-%Small

30-70

50-50

70-30

Speed

Contiguous
unimodal
schedule

Contiguous
RZZ
schedule

Contiguous
Smart unimodal
schedule

2
8
20
100
2
8
20
100
2
8
20
100

5.163
2.564
1.793
0.803
3.451
2.988
1.748
0.830
3.419
2.669
2.019
1.085

4.903
2.542
1.793
0.803
3.451
2.898
1.700
0.826
3.419
2.669
1.850
0.997

4.564
2.542
1.793
0.803
3.451
2.898
1.700
0.826
3.419
2.669
1.850
0.997
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Table 4.4: % Empty Space stockpad 1 = 10, % Empty Space stockpad = 40

%Large
-%Small

30-70

50-50

70-30

Speed

Contiguous
unimodal
schedule

Contiguous
RZZ
schedule

Contiguous
Smart unimodal
schedule

2
8
20
100
2
8
20
100
2
8
20
100

5.280
3.237
2.451
1.067
3.362
2.879
2.259
1.030
2.091
2.234
1.802
1.106

5.240
2.790
1.948
0.947
2.968
2.639
2.005
0.981
2.091
2.129
1.802
1.022

5.240
2.790
1.948
0.947
2.968
2.639
2.005
0.981
2.091
2.129
1.802
1.022

Table 4.5: % Empty Space stockpad 1 = 40, % Empty Space stockpad 2 = 40

the reclaiming process. One important aspect of the real-life reclaimer scheduling problem, which is ignored so far, is its dynamic nature. Vessels arrive over time, and, as
a result, the stockpiles that need be stacked and reclaimed are not all known at the
start of the planning horizon (and do not all fit together on the stockpads). In the next
chapter we investigate the variants of the problems studied in this chapter that relaxed
the restriction of placing all the stockpiles before the start of reclaiming process and
thereby explicitly take into account the case when all stockpiles do not fit together on
the stockpads before the start of reclaiming process.

Chapter 5

Reclaimer scheduling problem:
stockpiles do not have to be
placed before the start of the
reclaiming process
5.1

Introduction

In Chapter 4, we worked with the critical restriction that all the stockpiles to be reclaimed, have to be placed on the two stockpads before the start of the reclaiming
procedure. There we assumed the feasibility of doing so. This simplifying assumption
avoids having to handle the dynamic nature of the real-life environment in which stockpad space is limited and stockpiles are stacked and reclaimed over time and the space left
unoccupied after the reclaiming of a stockpile will be reused for the stacking of another
stockpile. In this chapter, we study different variants (see Table 5.1) of the reclaimer
scheduling problem in which this restriction is removed and, as a consequence, stockpile placement and reclaiming sequencing and routing decisions become more involved.
Note that we can assume, without loss of generality, that the stacking and reclaiming sequence are identical. Not surprisingly, the limited stockpad space, when making
stockpile placement and reclaiming sequencing decisions, increases the complexity of the
problem. Table 5.1 gives the summary of variants we analyse in this chapter.
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Number of
stockpads
available

Single
Reclaimer

Two
Reclaimers

One
Two

NP-complete
-

NP-complete
NP-complete

Table 5.1: Summary of complexity results for different variants of the reclaimer
scheduling problem

5.2

Key contributions

Our key contributions in this chapter are
• We analyse the computational complexity of different variants of the considered
version of reclaimer scheduling problem. We study the problem with a single
reclaimer as well as with two reclaimers. We prove that in both the cases, the
problem is NP-complete. We also characterise some tractable cases of the problem
for a single reclaimer case as well as for the two reclaimer case. We observe
that in case of a single reclaimer, there is no need to use two stockpads. The
primary reason for this is, a stockpile can be stacked in no time after the start
of reclaiming process, and a reclaimer can start the reclaiming of an stockpile
only after it completely reclaims its current stockpile. However in case of two
reclaimers, we analyse the effect of two stockpads and present some examples that
demonstrate the benefit of using two stockpads.
Number of
stockpads
available
One
Two

Single
Reclaimer
MIP,
Branch and Bound,
Approximation algorithms
-

Two
Reclaimers

Approximation algorithms
MINLP,
Approximation algorithms

Table 5.2: Proposed methodologies for different variants of the reclaimer scheduling
problem

• For all the variants of the reclaimer scheduling problem, mentioned in Table 5.1,
we propose different solution methodologies. For the single reclaimer case, we develop and analyze constant-factor approximation algorithms. We also design and
implement brand-and-bound algorithms for the problem and propose a mixed integer programming formulation (MIP). We conduct a comprehensive computational
study of the developed algorithms and the MIP, to evaluate their performance.
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For the two reclaimers, two stockpads case, we propose a mixed integer nonlinear
programming problem formulation. We provide a general lower bound on the problem with two reclaimers and two stockpads. This lower bound is further tightened
for different scenarios. We also provide constant-factor approximation algorithms.
Table 5.2 summarises all the proposed methodologies.
Organization of the chapter: The chapter is organized as follows. In Section 5.3, we
introduce the abstract model of the reclaimer scheduling problem under the assumption
that the stockpiles can be placed after the start of the reclaiming procedure. In Section
5.4, we study the case when there is only one reclaimer available to reclaim all the
stockpiles. This section is further subdivided into subsections. In Subsection 5.4.1,
we give an integer programming formulation of the problem. In Subsection 5.4.2, we
establish the complexity of the problem. In Subsection 5.4.3, we focus on the stockpile
placement and reclaimer routing decision, when the sequence in which stockpiles have
to be reclaimed is given. We propose a dynamic program that gives the optimal solution
for this case. In Subsection 5.4.4, we discuss branch-and-bound algorithms, followed
in Subsection 5.4.5 by approximation algorithms. In Subsection 5.4.6, we present the
results of a computational study of the developed methodologies.
In Section 5.5, we analyse the reclaimer scheduling problem with two reclaimers. This
section is further subdivided into subsections. In Subsection 5.5.2, we give a mixed integer nonlinear programming formulation (MINLP) for the problem with two stockpads.
In Subsection 5.5.3, we propose a general lower bound on the problem and tightened
it for some cases. In Subsection 5.5.4, we establish the complexity of the problem.
In Subsection 5.5.5, we discuss some tractable cases and present two constant-factor
approximation algorithms that make use of only single stockpad. We also present two
enhancements to incorporate the use of second stockpad in the proposed algorithms that
give significant improvement in the solution quality. Finally, in Section 5.6, we conclude
with some remarks and conclusion.

5.3

Problem description

The reclaimer scheduling problem considered in this chapter is defined as follows. We
are given a set of n stockpiles, each to be stacked and reclaimed on a stockpad or on
two stockpads of length L. The size of stockpile i, i.e., the space it occupies on the
stockpad, is pi (i = 1, . . . , n); for convenience, we assume that p1 6 p2 6 . . . 6 pn .
As in the problem considered in Chapter 4, at most two reclaimers Rj , j = 0, 1, are
available to reclaim the stockpiles, which are initially located at the opposite end of the
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stockpads. Left reclaimer R0 is located at the left end of the stockpads, i.e., at position
0 and right reclaimer R1 is located at the right end of the stockpads, i.e., at L. The
reclaimers, reclaim the stockpiles either from “left to right” or from “right to left”. Let
nj denotes the number of stockpiles done by reclaimer Rj for j = 0, 1. Without loss of
generality, we assume that the reclaim speed is 1 and the travel speed of the reclaimer is
s > 1. Thus, the time to reclaim (or process) stockpile k is pk . The space occupied by a
stockpile k becomes available for reuse at time Ck , as soon as it is completely reclaimed
(completion time). Stacking of a stockpile is assumed to be instantaneous. At no time
two stockpiles can occupy the same space on the stockpad. A vessel departs when its
cargo has been loaded, or equivalently, its stockpile has been reclaimed. The objective
is to sequence and position the stockpiles of different vessels so as to minimize the sum
of the departure times of the vessels.
Throughout the chapter we will denote a schedule by S and the reclaiming sequence of
the schedule S by πS , where we define πS as follows:
Definition 5.1. Reclaiming Sequence πS of a schedule S The reclaiming sequence
πS = (π1 , . . . , πn ) for a schedule S, where πi denotes the processing time (length) of the
ith stockpile in the sequence, is characterised on the basis of reclaim start time. More
precisely, for each i = 1, . . . n, reclaiming of ith stockpile of length πi can only be started
after the reclaim start time of (i − 1)th stockpile of the sequence.
Note 5.1. The reclaiming sequence (π1 , . . . , πn ) of a schedule S with πi = pi , for each
i = 1, . . . n, and p1 6 p2 6 . . . 6 pn is denoted by pS . The schedule S with reclaiming
sequence pS is the shortest processing time first schedule (SPT).
In Chapter 4, for each k = 1, . . . , n, the positions of the stockpiles are known before the
start of the reclaiming process. Whereas, in this chapter, the positions of stockpiles are
not known before the start of the reclaiming process and hence are variable quantities.
For a given reclaiming sequence, let xk denotes the location where reclaiming of the
k th stockpile in the sequence starts, let yk denotes the location where reclaiming of
the k th stockpile in the sequence ends, i.e., πk = |yk − xk |, let y0 = 0 denotes the
starting position of the reclaimer, and τk denotes the (travel) time between the reclaim
end time of the (k − 1)th stockpile and the reclaim start time of the k th stockpile, i.e.,
τk = |xk − yk−1 | /s. Then Ck = Ck−1 + τk + πk for k = 1, . . . , n with C0 = 0.

5.4

Single reclaimer

In this section we analyse the problem with a single reclaimer. In this case, the objective
of minimizing the sum of the departure times of the vessels is equivalent to min

n
X
i=1

Ci .
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Mathematical formulation of the problem

Here we present a mixed integer programming formulation of the problem with a single
reclaimer by using the continuous variables
• πj for j ∈ {1, . . . , n} representing the length (processing time) of the j th stockpile
in the reclaiming sequence,
• xj and yj for j ∈ {1, . . . , n} representing the points where the reclaiming of the
j th stockpile in the reclaiming sequence starts and ends, respectively, and
• Cj for j ∈ {1, . . . , n} representing the reclaim end time of j th stockpile in the
reclaiming sequence,
• τj for j ∈ {1, . . . , n} representing the (travel) time between the reclaim end time
of the (j − 1)th stockpile and the reclaim start time of the j th stockpile in the
reclaiming sequence,
and binary variables
• αij for i, j ∈ {1, . . . , n} representing whether the j th stockpile in the reclaiming
sequence is the ith stockpile in the instance (αij = 1) or not (αij = 0),
• βj for j ∈ {1, . . . , n} representing whether the j th stockpile is reclaimed from left
to right, i.e., xj < yj (βj = 1) or from right to left, i.e., xj > yj (βj = 0).
Now the reclaimer scheduling problem can be formulated as
Minimize

n
X

Cj

j=1
n
X

j ∈ {1, . . . , n},

(5.1)

αij = 1

i ∈ {1, . . . , n},

(5.2)

αij = 1

j ∈ {1, . . . , n},

(5.3)

xj − yj > πj − 2pn (1 − βj )

j ∈ {1, . . . , n},

(5.4)

yj − xj > πj − 2pn βj

j ∈ {1, . . . , n},

(5.5)

τj > (xj − yj−1 )/s

j ∈ {1, . . . , n},

(5.6)

τj > (yj−1 − xj )/s

j ∈ {1, . . . , n},

(5.7)

πj =

s.t.

pi αij

i=1
n
X
j=1
n
X
i=1

Chapter 5. Stacking while reclaiming

95
j ∈ {1, . . . , n},

Cj = Cj−1 + τj + πj

(5.8)

y0 = C0 = 0,
j ∈ {1, . . . , n},

0 6 xj , y j , π j , τ j 6 L
βj , αij ∈ {0, 1}

i, j ∈ {1, . . . , n}.

Constraints (5.1) define the processing time of the j th stockpile in the reclaiming sequence. Constraints (5.2) and (5.3) enforce that each stockpile in the instance is assigned a unique position in the reclaiming sequence. Constraints (5.4) and (5.5) enforce
that stockpile is reclaimed either from right to left or from left to right and determine
the placement of the stockpile (i.e., the positions at which reclaiming starts and ends).
Constraints (5.6) and (5.7) determine the travel time incurred between the reclaiming of
consecutive stockpiles in the reclaiming sequence. Constraints (5.8) determine the end
reclaim times of the stockpiles in the reclaiming sequence.

5.4.2

Complexity

We start our investigation of the complexity of the reclaimer scheduling problems with
a single reclaimer with a simple, but important observation.
Proposition 5.1.

n
X
i=1

Ci >

n
X

(p1 + p2 + . . . + pi ) =

n
X

(n − i + 1)pi .

i=1

i=1

Proof. Using constraint (5.8) and induction on i we have
Ci =

i
X

(τj + πj ) >

i=1

i
X
j=1

πj >

i
X

pj ,

j=1

for i = 1, . . . , n, and the claim follows.
The above observation suggests that reclaiming the stockpiles in nondecreasing order of
their processing time, i.e., in shortest processing time (SPT) order, is likely to result in
high-quality solutions. Computational experiments indeed demonstrate that reclaiming
stockpiles in the SPT order tends to give high-quality, but not always optimal, solutions.
Reclaiming stockpiles in the SPT order may force travelling between two consecutive
stockpiles, which can be avoided by (slightly) altering the reclaiming sequence. An
example of this phenomenon can be seen below.
Example 5.1. Consider an instance with stockpad length L = 10 and stockpile lengths
p1 , . . . , p6 equal to 1, 2, 7, 8, 10, and 10. The minimum cost of reclaiming the stockpiles
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in the SPT order is
1 + 3 + 10 + 18 + (28 + 2/s) + (38 + 2/s) = 98 + 4/s
which is achieved by (x1 , y1 ) = (0, 1), (x2 , y2 ) = (1, 3), (x3 , y3 ) = (3, 10), (x4 , y4 ) =
(10, 2), (x5 , y5 ) = (0, 10), and (x6 , y6 ) = (10, 0). By reclaiming the stockpiles in the
order 2, 1, 3, 4, 5, 6 we can avoid any extra travel, and we obtain a minimum cost of
2 + 3 + 10 + 18 + 28 + 38 = 99
with (x1 , y1 ) = (0, 2), (x2 , y2 ) = (2, 1), (x3 , y3 ) = (1, 8), (x4 , y4 ) = (8, 0), (x5 , y5 ) =
(0, 10), and (x6 , y6 ) = (10, 0). For s < 4 this is better than the SPT solution. Both
solutions are illustrated in Figure 5.1. The horizontal axis represents the stockpad

Figure 5.1: Two stockpile placements for the instance in Example 5.1: optimal placement for the SPT order (left) and a solution which is better for s < 4 (right).

and the vertical axis represents time. For presentational simplicity, the placement of
each stockpile is represented individually, so that it becomes easier to compare the two
schedules.
In fact, the SPT order may fail even when pi > L/2 for i = 1, . . . , n, as can be seen in
the following example.
Example 5.2. Consider an instance with L = 6 and 4 stockpiles with lengths 4, 5, 5,
and 6. The minimum cost of reclaiming the stockpiles in the SPT order is
4 + (9 + 1/s) + (14 + 1/s) + (20 + 2/s) = 47 + 4/s
with (x1 , y1 ) = (0, 4), (x2 , y2 ) = (5, 0), (x3 , y3 ) = (0, 5), and (x4 , y4 ) = (6, 0). Reclaiming
the stockpiles in the order 2, 1, 3, 4 results in a minimum cost of
5 + 9 + 14 + 20 = 48
(x1 , y1 ) = (0, 5), (x2 , y2 ) = (5, 1), (x3 , y3 ) = (1, 6) and (x4 , y4 ) = (6, 0). For s < 4 this is
better than the SPT solution. Both solutions are illustrated in Figure 5.2.
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Figure 5.2: Two stockpile placements for the instance in Example 5.2: optimal placement for the SPT order (left) and a solution which is better for s < 4 (right).

Next we highlight insightful properties and characteristics of the problem and show that
the problem is NP-complete. We start with proving the lemma 5.1 that proves a useful
property which says, if the travelling speed is greater than the processing speed, i.e.
s > 1, then in every optimal reclaiming sequence, if there are n − m stockpiles of length
equal to the length of the stockpad then πi = L for all i = m+1, · · · , n. Further, we show
that if s = 1 and if there is a stockpile of length L then there always exist an optimal
solution with the above property. Once we prove this, we will prove the complexity of
finding a schedule with zero travelling. Finally, we will prove that the considered version
of the reclaimer scheduling problem in this section is NP-complete.
Lemma 5.1. If s > 1 and there is some m < n such that the given stockpile lengths are
p1 6 . . . 6 pm < pm+1 = pm+2 = . . . = pn = L,
then we have πm+1 = . . . = πn = L for every optimal solution.
Proof. Suppose the claim is false, i.e., there is an optimal reclaiming schedule S ∗ having
reclaiming sequence πS ∗ = (π1 , . . . , πn ) with πj = L for some j 6 m. Let j be the largest
index j < n with πj+1 < L, and let
k = max{j 0 : j < j 0 6 n, πj 0 < L}.
Note that either k = n or πk+1 = . . . = πn = L. Also, note that reclaiming of j th
stockpile, being the stockpile of stockpad length, either start from xj = 0 and ends at
yj = L or vice-versa. Thus, the optimality of the schedule S ∗ force that for i = j + 1,
xj+1 = yj , i.e., reclaiming start position of the stockpiles j + 1 is at that end point of
the stockpad which is same as yj .
We define a new reclaiming sequence (π10 , . . . , πn0 ) from πS by bringing up the stockpile
of length πj at k th position and by bringing all the stockpiles with lengths πj+1 , . . . , πk
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one position down in the new reclaiming sequence. More precisely,

πi0

=




πi




πi+1




π
j

for i ∈ {1, . . . , j − 1} ∪ {k + 1, . . . , n},
for i ∈ {j, . . . , k − 1},
for i = k.

The stockpile placement for the new solution can be described as follows.
• For i ∈ {1, . . . , j − 1}, we put x0i = xi and yi0 = yi .
• For i ∈ {j, . . . , k − 1}, we put x0i = L − xi+1 and yi0 = L − yi+1 .
0
0
• We put x0k = 0, yk0 = L if yk−1
6 L/2 and x0k = L, yk0 = 0 if yk−1
> L/2.
0
• For i > k, we have πi0 = 1, and we can put x0i = yi−1
and yi0 = L − x0i .

Let (C1 , . . . , Cn ) and (C10 , . . . , Cn0 ) be the completion time vectors with respect to (π, x, y)
0
and (π 0 , x0 , y 0 ), respectively. As noted earlier, x0j = L−xj+1 = yj . Also since yj−1
= yj−1 ,

the travelling time between the j − 1th stockpile and j th stockpile in the new reclaiming
sequence will be same as that of the original reclaiming sequence. Thus we have Ci0 = Ci
for i < j, and Ci0 = Ci+1 − L for i = j, . . . , k − 1. Also
0
Ck0 = Ck−1
+

1
1
0
0
min{yk−1
, L − yk−1
} + L = Ck + min{yk , L − yk },
s
s

and if k < n then
0
Ck+1
= Ck0 + L = Ck +

1
min{yk , L − yk } + L = Ck+1 ,
s

0
and Ci0 = Ci−1
+ L = Ci for i = k + 2, . . . , n. Note that

Ck − Cj +

k
X
1
1
min{yk , L − yk } =
(Ci − Ci−1 ) + min{yk , L − yk } < (k − j)L. (5.9)
s
s
i=j+1

Putting everything together, we obtain
n
X
i=1

Ci0

=

j−1
X

Cj +

i=1

k
X

Cj − (k − j)L + Ck +

i=j+1

n
X
1
min{yk , L − yk } +
Cj
s
i=k+1

n
X

n
X
1
=
Ci + (Ck − Cj ) − (k − j)L + min{yk , L − yk } <
Ci ,
s
i=1
i=1

which contradicts the assumption that we started with an optimal solution and therefore
proves the claim.
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If the travel speed is s = 1 the conclusion of Lemma 5.1 is no longer true: For L = 2
and three stockpiles of lengths 1, 2, and 2, there is an optimal solution with π1 = π3 = 2
and π2 = 1 (objective value 2 + 3 + 5 = 10 = 1 + 4 + 6). Nevertheless, there is always
an optimal solution in which the stockpiles of length L are reclaimed last.
Remark 5.1. If there is some m < n such that the given stockpile lengths are
p1 6 . . . 6 pm < pm+1 = pm+2 = . . . = pn = L,
then there is an optimal solution with πm+1 = . . . = πn = L. This can be proved along
the lines of the proof of Lemma 5.1, replacing the strict inequality (5.9) by 6.
Remark 5.2. In general, it is not true that for an instance with p1 6 . . . 6 pm <
pm+1 = pm+2 = . . . = pn there is an optimal solution with πm+1 = . . . = πn = pn .
For L = 4, s = 1, and stockpile lengths 2, 3, 3, the minimum objective value for the
SPT order is 2 + (5 + 1) + (8 + 1) = 17, while the reclaiming sequence 3, 2, 3 allows an
objective value of 3 + 5 + 8 = 16.
Theorem 5.1. It is NP-complete to decide whether there exists a solution without extra
travel in which a longest stockpile is processed last, i.e., with πn = pn and xj = yj−1 for
all j ∈ {1, . . . , n}.
Proof. Note that the problem in question is a decision problem. Given a schedule, to
check whether the given schedule is a schedule with zero travelling or not, will requires
n
X
|yj − xj−1 |
, which can be done in linear time.
to calculate the value of the expression
s
j=1
Hence the problem is in NP. Next, we use reduction from PARTITION to complete
the proof.
Reduction from Partition. Let an instance of Partition be given by m positive
integers a1 , a2 , . . . , am with

Pm

i=1 ai

= 2B. We construct a corresponding instance of the

reclaimer scheduling problem with pad length L = 2B + 1, and n = m + 1 stockpiles
of lengths pi = ai for i = 1, . . . , m and pm+1 = 2B + 1. Given a Partition solution
A = {i1 , . . . , ik } ⊆ {1, . . . , m} and {1, . . . , m} \ A = {ik+1 , . . . , in }, we get a solution of
the reclaimer scheduling problem by setting
πj = pij

for j ∈ {1, . . . , m},

xj = yj−1

for j ∈ {1, . . . , m},

yj = xj + πj

for j ∈ {1, . . . , k} ∪ {m + 1},

yj = xj − πj

for j ∈ {k + 1, . . . , m}.
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Conversely, from a travel-free solution of the reclaimer scheduling problem, we get a
solution A of the Partition instance by setting A = {j ∈ {1, . . . , m} : yj > xj }.
Theorem 5.2. The reclaimer scheduling problem is NP-complete.
Proof. To prove the theorem we will prove the NP-completeness of the decision version
of the problem that asks the existence of a schedule that gives value greater than or
equal to some given positive real number K.
Decision version is in NP: If a feasible schedule S is given, to check whether or not
it gives a value less than or equal to K is equivalent to check whether or not the sum
n
X
|xj − yj−1 |
) is less than or equal to K. This can be done
((n − j + 1)πi + (n − j + 1)
s
j=1
in linear time. Hence the decision version of the problem is in NP.
Reduction from PARTITION : We proceed by a reduction from PARTITION
using an idea suggested by Makarychev [53] where the author has proved the NPcompleteness of the problem P 0 defined as: Given a set of positive integers {b1 , . . . , bm },
does there exist a vector (ν1 , . . . , νm ) ∈ {−1, 1}m such that

m
X
i=1

bi νi = 0 and

k
X

bi νi >

i=1

0 ∀ k ∈ {1, . . . , m}?
Let the PARTITION instance be given by m positive integers a1 6 a2 6 . . . 6 am with
Pm

i=1 ai

= 2B. We put M = 2B + 1 and reduce to the following instance of the reclaimer

scheduling problem. The pad length is L = 7mM , and there are 5m + 1 stockpiles with
the following lengths:
• pi = M for i = 1, 2, . . . , 3m,
• p3m+i = M + ai for i = 1, . . . , m,
• pi = 2M for i = 4n + 1, . . . , 5m, and
• p5m+1 = L.
By the Proposition 5.1,

P5m+1
i=1

(5m + 2 − i)pi is a lower bound for the objective value of

the reclaimer scheduling problem, and we claim that this bound can be achieved if and
only if the PARTITION instance has a solution. We may assume that the following
two conditions are satisfied, because they are necessary in order to achieve the lower
bound.
• The stockpiles are reclaimed in the SPT order, i.e., πj = pj for j ∈ {1, . . . , 5m+1},
and
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• there is no “extra travel”, i.e., xj = yj−1 for j = 1, . . . , 5m + 1 with x0 = y0 = 0
as the reclaimer is initially at 0.
Also note that,
5m
X

pj < L = p5m+1

j=1

implies x5m+1 = 0.
These conditions suggest that, in all the schedules of interest the reclaiming sequence is
fixed as the SPT reclaiming sequence, the positions of stockpiles are also fixed and the
serving directions of stockpiles will determine the entire schedule. Thus, if we denote
the “left to right” serving direction by 1 and “right to left” direction by −1, a solution
of reclaimer schedule problem is completely determined by the values of νj for j =
0

1, . . . , 5m + 1 obtained by solving the problem P with bi = pi for all i = 1, . . . , 5m + 1,
where we assume that νj denotes the serving direction of j th stockpile of the sequence.
Again note that,
5m
X

pj < L = p5m+1

j=1

implies ν5m+1 = 1.
Now, if a solution of the PARTITION instance corresponds to a vector (ξ1 , . . . , ξm ) ∈
{−1, 1}m with

Pm

i=1 ai ξi

= 0. We obtain a reclaimer scheduling instance that attains

the lower bound by setting
• νj = 1 for j = 1, . . . , 2m,
• ν2m+i = −ν3m+i =



1

if ξi = 1,


−1

if ξi = −1,

for i = 1, . . . , m,

• νi = −1 for i = 4m + 1, . . . , 5m.
For illustration, let a partition instance with m = 5 be given by (a1 , . . . , a5 ) = (2, 3, 4, 5, 6)
and B = 10, and consider the solution 2 + 3 + 5 = 4 + 6 = 10 corresponding to
ξ = (1, 1, −1, 1, −1). For the corresponding reclaimer scheduling instance with pad
length L = 7 × 5 × 21 = 735, the first 10 stockpiles of length 21 are processed from
left to right, and we get y10 = x11 = 210. For the next 5 stockpiles of length 21 their
direction is given by (ν11 , . . . , ν15 ) = (1, 1, −1, 1, −1), and we get
y11 = x12 = 189, y12 = x13 = 168, y13 = x14 = 189, y14 = x15 = 168, y15 = x16 = 189.
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For the next 5 stockpiles with lengths 23, 24, 25, 26 and 27 we have (ν16 , . . . , ν20 ) =
(−1, −1, 1, −1, 1), and consequently
y16 = x17 = 212, y17 = x18 = 236, y18 = x19 = 211, y19 = x20 = 237, y20 = x21 = 210.
The next 5 stockpiles of length 42 are processed from “right to left” and we obtain
y25 = x26 = 0. This way, the last stockpile can be immediately processed from ‘left to
right”.
Conversely, suppose (ν1 , . . . , ν5m+1 ) ∈ {−1, 1}5m+1 specifies the reclaiming directions
of the stockpiles of the schedule, equivalently a solution of the considered reclaimer
scheduling problem in this section, that achieves the lower bound. For i = 1, . . . , 5m,
we set
ξi =

Then

5m
X



1

if νi = 1,


−1

if νi = −1.

pi ξi = 0, and this implies

i=1
m
X

ξ3m+1 ai ≡

m
X

p i ξi ≡ 0

(mod M ).

i=1

i=1

Since −M <

5m
X

ξ3m+1 ai < M , we get

i=1
m
X

ξ3m+1 ai = 0,

i=1

and therefore the vector (ξ3m+1 , . . . , ξ4m ) represents a solution for the PARTITION
instance.
Although the reclaimer scheduling problem is NP-complete in general, following propositions characterizes some special cases where reclaiming the stockpiles in the SPT order
gives an optimal schedule. In fact, for these cases, we can write down the schedule explicitly, and the objective value is equal to the lower bound given in the Proposition 5.1.
Proposition 5.2. If L >

n
X

pi then the SPT reclaiming sequence will give an optimal

i=1

schedule.
Proof. Under the given hypothesis it is feasible to place and reclaim all the stockpile of
any given reclaiming sequence π1 , . . . , πn in “left to right” direction with x0 = 0 and xi =
yi−1 ∀i ∈ {2, . . . , n}. Thus for any schedule S with reclaiming sequence πS , the value of
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n
X

(n − i + 1)πi . Now since,

i=1
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n
X

(n − i + 1)pi 6

i=1

n
X

(n − i + 1)πi ,

i=1

for all sequences πS , the SPT sequence will be optimal under the given hypothesis.
Proposition 5.3. If there exists a stockpile k in the SPT sequence such that L >
n
X

k
X

pi >

i=1

pi then the SPT reclaiming sequence is optimal.

i=k+1

Proof. Consider the schedule where x0 = 0 and xi = yi−1 ∀i ∈ {2, . . . , n}, the stockpiles
1, . . . , k are placed and served in the “left to right” direction and remaining stockpiles
in the “right to left” direction. Under the given hypothesis this schedule is feasible and
its optimality follows from the fact that travelling is zero in this schedule.
Proposition 5.4. The SPT reclaiming sequence will give an optimal schedule for the
L
2

scenario

Proof. If

> pi , ∀i = 1, . . . , n.

n
X
i=1

pi >

L
then the result follows from the Proposition 5.2. Otherwise, find the
2

Now consider the schedule where x0 = 0 and xi = yi−1

k
X

L
.
2
i=1
∀i ∈ {2, . . . , n}, the stockpiles

minimum index k in the SPT reclaiming sequence p1 6 p2 · · · 6 pn , such that

pi >

1, . . . , k are placed and served in the “left to right” direction, and remaining stockpiles
in the alternate direction with k + 1 in the “right to left” direction, k + 2 in the “left
to right” direction and so on. This schedule is clearly a feasible schedule for the given
scenario with zero travelling. This proves the proposition.
The next section analyses the complexity of the problem when the reclaiming sequence
is given to us and we have to find the optimal placement and routing for the given
reclaiming sequence.

5.4.3

Optimizing placements and routing decision for a given reclaiming sequence

Three types of decisions have to be made in the reclaimer scheduling problem: sequencing, placement, and routing decisions. In this section, we focus on the placement and
routing decisions. More specifically, we assume that the reclaiming sequence is given,
and we want to optimize the placement and routing decisions. We have the following
theorem.
Theorem 5.3. For a given reclaiming sequence, the optimal placement and routing
decisions can be computed in O(nL) time.
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Proof. Let πj for j ∈ {1, . . . , n} be the length of the stockpile reclaimed in the j th
position in the given reclaiming sequence. The objective function can be written as
n
1X
(n − j + 1)|xj − yj−1 |,
(n − j + 1)πj +
s j=1
j=1
n
X

Since the reclaiming sequence is fixed, our problem is equivalent to minimizing the
second sum in this expression. For x ∈ {0, 1, . . . , L} and k = 1, . . . , n, let fk (x) denote
the minimum value of

n
X

(n − j + 1)|xj − yj−1 |

j=k+1

over all feasible solutions with xk = x, i.e. if x is the start reclaiming point of the
k th stockpile (which is also one of the end point of the stockpile), then the stockpile
should be fit within pad length in either direction. More precisely x is feasible if either
x + πk < L or x > πk . If there is no feasible solution with xk = x then we set
fk (x) = ∞. We have fn (x) = ∞ if L − πn < x < πn and fn (x) = 0 otherwise. Note that
for each feasible x = xk , yk = xk ± πk . Thus, for n − 1 > k > 1 we have the recursion
fk (x) = min{gk (x), hk (x)}, where

gk (x) =

hk (x) =



∞

if x > L − πk


min {fk+1 (x0 ) + (n − k)|x0 − (x + πk )| : x0 ∈ {0, . . . , L}}


∞

if x < πk


min {fk+1 (x0 ) + (n − k)|x0 − (x − πk )| : x0 ∈ {0, . . . , L}}

if x > πk .

n
X

if x 6 L − πk ,

1
min (x + f1 (x)) where
s x∈{0,...,L}
j=1
the second term denotes the minimum of the total travelling time in the schedule. Note
Finally, the optimal objective value is

(n − j + 1)πj +

that for each k there are L possible feasible values {0, . . . , L − 1} for xk . Further for any
feasible value of xk there can be only two feasible value of yk . Thus for each k = 1, . . . , n
the time to calculate fk (x) would be O(L) and hence the total time to calculate the
optimal objective function value is O(nL).
Note that the optimal placement and routing decisions can also be computed in O(nL)
time by a forward dynamic program. For this let fk (y) be the minimum value of
k
X

(n − j + 1)|xj − yj−1 |

j=1
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over all feasible solutions with yk = y. We have f0 (y) = 0 for y = 0, and f0 (y) = ∞ for
y 6= 0. For 1 6 k 6 n we have the recursion fk (x) = min{gk (y), hk (y)}, where

gk (y) =

hk (y) =



∞

if y < πk


min {fk−1 (y 0 ) + (n − k + 1)|(y − πk ) − y 0 | : y 0 ∈ {0, . . . , L}}


∞

if y > L − πk ,


min {fk−1 (y 0 ) + (n − k + 1)|(y + πk ) − y 0 | : y 0 ∈ {0, . . . , L}}

if y 6 L − πk .

In this case, the optimal objective value is

n
X

(n − j + 1)πj +

j=1

if y > πk ,

1
min fn (y).
s y∈{0,...,L}

Next we prove that given a reclaiming sequence, the optimal solution obtained by the
above described dynamic program will have a travel time between stockpiles k and k − 1
only if either xk = πk with yk = 0 or xk = L − πk } with yk = L, for k ∈ {1, . . . , n}. In
other words, in the following theorem we prove that once the decision on the direction
of reclaiming of the j th stockpile has been made, the j th stockpile should be placed so
as to minimize the travel time between the reclaiming end position of stockpile j and
the reclaiming start position of stockpile (j + 1).
Proposition 5.5. The stockpile placement and routing decisions produced by the dynamic program have the following property: xj ∈ {yj−1 , πj , L − πj } for j ∈ {1, . . . , n}
and if xj 6= yj−1 , then the j th stockpile is reclaimed from left to right if xj = L − πj and
from right to left if xj = πj .
Proof. Let τ denotes the minimum possible travel time between two stockpiles j and j−1
in the optimal solution obtained by solving the dynamic program for a fixed reclaiming
sequence. Suppose that for some j, with xj 6= yj−1 , the placement of stockpile j is such
that the travel is τ 0 = τ + δ with δ > 0. Note that the travel τ 0 contributes to the
completion time of the stockpiles j, . . . , n. Now suppose that instead, we shift stockpile
j so that the travel to the start point of stockpile j is only τ and compensate by adding
travel δ at the end point of stockpile j to ensure that the start point of stockpile j + 1
does not change. Now τ < τ 0 contributes to the completion time of stockpile j and τ 0
contributes to the completion time of stockpiles j + 1, . . . , n. Thus, the shift results in
an improvement in the objective function value.
We have already proved that the problem of scheduling a single reclaimer is NP-Complete.
One of the widely used exact technique to solve a NP-complete problem is branch and
bound technique. Next we propose two branch and bound techniques to solve the problem.
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Branch and Bound algorithms

The results of Section 5.4.3 suggest a branch-and-bound algorithm for the reclaimer
scheduling problem based on enumerating reclaiming sequences. For a given reclaiming
sequence, the backward dynamic program can be employed to obtain an upper bound,
and computing the reclaiming time contribution to the objective function provides a
lower bound. That is, if the processing times of the stockpiles in the given reclaiming sequence are π1 , π2 , . . . , πn , then the reclaiming time contribution to the objective
function is

Pn

i=1

Pi

j=1 πj

=

Pn

i=1 (n

+ 1 − i)πi .

Branching schemes based on the enumeration of sequences have been used frequently
in machine scheduling and either (1) fix the first or last part of the sequence, or (2)
impose precedence constraints between two elements of the sequence. We implement
branching schemes based on both these ideas. In the first branching scheme (BB1),
we fix the final part of the reclaiming sequence and, at a node, complete the reclaiming
sequence by adding the remaining stockpiles in the SPT order. In the second branching
scheme (BB2), we impose precedence constraints between two stockpiles, and, at a
node, consider the reclaiming sequence that is as close as possible to the SPT order, but
is consistent with the imposed precedence constraints.
In branching scheme BB2, we introduce a precedence constraint between the two consecutive stockpiles in the currently reclaiming sequence that are not yet forced to be
reclaimed in the current order and that have the maximum difference in processing time
(in case of ties, we choose the earliest such pair of stockpiles in the current reclaiming
sequence). The motivation for this choice is that it is most likely to result in substantial
change in the lower bound value at the child node where the order in which the two
stockpiles are reclaimed is reversed.
In both branching schemes, we use depth-first search to explore the search tree. The
reason for fixing the final part of the reclaiming sequence in branching scheme BB1 is
that changes in at the start of the reclaiming sequence have a stronger impact on the
computed lower bound and therefore more pruning takes place earlier in the search tree
(given the we employ depth-first search).
The computational performance of the branch-and-bound algorithms can be improved
based on a few simple observations. First, if the instance has two stockpiles i and i + 1
with the same length, then there is no need to consider a reclaiming sequence in which
stockpile i + 1 precedes stockpile i. Second, if the last k stockpiles in the reclaiming
sequence at a node are identical to the last k stockpiles in the reclaiming sequence at
the parent node, then the dynamic programming calculations involving those last k
stockpiles in the computation of the upper bound can be reused.
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When employing branching scheme BB1, a slightly stronger lower bound can be used.
0
Let π10 , π20 , . . . , πk−1
, πk , . . . , πn be the reclaiming sequence corresponding to a certain

node in the branch-and-bound-tree, where πk , . . . , πn are the reclaim times of the stock0
piles in the fixed final part of the reclaiming sequence and π10 6 π20 6 . . . 6 πk−1
are the

lengths of the remaining jobs in the SPT order. Let fk (x) be the values computed in
0
the backward dynamic program for the reclaiming sequence π10 , π20 , . . . , πk−1
, πk , . . . , πn

as described in the proof of Theorem 5.3. Then fk (x) is the minimum contribution of
extra travel between the stockpiles k, . . . , n if they are reclaimed in the given order and
xk = x. Therefore
k−1
X

n
X

j=1

j=k

(n − j + 1)πj0 +

(n − j + 1)πj +

1
min fk (x)
s x∈{0,...,L}

is a valid lower bound for all the descendants of the current node in the branch-andbound tree. Furthermore, for every leaf below the current node except the one where
0
) is fixed in the SPT order, we have to swap at least one
the initial part (π10 , . . . , πk−1

pair of stockpiles, and therefore we obtain the lower bound
k−1
X

(n − j +

1)πj0

+

j=1

n
X

(n − j + 1)πj +

j=k

1
0
min fk (x) + min (πj0 − πj−1
).
1<j<k
s x∈{0,...,L}

If this lower bound is larger than or equal to the current best upper bound we may
safely disregard the children of the current node.
Next we propose some approximation algorithms that guarantee to give solution with
in a constant-factor of the optimal solution and take negligible time.

5.4.5

Approximation algorithms

In this section, we present four simple greedy algorithms and prove approximation guarantees for them. All four algorithms reclaim the stockpiles in the SPT order. The
algorithms differ in their stockpile placement and reclaimer routing decisions.

Algorithm 1: Out-and-back 1 (OB1) All stockpiles are placed at the left end of
the pad. Stockpiles with odd index are reclaimed from left to right and stockpiles
with even index are reclaimed from right to left. More precisely, xj = 0, yj = pj
for odd j, and xj = pj , yj = 0 for even j. This yields an objective value of

z1 =

n
X
i=1

bn/2c

(n − i + 1)pi +

X
i=1

(n − 2i + 1)

p2i − p2i−1
.
s

(5.10)
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Algorithm 2: Out-and-back 2 (OB2) All stockpiles are placed at the left end of
the pad. Stockpiles with even index are reclaimed from left to right and stockpiles
with odd index are reclaimed from right to left. More precisely, xj = 0, yj = pj
for even j, and xj = pj , yj = 0 for odd j. This yields an objective value of

z2 =

n
X

b(n−1)/2c

i=1

i=0

(n − i + 1)pi +

X

(n − 2i)

p2i+1 − p2i
.
s

(5.11)

Algorithm 3: Greedy-Packing (GP) We place the stockpiles one by one, starting
with the first stockpile at the left end of the pad, i.e. x1 = 0 and y1 = p1 .
When we have already fixed x1 , y1 , . . . , xj−1 , yj−1 , we continue with xj = yj−1 and
yj = xj + sgn(yj−1 − xj−1 )pj if this is feasible, i.e., if xj + sgn(yj−1 − xj−1 )pj ∈
[0, L], and otherwise we change the direction. This is described more precisely in
Algorithm 5.1.
Algorithm 5.1 Greedy-Packing.
i←1
d ← LeftToRight
while i 6 n do
if d = LeftToRight then
if yi−1 + pi 6 L then
xi ← yi−1 and yi ← xi + pi
else
d ← RightToLeft
xi ← max{yi−1 , pi } and yi ← xi − pi
else
if yi−1 − pi > 0 then
xi ← yi−1 and yi ← xi − pi
else
d ← LeftToRight
xi ← min{yi−1 , L − pi } and yi ← xi + pi
i←i+1

Algorithm 4: BestFit (BF) We divide the stockpile sequence into maximal segments
such that the stockpiles in each segment fit onto the pad simultaneously. These
segments are then interpreted as single stockpiles and we apply the first algorithm OB1 to this aggregated instance. This is described more precisely in Algorithm 5.2.
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Algorithm 5.2 BestFit.
i←1
j ← max{k : i 6 k 6 n, pi + . . . + pk 6 L}
d ← LeftToRight
while i 6 n do
if d = LeftToRight then
xi ← min{yi−1 , L − (pi + . . . + pj )}
yi ← xi + pi
for k = i + 1, . . . , j do
xk ← yk−1 and yk ← xk + pk
d ← RightToLeft
else
xi ← max{yi−1 , pi + . . . + pj }
yi ← xi − pi
for k = i + 1, . . . , j do
xk ← yk−1 and yk ← xk − pk
d ← LeftToRight
i←j+1
j ← max{k : i 6 k 6 n, pi + . . . + pk 6 L}

For our approximation arguments it is convenient to introduce a symbol for the simple
lower bound given by the Proposition 5.1. Let
λ=

n
X

(n − j + 1)pj

j=1

and note that λ is a lower bound for our problem. The results in Table 5.3 illustrate that
for each of the algorithms there are instances on which it outperforms the others. In order
(p1 , . . . , pn )

L

λ

OB1

OB2

GP

BF

(1,
(1,
(3,
(5,

4
5
10
15

23
7
66
94

23
11
70
98

33
9
89
132

25
11
69
103

25
11
75
97

1, 2, 2, 4)
5)
4, 5, 5, 10)
6, 6, 6, 15)

Table 5.3: Performance of heuristics on different instances with s = 1.

to prove that an algorithm is a (1 + δ)-approximation algorithm it is sufficient to check
that it provides a solution with objective value at most (1 + δ)λ. It can be checked that
all four algorithms are 2-approximation algorithms. We provide the complete argument
for OB1.
Theorem 5.4. OB1 is a 2-approximation algorithm.
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Proof. The objective value (5.10) for OB1 can be bounded by

z1 = λ +

bn/2c
bn/2c
1 X
1 X
(n − 2k + 1)(p2k − p2k−1 ) 6 λ +
(n − 2k + 1)p2k 6 2λ.
s k=1
s k=1

To show the ratio is tight, consider the instance with 2 stockpiles of lengths 1 and L. Let
the travelling speed be s = 1, and the length of the stockpad be L. Now the algorithm
OB1 will give the value of z = 1 + (L − 1) + L = 2L whereas the optimal solution value
would be z ∗ = 1 +

1
s

+ L = L + 2. Clearly as L → ∞, the ratio

z
z∗

=

2L
L+2

→ 2.

Remark 5.3. The instance considered in the Theorem 5.4, will also attain the approximation ratio of 2 in case of the algorithms GP and Best˙Fit.
Remark 5.4. In case of algorithm OB2, the instance with only one stockpile of length
L and speed s = 1, will attain the approximation ratio of 2 as L → ∞.
Next we prove that we get an approximation ratio of (1 + 2/(5s)) by the algorithm
that take the better of the two solutions from OB1 and OB2. Note that in both the
algorithms the reclaiming sequence is the SPT with total processing time, excluding
travelling time, equal to λ =

n
X

(n − j + 1)pj which provides an obvious lower bound on

j=1

the value of the objective function given by the algorithm OB. Thus, to prove the bound
of (1 + 2/(5s)) on the ratio of the value given by the algorithm OB and the optimal
solution for any instance I, it is enough to prove that the ratio of the lower bound and
the value given by the algorithm OB is bounded above by (1 + 2/(5s)) for any instance
I. This is further equivalent to prove that, for any instance I the maximum possible
travel in any feasible schedule is at most 2/(5s)λ. The proof of the next theorem is
based on these observations.
Theorem 5.5. The algorithm OB, which takes the better of the two solutions given by
OB1 and OB2, is a (1 + 2/(5s))-approximation.
Proof. It is sufficient to show that for every instance (p1 , . . . , pn ) the ratio between
min{z1 , z2 } and the lower bound λ is bounded above by (1 + 2/(5s)). Now
2
2λ
min{z1 , z2 }
61+
⇐⇒ s (min{z1 , z2 } − λ) 6
.
λ
5s
5
We denote the left hand side of the last inequality by µ and maximize it over the set of
instances with stockpile length vector (ν1 , . . . , νn ) such that
nν1 + (n − 1)ν2 + · · · + νn = λ.
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This can be formulated as a linear program:
maximize µ
nν1 + (n − 1)ν2 + · · · + νn = λ,

subject to

(5.12)

bn/2c

µ−

X

(n − 2k + 1)(ν2k − ν2k−1 ) 6 0,

(5.13)

k=1
b(n−1)/2c

X

µ−

(n − 2k)(ν2k+1 − ν2k ) 6 0,

(5.14)

k=0

i ∈ {1, 2, . . . , n}.

νi > 0

Let µ∗ denote the optimal objective value for this problem. Clearly, νi = pi for i =
1, . . . , n, and

µ = min


bn/2c
X


b(n−1)/2c

(n − 2k + 1)(p2k − p2k−1 ),

k=1

X

(n − 2k)(p2k+1 − p2k )





k=0

yields a feasible solution for the LP. Since we are maximizing, this implies
µ∗ > min


bn/2c
X





b(n−1)/2c

(n − 2k + 1)(p2k − p2k−1 ),

k=1

X

(n − 2k)(p2k+1 − p2k ) ,


k=0

and therefore


bn/2c

X
1
(n − 2k + 1)(p2k − p2k−1 ),
λ+µ∗ /s > λ+ min

s
k=1

b(n−1)/2c

X

(n − 2k)(p2k+1 − p2k )





k=0

= min{z1 , z2 }.
Therefore, the theorem is proved once we have verified that µ∗ 6 25 λ. For this purpose
we look at the dual problem:
minimize λξ1
subject to

(n − 2k + 1)ξ1 − (n − 2k + 1)ξ2
+(n − 2k)ξ3 > 0

k = 1, 2, . . . , bn/2c

(n − 2k)ξ1 + (n − 2k − 1)ξ2
−(n − 2k)ξ3 > 0
ξ2 + ξ3 = 1,
ξ2 , ξ3 > 0.

k = 0, 1, . . . , b(n − 1)/2c
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We check that (ξ1 , ξ2 , ξ3 ) = (2/5, 2/5, 3/5) is feasible for even n, and that (ξ1 , ξ2 , ξ3 ) =
(2/5, 3/5, 2/5) is feasible for odd n, and this concludes the proof.
The approximation ratio in Theorem 5.5 is essentially tight as can be seen by the following example. Let pi = 1 for i = 1, . . . , n − 2, pn−1 = M > n and pn = 3M and let
the pad length be L = 4M + n − 2. Then the optimal objective value is
z∗ = λ =

n−2
X

(n − i + 1) + 2M + 3M = 5M + n(n + 1)/2 − 3,

i=1

while the objective value for the heuristic OB satisfies
min{z1 , z2 } = λ + 2(M − 1)/s.
Consequently, the approximation ratio for this instance is
5M + n(n + 1)/2 − 3 + 2M/s − 2/s
min{z1 , z2 }
=
∗
z
5M + n(n + 1)/2 − 3
which for any fixed n tends to (1 + 2/(5s)) as M → ∞. On the other hand, if we assume
that the stockpile lengths are bounded, we obtain a better approximation ratio.
Theorem 5.6. The heuristic OB which takes the better of the two solutions given by
the heuristics OB1 and OB2 is a (1 + δ)-approximation, where
δ=

pn
.
p1 (n + 1)s

Proof. For z3 = min{z1 , z2 } we obtain
z3 6

z1 + z2
2


bn/2c
b(n−1)/2c
X
1 X
=λ+
(n − 2k + 1)(p2k − p2k−1 ) +
(n − 2k)(p2k+1 − p2k )
2s k=1
k=0
n
n
1 X
1 X
pi [(n − i + 1) − (n − i)] = λ +
pi (5.15)
2s i=1
2s i=1

=λ+

Let M be the ratio between the lengths of the largest and the smallest stockpile, i.e.,
pn = M p1 . We have
λ>

n
X

(n − k + 1)p1 =

k=1

n(n + 1)p1
,
2

which implies
p1 6

2λ
.
n(n + 1)

Chapter 5. Stacking while reclaiming

113

Together with (5.15) this yields
npn
npn p1
pn λ
pn
λ,
z3 6 λ +
=λ+
6λ+
= 1+
2s
2p1 s
p1 (n + 1)s
p1 (n + 1)s




and thus concludes the proof.
Corollary 5.1. If the ratio between the lengths of the longest and the shortest stockpile is
bounded then the approximation ratio of algorithm OB tends to 1 as n tends to infinity.
Remark 5.5. The approximation ratio proved in Theorem 5.6 is tighter than the ratio
proved in Theorem 5.5 if only if pn /p1 < 2(n + 1)/5.

5.4.6

Computational experiments

In this section, we complement our theoretical analysis with an empirical analysis. We
investigate the computational performance of both the exact and approximation algorithms on a large set of randomly generated instances with varying characteristics. We
start by discussing instance generation, and follow that by discussing the results of
computational experiments involving exact and approximation algorithms, respectively.

5.4.6.1

Instance generation

We have developed a random instance generator with the following control parameters:
pad length L, reclaimer travel speed S, number of stockpiles n, percentage large stockpiles F L (percentage small stockpiles is 100-F L), large stockpile length range [LL, U L],
and small stockpile length range [LS, U S]. We have used the following values for instance
generation L = 100, S = 2, n = 100 and 200, F L = 30, 50, and 70, [LL, U L] = [50, 100]
and [85, 100], and [LS, U S] = [0, 25]. For each possible combination of parameters, we
generate 100 instances.

5.4.6.2

Exact solution

We start by evaluating the performance of the exact algorithms, i.e., using commercial
IP solver CPLEX (with default settings) to solve the MIP presented in Section 5.4.1
and using the two branch-and-bound algorithms BB1 and BB2 introduced in Section
5.4.4, where we set a time limit of 3,600 seconds.
The result can be found in Table 5.4 and 5.5, in which we report the solution times and
the number of nodes explored, respectively. We see that BB1 outperforms BB2 and
CPLEX, even though it explores many more nodes. The results also suggest that (1) the

n Length of % of
large
large
Min.
Max.
Avg.
stockpiles stockpiles BB1 BB2 MIP BB1
BB2 MIP BB1
BB2 MIP
30
292 96 0
5279
1808 11513 424
185 1785
50
293 106 0
6340
2146 10921 473
286.9 1216
[50,100]
70
295 104 0
7536
22470 8995
615
565 679
100
30
293 76 0
67208
21080 3475
2154
1124 727
50
291 80 0
763024
51326 10915 33988
5067 782
[85,100]
70
295 62 0
1845980 53506 44612 33746
4420 1658
30
590 128 1365 385085
6988 1302110 9775
1050 114767
50
590 142 1372 9490470 7274 1324610 103018 2092 82050
[50,100]
70
597 92 504 242586000 46198 79905 97463557 29797 21115
200
30
589 102 481 4673110 7316 573135 163477 2205 53474
50
591 98 484 3672020 7410 151606 319546 2808 12845
[85,100]
70
295 86 593 1845980 7142 176235 33746
3069 14107

Table 5.5: Number of nodes explored with a time limit of 3600 seconds

n Length of % of
# instances solved
large
large
to optimality
Min.
Max.
Avg.
stockpiles stockpiles BB1 BB2 MIP
BB1 BB2 MIP BB1 BB2 MIP BB1 BB2 MIP
30
100 100 82
0.01 1.18 1.19 0.14 32.01 3600.01 0.02
3.04
655.01
50
100 100 81
0.003 1.18 1.56 0.18 31.04 3600.01 0.02
3.87
782.51
[50,100]
70
100 100 100
0.003 1.14 1.61 0.10 244.64 2637.82 0.01
6.15
67.42
100
30
100 100 57
0.01 0.85 1.04 1.14 272.25 3600.01 0.05
14.24 1549.87
50
100 98 55
0.003 0.91 1.31 15.21 3600.11 3600.02 0.65
207.31 1643.74
[85,100]
70
100 98 88
0.003 0.74 1.21 34.95 3600.12 3600.01 0.66
123.29 693.58
30
100 95 64
0.02 9.98 80.39 11.48 3600.02 3600.04 0.26
240.29 1581.93
50
100
95
53
0.02
11.4
52.01
210.83
3600.08
3600.05
2.34
332.29 1835.54
[50,100]
70
44 13 76
0.02 7.04 61.06 3600 3600.01 3600.08 1178.28 2165.16 1297.25
200
30
100 77 50
0.02 7.93 18.25 90.82 3600.03 3600.06 3.32
914.65 1887.09
50
100 68 53
0.01 7.5 15.29 94.23 3600.04 3600.07 6.58
1432.63 1785.66
[85,100]
70
98 53 49
0.01 7
41.78 3600 3600.04 3600.07 278.19 1760.12 1947.66

Table 5.4: Solve time in seconds with a time limit of 3600 seconds
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strengthening of the lower bound employed in BB1 makes a significant difference, and
(2) the regular/structured branching scheme employed in BB1 allows to better exploit
the re-use of dynamic programming computations in the upper bound calculations.
It is worth mentioning that in about 95% of the instances, the best solution is found
in less than 600 seconds. The challenge is proving that this is the best solution. The
“weakness” of the tailored branch-and-bound algorithms is their lower bound; for about
2% of these instances, neither BB1 nor BB2 was able to prove the optimality of the
best solution found within the time limit of 3, 600 seconds. In about 5% of the instances,
both tailored branch-and-bound algorithms continue to find improving solutions even
after 1, 200 seconds.
Not surprisingly, the instances with a large number of stockpiles, a high percentage of
large stockpiles, and a relatively narrow range of stockpile lengths are the most difficult
for all methods.
Therefore, in the remaining experiments, where we investigate the performance of the
algorithms in more depth, we only use instance classes with parameters n = 200, F L =
70, and [LL, U L] = [50, 100] and n = 200, F L = 70, and [LL, U L] = [85, 100], which we
will refer to as Class 1 and Class 2, respectively.
Figures 5.3 and 5.4 compare the runtime of CPLEX, BB1, and BB2 for instances

100
80
60

BB1

40

BB2
MIP

20
0
1

10

20

50

100

300

600

x

Figure 5.3: Percentage of Class
1 instances solved within a given
time limit of 600 sec.

% of instances solved with in x sec.

% of instances solved with in x sec.

in Class 1 and Class 2, respectively. A number of observations can be made when

100
80
60
BB1
BB2

40

MIP
20
0
1

10

20

50

100

300

600

x

Figure 5.4: Percentage of Class
2 instances solved within a given
time limit of 600 sec.

examining these results. First and foremost, BB1 performs best. When solution time is
not critical, solving the MIP may provide a valid alternative. The number of instances
solved after 100 seconds increases steadily. Interestingly the performance on instance of
Class 1 and instances of Class 2 is markedly different. Many more Class 2 instances
can be solved within 600 seconds. Especially BB2 seems to struggle with Class 1
instances.
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Approximation algorithms

To evaluate the performance of the three approximation algorithms, we compare the
objective function value of the solutions they produce to the value of the objective
function of the best solution produced by BB1 in 3,600 seconds. The results can be
found in Figures 5.5 and 5.6, where we plot the fraction of instances with a relative

Figure 5.7: Comparison of the
three approximation algorithms
(Class 1 instances).
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Figure 5.6: Performance of the
three approximation algorithms
relative to BB1 (Class 2 instances).
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Figure 5.5: Performance of the
three approximation algorithms
relative to BB1 (Class 1 instances).
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gap less than or equal to x, i.e., (z(BB1) − z(A))/z(BB1) 6 x.

Figure 5.8: Comparison of the
three approximation algorithms
(Class 2 instances).

the performance of the three algorithms by comparing them against each other. More
specifically, we compare the objective function value of the solutions they produce to
z(best), the value of the objective function of the best solution produced for the instance
by any of the three algorithms. We plot the fraction of instances with a relative gap
less than or equal to x, i.e., (z(best) − z(A))/z(best) 6 x, in Figures 5.7 and 5.8. We
see that Greedy-Packing performs best. It gives the best solution for all Class 1
instances, and the best solution in 93% of the Class 2 instances.
Interestingly, in 98 out of the 100 Class 1 instances, reclaiming the stockpiles in the
SPT order is not optimal, where as for all Class 2 instances reclaiming the stockpiles
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in the SPT order is optimal. As the performance of the approximation algorithms is not
that different in both settings (see Figure 5.5 and 5.6), we can conclude that very good
solutions can be obtained with the SPT order even when it is not the optimal ordering,
but also that knowing the optimal sequence in and by itself is not enough to easily
obtain the optimal solution because deciding on the optimal placement and routing is
still challenging.
As we observed earlier, the challenge in this reclaimer scheduling problem is not finding
high-quality solutions, which can be done with various natural heuristics, but finding
high-quality lower bounds, which can be used to establish the quality of the solutions
produced by the heuristics.

5.5

Two reclaimer case

This section analyse the computational complexity of the problem when there are 2
reclaimers and presents a number of interesting results and observations that rounds
out the material of Section 5.4. We also present solution techniques, such as a MINLP
model and some straightforward yet efficient approximation algorithms. Though this
section is less developed as the other parts of the thesis, because we have not performed
any computational studies for the solution techniques presented, we will give worst-case
performance bounds and provide other useful insights. The most important difference
with the setting considered in 5.4 is that it becomes critical to consider the second
stockpad. This is illustrated in the following example.
Example 5.3. Consider two stockpiles of length 10 each and let the length of stockpad
be 19. For this instance if we use only one stockpad and assign one stockpile to each
reclaimer then the second stockpile can only be placed after the first stockpile is fully
reclaimed. Thus, we get an objective function value of 10 + 2 ∗ 10 = 30. Whereas, if we
make use of the two stockpads then we can simultaneously place the two stockpiles on
the two stockpads, with reclaiming start position of one stockpile at 0 and the other at
19. This way we get the optimal objective function value of 10 + 1 + 10 = 21 where 1 is
the waiting time for one of the reclaimer.
The above example clearly indicates how we can get better results by incorporating the
use of the second stockpad.
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Problem description and notations

To begin with the analysis of the problem with 2 reclaimers, we introduce some more
notations and definitions.
Definition 5.2. Reclaiming Sequence πS of reclaimer j for schedule S
The reclaiming
sequence πSj = (π1j , . . . , πnj ) of reclaimer j for schedule S is defined as

πkj =

 π ,
if reclaimer j serve stockpile k;
k
j
 π
k−1 , Otherwise.;

where π0j = 0 is a dummy stockpile of length 0, for j = 1, 2. Note that there are duplicate
entries in reclaiming sequence πSj , j = 1, 2.

5.5.2

Mathematical formulation

We propose a mathematical nonlinear integer programming model (MINLP) for the most
general form of the problem considered in this chapter, i.e., for the reclaimer scheduling
problem with two reclaimers and two stockpads.

Variables
1. There are (at most) 2n interesting time points, i.e., time points when either a
reclaim job starts or finishes:
0 6 t1 6 t2 6 . . . 6 t2n .

(5.16)

2. The continuous variables xi and yi for i ∈ {1, . . . , n} indicate the pad positions
where the reclaiming of stockpile i starts and ends, respectively.
3. For i ∈ {1, . . . , 2n}, let ξi0 and ξi1 denote the position of the left and the right
reclaimer, respectively, at time ti .
0 (resp. w 1 )
4. For i ∈ {1, . . . , n} and 1 6 j < k 6 2n, let the binary variables wijk
ijk

indicate that the left (resp. right) reclaimer reclaims stockpile i starting at time
tj and finishing at time tk .
5. We add additional binary bookkeeping variables W`0 and W`1 for ` ∈ {1, . . . , 2n−1}
which indicate if the left (resp. right) reclaimer is reclaiming in the time interval
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[t` , t`+1 ], i.e.,
W`0 =

n X
i
2n
X
X

0
wijk
∈ {0, 1}

` = 1, . . . , 2n − 1,

(5.17)

1
wijk
∈ {0, 1}

` = 1, . . . , 2n − 1.

(5.18)

i=1 j=1 k=i+1

W`1 =

n X
i
2n
X
X
i=1 j=1 k=i+1

Constraints
The stockpile positions must respect the stockpile lengths:
|xi − yi | = pi

i = 1, . . . , n,

(5.19)

0 6 xi , y i 6 L

i = 1, . . . , n.

(5.20)

The left reclaimer must stay to the left of the right reclaimer:
ξi0 6 ξi1

i = 1, . . . , 2n.

(5.21)

Every stockpile has to be reclaimed:
2n−1
X

2n 
X



0
1
wijk
+ wijk
=1

i = 1, . . . , n.

(5.22)

j=1 k=j+1

To make sure that the reclaimers are at the right places at the right times we add the
bilinear constraints
xi =

2n−1
X

2n 
X

0
1
wijk
ξj0 + wijk
ξj1



i = 1, . . . , n,

(5.23)

i = 1, . . . , n.

(5.24)

j=1 k=j+1

yi =

2n 
2n−1
X X

0
1
wijk
ξk0 + wijk
ξk1



j=1 k=1

The speed constraints are realised by
h

i

i = 0, . . . , 2n − 1,

(5.25)

h

i

i = 0, . . . , 2n − 1,

(5.26)

0
ξi+1
− ξi0 6 s − Wi0 (s − 1) (ti+1 − ti )
1
ξi+1
− ξi1 6 s − Wi1 (s − 1) (ti+1 − ti )

where we set ξ00 = 0, ξ01 = L and t0 = 0.
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Objective function
We want to minimize the sum of the completion times, i.e.,
minimize

n 2n−1
2n 
X
X X



0
1
wijk
+ wijk
tk .

(5.27)

i=1 j=1 k=j+1

Note 5.2. In the proposed MINLP it is worth to note the following points.
• The proposed algorithm do not explicitly provides which stockpile is assigned to
which stockpad. However, this information can be extracted from the solution
of the MINLP by using the informations: which stockpile is assigned to which
reclaimer, the reclaiming start and end times of all the stockpiles, and the start
and end reclaiming positions of all the stockpiles. The reason for this is, once
we know the above information we can easily construct the feasible stockpad stockpile assignment as follows.
Let S be the optimal schedule obtained by solving the MINLP. Place the first
stockpile of the schedule S on the first stockpad. Now if the first and second
stockpile of the schedule do not have the overlapping reclaiming start and end
positions then place both the stockpiles on the same stockpad. Otherwise place
them on the two separate stockpads. Note that before the start of third stockpile
of the schedule, one of the first tow stockpiles must be fully reclaimed, as one of the
reclaimers need to reclaim the third stockpile. Now for each i = 3, . . . , n, repeat
the process for the next stockpile πi of the schedule S and one of its predecessor
stockpile that has overlapping reclaiming time window with the stockpile πi . If the
reclaim time window of the stockpile πi do not overlaps with any of its predecessor
stockpile then place it on any of the stockpad and proceed further.
• It will not work for the single stockpad case, there is no constraint that restrict
the placement of stockpile in a non-overlapping manner.

5.5.3

Valid lower bounds

In this section, we give a valid lower bound for the problem. We further tighten the
bound for some special cases of the problem. In order to prove the validity of these
bounds, we first need to prove the following result that gives a relationship between
completion times of current stockpile and its predecessors, where for any i, sti denotes
the start time of reclaiming the stockpile, and Ci = sti + πi , denotes the completion
time of the stockpile i.
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Lemma 5.2. In case of two reclaimers, sti > max{sti−1 , min{Ci−1 , Ci−2 }} for any i.
That is, for any i, the reclaiming of ith stockpile of a reclaiming sequence πS can only
be started after the reclaim start time of (i − 1)th stockpile and the minimum of the
completion times of (i − 2)th and (i − 1)th stockpiles.
Proof. For any index i, either the stockpiles (i − 1) and i, of the reclaiming sequence πS ,
are served by the same reclaimer or by two different reclaimers. If i is such that both
the stockpiles, i − 1 and i, are served by the same reclaimer then sti > Ci−1 . Hence the
result is true for this case.
Now consider an i for which the stockpile (i − 1) and i are served by two different
reclaimers, say R0 and R1 respectively. Note that, for such an i, if the stockpile (i − 2)
is done by R0 then sti > sti−1 > Ci−2 . Whereas, if the stockpile (i − 2) is done by R1
then sti > max{sti−1 , Ci−2 }. Thus in either case, sti > max{sti−1 , min{Ci−1 , Ci−2 }}.
This completes the proof.
Corollary 5.2. In case of two reclaimers, for any schedule S with the SPT reclaiming
sequence pS , sti > max{sti−1 , Ci−2 } for all i = 1, . . . , n.
Proof. For any schedule S, the stockpiles in pS are in non-decreasing order of their
lengths. This implies that for any i, Ci > Ci−1 . Thus, sti > max{sti−1 , min{Ci−1 , Ci−2 }}
= max{sti−1 , Ci−2 } for all i.
The next proposition gives a valid lower bound for the reclaimer scheduling problem
with two reclaimers. The idea behind the lower bound in the proposition is based on
the fact that if a job is reclaimed last on any of the reclaimers, it’s processing time will
contribute once to the objective function. If a job is reclaimed 2nd to the last on any of
the reclaimers, it’s processing time will contribute twice to the objective function and
so on. Thus assigning the jobs in non-decreasing order of their processing time to the
first available reclaimer (the SPT rule) will give a lower bound.
e
dn
2

bnc

2
X
n
n
(d e − i + 1)p2i−1 +
(b c − i + 1)p2i is a valid lower
Proposition 5.6. LB =
2
2
i=1
i=1
bound for the considered problem with two reclaimers.

X
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Proof. For any schedule S, the Lemma 5.2 gives, stj > max{stj−1 , min{Cj−1 , Cj−2 }}
for each j = {1, . . . , n}. Thus for any j, if Cj−1 6 Cj−2 then we get
Cj = stj + πj
> max{stj−1 , min{Cj−1 , Cj−2 }} + πj
> max{stj−1 , Cj−1 } + πj
> Cj−1 + πj
> stj−1 + πj−1 + πj .
Whereas, if Cj−1 > Cj−2 then we get
Cj = stj + πj
> max{stj−1 , min{Cj−1 , Cj−2 }} + πj
> max{stj−1 , Cj−2 } + πj
> Cj−2 + πj
> stj−2 + πj−2 + πj

In either case, stj−1 > stj−2 , for each j ∈ {2, . . . , n}, gives Cj > stj−2 +min{πj−2 , πj−1 }+
πj and stj > stj−2 + min{πj−2 , πj−1 } . Repeated use of the second inequality, stj >
stj−2 +min{πj−2 , πj−1 }, for i = 1, . . . , j −2, on the right hand side of the first inequality,
we get
Cj > (min{π1 , π2 } + min{π3 , π4 }+, . . . , + min{πj−2 , πj−1 } + πj ), ∀ odd j ∈ {1, . . . , n}
and Cj > (min{π2 , π3 } + min{π4 , π5 }+, . . . , + min{πj−2 , πj−1 } + πj ), ∀ even j ∈ {1, . . . , n}.
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This implies,
n
X

n
X

Cj >

j=1

(min{π1 , π2 } + min{π3 , π4 } + . . . + min{πj−2 , πj−1 } + πj )

j=1,j odd
n
X

+

(min{π2 , π3 } + min{π4 , π5 } + . . . + min{πj−2 , πj−1 } + πj )

j=1,j even

= π1 + π2 + (min{π1 , π2 } + π3 ) + (min{π2 , π3 } + π4 )
+ (min{π1 , π2 } + min{π3 , π4 } + π5 )
+ (min{π2 , π3 } + min{π4 , π5 } + π6 )
+ (min{π1 , π2 } + min{π3 , π4 } + min{π5 , π6 } + π7 )
+ (min{π2 , π3 } + min{π4 , π5 } + min{π6 , π7 } + π8 ) + . . .
=

n
X

πj +

j=1

>

n
X
j=1

n−2
X

min{πj , πj+1 } +

j=1

pj +

n−2
X

n−4
X

min{πj , πj+1 } + . . . +

j=1

pj +

j=1

n−4
X

pj + . . . +

2
X

2
X

min{πj , πj+1 }

j=1

pj

j=1

j=1

dn
e
2

bnc

2
X
n
n
=
(d e − j + 1)p2j−1 +
(b c − j + 1)p2j .
2
2
j=1
j=1

X

This completes the proof.
The following propositions provide tighter lower bounds for some specific conditions.
Proposition 5.7. If there is a single stockpad and pk >
objective function value equals

n
X

L
2

∀k = 1, . . . , n the optimal

(n − j + 1)pj .

j=1

Proof. Under the given conditions, no two stockpiles can be placed together on the
stockpad. This implies, (j + 1)th stockpile of any schedule S can only be placed and
reclaimed once the reclaiming of its j th stockpile is complete. This is irrelevant of
the fact, which reclaimer is going to reclaim the (j + 1)th stockpile. Thus for any
schedule S with reclaiming sequence πS , Cj >
n
X
j=1

Cj >

n
X

j
X
i=1

πi >

j
X

pi ∀ j = 1, . . . , n. Hence

i=1

(n − j + 1)pj .

j=1

Further, there will exist a unique SPT schedule for the problem, under the given hypothesis, with the objective function value of

n
X

(n − j + 1)pj . Thus, combining all the

j=1
n
X

above arguments and inequalities we get that

(n − j + 1)pj is the optimal value of

j=1

the objective function for the considered scenario.

Chapter 5. Stacking while reclaiming

124

Remark 5.6. If there are two stockpads then LB1 is not a valid lower bound. Consider
an instance with two stockpiles of length 10 each. Let L = 19 and s = 1. Clearly,
the schedule that assign one stockpile per reclaimer and place them on the two different
stockpads, starting from the opposite ends of the stockpads, will give the optimal solution
of C = 10 + 1 + 10 = 21 whereas LB1 = 30.
Proposition 5.8. For any SPT schedule S with reclaiming sequence pS = {p1 , . . . , pn }
and pi 6 pi+1 for all i = 1, . . . , n − 1, if n0 =

n∗ −1
2

where n∗ = min{i : pi + pi+1 > L},

then
dn0 e

LB2 =

X

bn0 c
0

(dn e − i + 1)p2i−1 +

i=1

X

(bn0 c − i + 1)p2i + (n − n∗ + 1)λ +

n
X

(n − i + 1)pi

i=n∗ +1

i=1

is a valid lower bound for the single stockpad case.
Proof. Let us assume a SPT schedule S , with reclaiming sequence pS = {p1 , p2 , . . . , pn },
such that pi 6 pi+1 for all i = 1, . . . , n − 1. From the definition of n∗ it is clear that for
the schedule S no two stockpiles, form stockpile n∗ onwards, can be placed together on
∗
the stockpad. Thus,
 Cj > Cj−1 + pj ∀ j ∈ {n + 1, . . . , n}.

Let us define, λ =

 (p + p +, . . . , +p ∗ ), if n∗ is odd;
1
3
n
 (p + p +, . . . , +p ∗ ), Otherwise.
2

n

4

Now, for any SPT schedule and hence for the considered schedule S, the value of the
objective function will satisfy the following inequality,
n
X
j=1

bn0 c

dn0 e

Cj >

X

0

(dn e − i + 1)p2i−1 +

i=1

X
i=1

(bn0 c − i + 1)p2i +

n
X

λ+

j=n∗

n
X

(n − i + 1)pj .

j=n∗ +1

This completes the proof.
Remark 5.7. In case of a single stockpad and two reclaimers the lower bound LB2 ,
given in the Proposition 5.8, is not a valid lower bound for any general schedule S. For
example, consider an instance with 4 stockpiles of lengths 2, 2, 5, 5 with stockpad length
L = 7. Clearly the value of n∗ = 3 and the value of LB2 = 23. Whereas, the optimal
solution for this instance will assign the stockpiles of length 5 to one reclaimer, say R0
and the stockpiles of length 2 to another reclaimer, R1 , and will give a optimal objective
function value of 21 where the start (end) reclaiming position of the 2 stockpiles assigned
to R0 are at 0 (5) and 5 (0) respectively, and the start (end) reclaiming position of the
2 stockpiles assigned to R1 are at 7 (5) and 5 (7) respectively.
Remark 5.8. In case of two stockpads, the lower bound LB2 , given in the Proposition
5.8, is not valid. Consider an instance with two stockpads of length L = 15 each. Let
there are two stockpiles of length 10 each and s = 1. Clearly for this instance, n∗ = 1
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and LB2 = 30. Whereas the optimal schedule value of 25 can be obtained by assigning
one stockpile to each reclaimer, placing them on two different stockpads with reclaim
start points at 0 and L respectively. Note that in this schedule, one reclaimer has to
wait for time period of 5 units.

5.5.4

Complexity of the problem

In this section we analyse the effect of two reclaimers on the complexity of the problem.
Before proving the complexity of the problem we have the following observations which
show that some of the characteristics that were true for single reclaimer case are not
true in case of two reclaimers.
Observation 5.1. In case of a single reclaimer we have noticed that with very high
speed, due to negligible amount of travelling, the “SPT rule” will give a solution that is
very close to the optimal solution. But the following examples demonstrate that in case
of two reclaimers, to serve the stockpiles by the “SPT rule” need not be a good choice
even if the travelling speed is very high.
Example 5.4. Consider an instance with a very large speed s, L = 5, n = 4 and the
length of stockpiles, p1 , ..., p4 , equal to 2, 3, 4 and 5 respectively. The best value of the
objective function given by the “SPT rule” is corresponding to a schedule that assigns
the two stockpiles of length 2 and 4 to R0 and remaining two stockpiles to R1 . This
will give the solution value of 20 +

4
s

with reclaiming start position of the stockpiles

1 and 4 at 0, reclaiming start position of the stockpile 2 at L, and reclaiming start
position of the stockpile 4 at 0 (there will be a waiting time of 1 +

2
s

units for R0 at

0, before serving its second stockpile which is of length 4 and starts from 0). Whereas,
if the reclaimer R0 reclaims the stockpiles 1 and 4 and the reclaimer R1 reclaims the
remaining two stockpiles then there will not be any waiting. In this case, the solution
with the reclaiming start position of the stockpiles 1 and 4 at 0, the reclaiming start
position of the stockpile 2 at L, and the reclaiming start position of the stockpile 3 at
1 will give the objective function value of 19 + 2s . Clearly, the second schedule does not
follow the “SPT rule” as the reclaiming of the stockpile of length 5 starts before the
reclaiming of the stockpile of length 4.
The above example shows that, if there are two stockpads and 2 reclaimers then finding
the optimal solution need not be straight forward even with very high travelling speed.
Observation 5.2. In case of two reclaimers and two stockpads, it is not necessary
that there exist a optimal schedule S for which πm+1 = . . . = πn = L where the given
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stockpile lengths are
p1 6 . . . 6 pm < pm+1 = pm+2 = . . . = pn = L.

The following example justify the above observation.
Example 5.5. Consider an instance with 6 stockpiles having lengths 4, 4, 4, 9, 11, and
L, whereL = 22. Consider a schedule S that assigns stockpiles 1, 3, 6 to the reclaimer
R0 and stockpiles 2, 4, 5 to the reclaimer R1 . Let the schedule place the stockpiles 1, 3, 6
on the stockpad 2 with the reclaiming start positions of stockpiles 1, 6 at 0 (served
from “left to right”) and the reclaiming start position of the stockpile 3 at 4 (served
from “right to left”). Further, let us assume that the schedule S place the remaining
stockpiles on stockpad 1 with the reclaiming start position of stockpile 2 at 0 (served
from “right to left”), the reclaiming start position of stockpile 4 at L − 4 (served from
“right to left”), and reclaiming start position of stockpile 5 at L − (4 + 9) (served from
“left to right”). This way we get the value of the objective function for the schedule S
as 83. Note that in this schedule the reclaiming of stockpile 6 of length L starts at 8
whereas the reclaiming of the stockpile 5 of length 11 starts at 13. Also one can easily
check that for the considered instance any schedule that serves the stockpile 6 as its last
stockpile will give the value of objective function more than 83.
The above examples and observations clearly demonstrate that presence of two reclaimers may increase the complexity of the problem. We have already proved in the
Section 5.4.2 that finding a schedule with zero travelling is NP-complete for the single reclaimer, single stockpad case. We have also proved that the reclaimer scheduling
problem is NP-complete for the single reclaimer case. Now we will address the same
questions for two reclaimer case. In next theorem, we will prove that the problem of
finding a zero travelling, zero waiting time schedule is NP-complete if there are 2 reclaimers and a single stockpad. This theorem is followed by another theorem that proves
the same result for the general case, i.e., for the case when there are 2 reclaimers and
2 stockpads. After these two theorems, there is another theorem that proves that the
reclaimer scheduling problem with two reclaimers and two stockpads is NP-complete. It
is worth to note that in the proof of the theorem, there is no need of second stockpad
for the generated instance of the reclaimer scheduling problem. Hence this theorem also
proves the NP-completeness of the problem for a single stockpad case.
Theorem 5.7. Consider the set F of schedules with the property that for each S ∈ F,
if the j th reclaimer serves the largest stockpile of length pn then π j

mjS

= pn , where mjS is

the total number of stockpiles served by the reclaimer Rj in the schedule S. In case of

Chapter 5. Stacking while reclaiming

127

two reclaimers and a single stockpad, the problem of finding a zero travelling and zero
waiting schedule in the set F is NP-Complete.
Proof. Clearly the problem in question is a decision problem. Also, given a schedule
S ∈ F, to check whether the given schedule is a schedule with zero travelling and zero
waiting time or not is equivalent to check that for each k = 1, . . . , n and for each j = 0, 1,
j
the start reclaiming time and position of the stockpile πk+1
is same as the end reclaiming

time and position of the stockpile πkj or not. This can be done in linear time. Thus the
problem is in NP.
Now we prove the NP-completeness of the problem by using reduction from PARTITION.
Consider an instance of PARTITION problem with given set of positive even integers
A = {a1 , . . . , am }, with all the number of the sequence as multiple of 4, and a positive
even integer B such that
a1 6 a2 6 · · · 6 am .

m
X

ai = 2B. Without loss of generality, we can assume that

i=1

Corresponding to this given instance of PARTITION, let us construct an instance I
of the considered problem with m + 3 stockpiles of lengths a1 , . . . , am , B − 1, B + 1, L
where L = 2B + 2. By the given hypothesis, if the reclaimer j is doing mjS stockpiles in
a schedule S ∈ F for this instance then π k j = L.
mS

Clearly, the following schedules will give rise to either a non-zero travelling or a non-zero
waiting.
• A schedule that assigns the stockpiles of lengths B − 1 and B + 1 to different
reclaimers. The reason is as follows. The stockpile of length L must start either
from 0 or L (both are even positions), and in any schedule S ∈ F, the stockpile
of length L should be the last stockpile of the reclaimer to whom it is assigned.
Furthermore, all the stockpiles, other then the stockpiles of lengths B − 1 and
B + 1, are of even lengths and hence will end at an odd(even) position if starts at
an odd(even) position. Further, both the reclaimers are initially at even positions.
Thus, if stockpiles of lengths B − 1 and B + 1 are assigned to different reclaimers
then both the reclaimers will end at an odd positions after serving all stockpiles,
except the stockpile of length L. All the above arguments are enough to conclude
that in a schedule that assign stockpiles of lengths B − 1 and B + 1 to different
reclaimers must have non-zero travelling or non-zero waiting.
• If the stockpiles of lengths B − 1 and B + 1 are assigned to the same reclaimer
together with some stockpiles from the set {ai : i = 1, · · · , m}. In this case, the
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stockpile of length L, irrespective of which reclaimer is going to reclaim it, cannot
be placed on stockpad at time 2B, the earliest time to start it, due to non zero
travelling or waiting.
• If the stockpiles of lengths B − 1 and B + 1 are assigned to the same reclaimer, no
other stockpiles from the set {ai : i = 1, · · · , m} is assigned to that reclaimer, and
stockpile of length B − 1 is reclaimed before stockpile of length B + 1.
• A schedule that assigns the three stockpiles of lengths B − 1, B + 1, L to a single
reclaimer.
Thus, the only schedules of interest are those that assign stockpiles of lengths B − 1
and B + 1 to the same reclaimer, say R0 , reclaims stockpile B + 1 before stockpile of
length B − 1, and all other stockpiles, including the stockpile of length L, is assigned to
reclaimer R1 .
Now with in the set consisting of all the schedules of interest, a zero travelling with zero
waiting schedule is feasible if and only if it is feasible to start the reclaiming of stockpile
of length L at time 2B. This is possible if and only if PARTITION has a solution.
Theorem 5.8. Consider the set F of schedules with the property that for each S ∈ F,
if the j th reclaimer serves the largest stockpile of length pn then π j

mjS

= pn , where mjS

is the total number of stockpiles served by the reclaimer Rj in the schedule S. In case
of two reclaimers and two stockpads, the problem of finding a zero travelling and zero
waiting schedule in the set F is NP-Complete.
Proof. As argued in the Theorem 5.7, here also the problem in question is in NP.
Now we prove the NP-completeness of the problem by using reduction from PARTITION. Consider the same instance of PARTITION problem as considered in the
Theorem 5.7.
Corresponding to this given instance of partition, let us construct an instance I of the
considered problem with m + 3 stockpiles of lengths a1 , . . . , am , 3B − 1, 3B + 1, L where
L = 4B + 2. Further, for any schedule S ∈ F, if the stockpile L is assigned to the
reclaimer Rj in the schedule S then π j j = L, where mjS is the total number of stockpiles
nS

assigned to reclaimer j is the schedule S.
Clearly, the following schedules will give rise to either a non-zero travelling or a non-zero
waiting.
• A schedule that do not assigns the stockpiles of lengths 3B − 1 and 3B + 1 to the
same reclaimer. This is due to the fact that while one reclaimer, say R0 serves
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only one of the stockpile, let us assume the stockpile of length 3B − 1, then for
a zero travelling and zero waiting time schedule the reclaimer R1 must be busy
in reclaiming stockpiles for a period of 3B − 1, which is not possible due to the
characteristics of the instance I.
• The schedule in which the stockpiles of lengths 3B − 1 and 3B + 1 are assigned
to one reclaimer, say, R0 together with at least one of the stockpile of length ai ,
and the stockpile of length L is assigned to the reclaimer R1 . This is due to the
fact that if the reclaimer R1 serves the stockpile of length L and does not serve at
least one of the stockpile of the set {ai : i = 1, · · · , m} then since R0 is serving the
stockpiles of lengths 3B − 1 and 3B + 1, there will be a non-zero waiting in the
schedule for at least one of the reclaimer.
• If the stockpiles of lengths 3B−1 and 3B+1 are assigned to the same reclaimer, say,
R0 together with the stockpile of length L. Note that, as per the given restriction
the stockpile of length L should be the last stockpile of R0 . This implies that
before serving the stockpile of length L, there will be a non-zero travelling time.
• If the stockpiles of lengths 3B − 1 and 3B + 1 are assigned to the same reclaimer,
and stockpile of length 3B − 1 is reclaimed before stockpile of length 3B + 1.
Thus, the only schedules of interest are those that assign stockpiles of lengths 3B − 1
and 3B + 1 to the same reclaimer, say R0 , reclaim stockpile of length 3B + 1 before the
stockpile of length 3B − 1, and assign all the other stockpiles including the stockpile of
length L to the reclaimer R1 .
Now with in the set consisting of all the schedules of interest, a zero travelling with zero
waiting schedule is feasible if and only if it is feasible to start the reclaiming of stockpile
of length L at time 2B. This is possible if and only if PARTITION has a solution.
Theorem 5.9. The reclaimer scheduling problem with two reclaimers is NP-Complete.
Proof. We proceed by a reduction from PARTITION using the steps of Theorem 5.2
which is based on the idea of Makarychev [53]. Let the PARTITION instance be
given by m distinct positive integers a1 < a2 < . . . < am with

Pm

i=1 ai

= 2B. We put

M = 2B + 1 and reduce to the following instance of the reclaimer scheduling problem.
There are 10m + 4 stockpiles with the following lengths:
• pi = M for i = 1, 2, . . . , 6m,
• p6m+2i−1 = p6m+2i = M + ai for i = 1, . . . , m,
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• pi = 2M for i = 8m + 1, . . . , 10m, and
• p10m+1 = p10m+2 = L1 =

10m
X

pi + 1.

i=1

• p10m+3 = p10m+4 = L2 = 2L1 .
where L1 , L2 satisfies the relation L = 2(L1 +L2 ) together with the following inequalities
L2 > L1 +

10m
X

pi , L 1 >

i=1

From the Proposition 5.6, we get 2

10m
X

pi

(5.28)

i=1

5m+2
X

(5m + 3 − i)p2i−1 is a lower bound for the

i=1

objective value of the reclaimer scheduling problem. We claim that this bound can be
achieved if and only if the PARTITION instance has a solution. We may assume that
the following conditions are satisfied, because they are necessary in order to achieve the
lower bound.
• The reclaiming order is fixed to the SPT sequence, i.e., πj = pj for j ∈ {1, . . . , 10m+
4},
• In the SPT sequence, the stockpiles between i = {6m+1, . . . , 8m} must be assigned
between the two reclaimers alternatively. This is because, ai 6= aj for any i 6= j
and the sequence of reclaiming is the SPT reclaiming sequence.
• Stockpiles of lengths L1 and L2 should be equally assigned between the two reclaimers.
• The first 6m stockpiles, and the last 2m stockpiles should be equally divided between two reclaimers. Combining this with the last two conditions we can assume,
all the odd indexed stockpiles are assigned to R0 and all the even indexed stockpiles
are assigned to R1 .
• there is no “extra travel”, i.e., the reclaiming start position of every odd (even)
indexed stockpile in the set j ∈ {3, . . . , 10m + 4}, should be same as the reclaiming
end position of stockpile j − 2, where the reclaiming start position of stockpile 1
is at 0, reclaiming end position of stockpile 1 is at p1 , reclaiming start position of
stockpile 2 is at L, and reclaiming end position of stockpile 2 is at L − p2 .
Under these conditions, the solution of the reclaimer scheduling problem with two reclaimers is completely determined by the values of serving directions, νj , {j ∈ 1, . . . 10m+
4}, of stockpiles (as explained in the Theorem 5.2).
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Note that the inequalities 5.28 together with the condition that stockpiles of lengths L1
and L2 should be equally assigned between the two reclaimers implies that the reclaiming
of (10m + 1)th stockpile should starts form 0, the reclaiming of (10m + 2)th stockpile
should starts from L, the reclaiming of (10m + 3)th stockpile should starts from L1 , and
the reclaiming of (10m + 4)th stockpile should starts from L2 . Thus, ν10m+1 = ν10m+3 =
−1 and ν10m+2 = ν10m+4 = 1.
Now if a solution of the PARTITION instance corresponds to a vector (ξ1 , . . . , ξm ) ∈
{−1, 1}m with
m
X

ai ξi = 0.

i=1

We obtain a solution of the reclaimer scheduling instance by setting
• ν2j−1 = −1 and ν2j = 1 for j = 1, . . . , 2m,
• ν4m+2i−1 = −ν4m+2i =



1

if ξi = 1,


−1

if ξi = −1,

for i = 1, . . . , m,

• ν6m+2i−1 = 1 and ν6m+2i = −1 for i = 1, . . . , m.
• ν10m+1 = ν10m+3 = −1 and ν10m+2 = ν10m+4 = 1
Conversely, suppose (ν1 , . . . , ν10m+4 ) ∈ {−1, 1}10m+4 specifies a solution of the reclaimer
scheduling problem that achieves the lower bound. For i = 1, . . . , 10m + 4, we set

ξi =

Then

5m
X

p2i−1 ξi =

5m
X



1

if νi = −1,


−1

if νi = 1.

p2i ξi = 0, and this implies,

i=1

i=1
m
X

ξ6m+2i−1 ai =

i=1

Since −M <

m
X

ξ6m+2i ai ≡

i=1
m
X

5m
X

p2i−1 ξi ≡

i=1

5m
X

p2i ξi ≡ 0

(mod M ).

i=1

ξ6m+2i−1 ai < M , we get

i=1
m
X

ξ6m+2i−1 ai = 0,

i=1

and therefore the vector (ξ6m+1 , ξ6m+3 , . . . , ξ6m+2m−1 ) represents a solution for the PARTITION instance.
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Corollary 5.3. Given a positive integer K > 4, consider the class C consisting of all
the instances satisfying the following properties:
• contains one stockpile of length

L
4

+

L
K

and

• contains stockpiles, the sum of whose lengths is less than

L
K.

The reclaimer scheduling problem with two reclaimers is NP-complete on C.
Proof. The proof follows from the proof of Theorem 5.9 by choosing the length of stock10m
X
L
L
L
piles such that
pi < , L2 = L4 + K
, and L1 = L4 − K
.
K
i=1
Now onwards, we will denote the reclaiming start and end positions of k th stockpile of
a schedule S as xk and yk respectively.

5.5.5

Some tractable cases

We have already proved that the problem is NP-Complete in general. Here we discuss
some tractable cases.
Result 5.1. The reclaimer scheduling problem with two reclaimers, under the restriction
pk 6

L
4

∀k = 1, . . . , n, is solvable in polynomial time.

Proof. Let us divide the stockpads into two equal halves by creating a boundary at

L
2.

Let the left reclaimer, R0 , is restricted to work in the left half of the stockpads and
right reclaimer, R1 , is restricted to work in the right half of the stockpad. Arrange
the stockpiles in the SPT order and construct a schedule S that assigns the odd index
stockpiles to the reclaimer R0 and all the remaining stockpiles to the reclaimer R1 . Now
find the k1th and k2th stockpiles of the schedule where
k1 = min{i :

n
X

pi >

i=0,
i:odd

n
X
L
L
} and k2 = min{i :
pi > }
4
4
i=0,
i:even

. Finally, place the stockpiles such that
• x1 = 0, y0 = p1 and x2 = L, y2 = L − p2
• xi = yi−1 , yi = xi + pi for all the stockpiles, assigned to R0 , with i 6 k1 and
i = k1 + j, where j is an even integer belonging to the set {1, 2, · · · , n − k1 }.
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• xi = yi−1 , yi = xi − pi for all the stockpiles, assigned to R0 , with i = k1 + j, where
j is an odd integer belonging to the set {1, 2, · · · , n − k1 }.
• xi = yi−1 , yi = xi − pi for all the stockpiles, assigned to R1 , with i 6 k2 and
i = k2 + j, where j is an even integer belonging to the set {1, 2, · · · , n − k2 }.
• xi = yi−1 , yi = xi + pi for all the stockpiles, assigned to R1 , i = k2 + j, where j is
an odd integer belonging to the set {1, 2, · · · , n − k2 }.
Under the given hypothesis the above placement and assignment gives a feasible schedule
with zero travelling, zero waiting time, and attains the lower bound mentioned in the
Proposition 5.6. This completes the proof of lemma.
Remark 5.9. If pk 6

L
4,

∀k = 1, . . . , n then there is no need of the second stockpad.

This is because, the schedule described in above result is independent of the number of
stockpads.
Result 5.2. The reclaimer scheduling problem with two reclaimers and a single stockpad
is solvable in polynomial time under the restriction pk >

L
2,

∀k = 1, . . . , n.

Proof. The given hypothesis clearly indicates that no 2 stockpiles can be placed together
on the stockpad. Now, consider a schedule S that assigns all the odd indexed stockpiles
of the SPT sequence to the reclaimer R0 and all the even indexed stockpiles to the
reclaimer R1 . Since

L
2

6 pi 6 pi+1 for all i, there will not be any travelling in the

schedule S. Thus it will attain the lower bound LB given in the Proposition 5.6 and
hence is optimal.

5.5.6

Approximation algorithms

Here, we present two simple constant-ratio approximation algorithms. Both the algorithms start with the SPT reclaiming sequence and assign all the odd indexed stockpile
to the left reclaimer, R0 , and remaining stockpiles to the right reclaimer, R1 . The algorithms have different schemes for stockpile placement and reclaimers routing. In both
algorithms we make use of a single stockpad. Further, we propose two very simple modifications of these algorithms that incorporate the use of the second stockpad. These
modifications clearly demonstrate how the incorporation of second stockpad can help in
achieving a better approximation ratio.
Algorithm 1: Alternate + Out-and-back (Alt+OB) The algorithm Alt+OB is
a simple extension of the algorithm OB proposed for the single reclaimer case in
the Section 5.4.5 after incorporating the following simple steps:
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• assign all the odd indexed stockpiles to the reclaimer R0 and the remaining
stockpiles to the reclaimer R1 ;
∗

• place any stockpile of length p4i−1 , for i ∈ {1, . . . , d n 4−1 e}, where n∗ is as
defined in the Proposition 5.8, such that the reclaiming end position of these
stockpiles is at 0. Place all other stockpiles assigned to the reclaimer R0 with
the reclaiming start position at 0;
∗

• place any stockpile of length p4i , for each i ∈ {1, . . . , b n 4−1 c}, such that the
reclaiming end position of all such stockpiles is at L. Place all the other
stockpiles assigned to reclaimer R1 with the reclaiming start position at L;
• make use of only one stockpad, i.e., for each i > n∗ , place the stockpile of
length pi only after the completion of (i − 1)th stockpile.
∗

• apply the algorithm OB on the first d n2 e stockpiles assigned to the reclaimer
∗

R0 and the first b n2 c stockpiles assigned to the reclaimer R1 individually.
• from stockpile n∗ + 1 onwards, reclaim the stockpiles alternatively, with the
help of the reclaimer to which the stockpile is assigned, having reclaim start
position at 0, if the stockpile n∗ + 1 is assigned to the reclaimer R0 , and at
L otherwise. Note that from n∗ onwards, no two stockpiles can be placed
simultaneously and pi 6 pi+1 , therefore each reclaimer has enough time to
reach to its initial position while the other reclaimer is doing its job.
This way we get an objective function value of
n∗

∗

d n2 e

b 2 c
X n∗
n∗
(d e − i + 1)p2i−1 +
(b c − i + 1)p2i + (n − n∗ )λ
z1 =
2
2
i=1
i=1

X

+

n
X



(n − i + 1)pi + (n − n∗ ) τ +

i=n∗ +1

+ min

+ min

 ∗
n
e

4
dX

(d


 i=1
 ∗
n
c

4
bX

(b


 i=1

pn∗ −1
s



∗

n∗
2

d n4 e

e − 2i + 1)

n∗





p4i−1 − p4i−3 X
p4i+1 − p4i−1
,
(d e − 2i)

s
2
s

i=0
∗

n∗
2



p4i+2 − p4i 
,
(b c − 2i)
.

2
s

i=0
b n4 c

c − 2i + 1)

p4i − p4i−2 X
s

n∗

where n∗ and λ are as defined in the Proposition 5.8, p−1 = p0 = 0. The third
term τ is the total travelling that is done until the stockpile n∗ , by the reclaimer
who serve the stockpile n∗ . Thus,
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 ∗
∗
d n4 e
d n4 e





X
X

p4i−1 − p4i−3
p4i+1 − p4i−1 


,
, if n∗ is odd;
min





s
s


 i=1
i=0

 ∗
τ=
∗
n
n

c
b 4 c



4
bX
X

p4i − p4i−2
p4i+2 − p4i 



,
,
Otherwise.
min




s
s


 i=1
i=0

The fourth and fifth terms in the summation denote the travelling time between
the first n∗ stockpiles given by algorithm OB, when applied for the two reclaimers
individually.
Algorithm 2: Greedy Algorithm(GP) Divide the stockpad into two halves. For
i 6 n∗ , restrict the left reclaimer R0 to work in the left half of the stockpad and
the right reclaimer R1 to work in the right half of the stockpad. Assign all odd
indexed stockpiles to the reclaimer R0 and rest to the reclaimer R1 . For the above
assignment to each reclaimer, for stockpiles with index i 6 n∗ , apply the dynamic
programme given in Section 5.4.3 with stockpad length as

L
2

for each reclaimer

individually. This will give the best stockpad positions for the stockpiles with
index i 6 n∗ , ignoring all stockpiles i > n∗ , assigned to individual reclaimer. For
i > n∗ , keep the steps of the algorithms OB+ALT.

Next, we prove performance bounds.
Theorem 5.10. The algorithm Alt+OB is a 2-approximation algorithm.
Proof. The algorithm Alt+OB is a natural extensions of the algorithm OB proposed
for the single reclaimer case. Thus, its performance will be better than using only a
single reclaimer and hence the basic performance bound of 2 holds for the algorithm.
Now we give an example where the ratio is tight. Consider the instance with two
stockpads and 2n stockpiles of length L each, where L is the length of the stockpads.
Let us assume that s is very large. Note that for this example n∗ = 1. Thus the value
of the schedule given by Alt+OB algorithm is z1 =

n(n+1)
L.
2

Now construct another schedule S ∗ that assigns all the odd indexed stockpiles to R0 and
remaining stockpiles to R1 . Let the schedule S ∗ is such that it brings the right reclaimer
n n
( 2 −1)

to 0 before serving anything. This way we will get a value of z ∗ = 2 2
Clearly, S ∗ is the optimal schedule for this instance. Thus,

z1
z∗

2

+

nL
2 s

→ 2 as L → ∞ and

s → ∞.
Along similar lines we can prove that the algorithm GP is a 2-approximation algorithm.
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14
9 -approximation

algo-

rithm.
Below is the instance that attains this ratio.
Example 5.6. Consider the instance with 5 stockpiles of lengths a − 1, a − 1, a + 1, a +
1, a + 1 where a =
this example

n∗

L
2

and L is the length of the stockpad. Let s = 1. Note that for

= 2. Thus the value of the schedule given by the Alt+OB algorithm

is z1 = 14a − 2.
Now construct another schedule S ∗ that assigns stockpiles of lengths a, a to the reclaimer
R0 and remaining three stockpiles to the reclaimer R1 . Let, in the schedule S ∗ , the
stockpiles are placed such that the positions of the stockpiles assigned to R0 is given
by the line segments [0, a] and [a, 0], respectively. Similarly, let the positions of the
stockpiles assigned to R1 is given by the line segment [L, L − (a + 1)], [L − (a + 1), L]
and [L, L − (a + 1)], respectively.
Clearly, S ∗ is the optimal schedule for this instance with z ∗ = 9a + 3. Thus,

z1
z∗

→

14
9

as

a → ∞.
As noted in the Example 5.3, in case of 2 reclaimers, by using both the stockpads
for the placement of stockpiles we may achieve better results. In fact for the instance
considered in Example 5.3, n∗ = 1 and both the algorithms Alt+OB and GP will
assign one stockpile to each reclaimer and will make use of only one stockpad.Thus both
the algorithms will give the objective function value of 10 + 2 ∗ 10 = 30. Whereas, if
we make use of the two stockpads then we get the optimal objective function value of
10 + 1 + 10 = 21 where 1 is the waiting time for one of the reclaimer. This clearly
indicates how we can get better results by incorporating the use of second stockpad.
The Example 5.3 suggests that even if we do the following simple steps to modify the
above described algorithms, to incorporate the use of second stockpad, we can get a
significant improvement in the solution quality.

Modification M1:

Incorporate the following steps in the above described algorithms:

• place a pair of odd and even index stockpile, with index i > n∗ , simultaneously
on the two stockpads with start reclaiming position of odd indexed stockpile
(stockpiles assigned to left reclaimer) at 0 and the start reclaiming position
of even indexed stockpiles (the stockpiles assigned to right reclaimer) at L.
• for stockpiles n∗ onwards, incorporate an appropriate waiting time in the
schedule.
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The above modification steps in either algorithm need not guarantee the optimal solution. To justify this statement let us consider the following example.
Example 5.7. Consider an instance with 4 stockpiles of lengths 9, 13, 13 and 14. Let
the length of the stockpad be 18 and travelling speed be s = 7. Clearly, for this instance
n∗ = 1 and both the algorithms Alt+OB, GP will assign the stockpiles 1 and 3 to
the left reclaimer and rest stockpiles to the right reclaimer. In their original form, both
the algorithms will use only one stockpad and will give the objective function value as
4 ∗ 9 + 3 ∗ 13 + 2 ∗ 13 + 14 = 115. Whereas, if we make use of the two stockpads and
incorporate the steps of modification M1 then we get the objective function value of
3
2
3
(2∗9+ 79 +13)+(2∗13+ 13
7 +(1+ 7 )+14) = 75+ 7 , where (1+ 7 ) is the waiting time for the

right reclaimer before the start of its second stockpile. However the optimal schedule S ∗
would assigns the stockpiles 1, 4 to the left reclaimer, assigns rest of the stockpiles to the
right reclaimer, place the first two stockpiles as before, the stockpile 3 with the reclaiming
start position at 13, and the stockpile 4 with reclaiming start position at 2. This way
the left reclaimer will save on the waiting time by paying a cost of 1 hour of travelling
and will give the optimal objective function value of (2 ∗ 9 + 1 + 14) + (2 ∗ 13 + 13) = 72.
The above example indicates that by incorporating the following modification step, to
incorporate the use of second stockpad, we can further improve on the solution quality.

Modification M2:

If n∗ is odd then place the stockpile n∗ on the stockpad one and

n∗ + 1 on the stockpad two with the reclaiming start positions at 0 and L respectively. Otherwise place the stockpile n∗ on the stockpad one and n∗ + 1 on the
stockpad two with the reclaiming start positions at L and 0 respectively. For each
i = 1, 2, · · ·, assign the stockpiles n∗ + 4i − 2, n∗ + 4i + 1 to the reclaimer to whom
the stockpile n∗ + 1 is assigned , and stockpiles n∗ + 4i − 1, n∗ + 4i to the other
reclaimer. Note that if n∗ is odd then the stockpiles n∗ + 4i − 2, n∗ + 4i + 1 must be
assigned to reclaimer R1 (right reclaimer). In this case, place the stockpiles with
index n∗ + 4i − 2 having reclaiming end position at L, and place the stockpiles with
index n∗ +4i+1, with reclaiming start position at L. Further, choose the reclaiming
start position of stockpile n∗ +4i−1 greedily, i.e., for each such stockpile choose the
reclaiming start position so that the sum of “the travel time between the stockpiles
n∗ + 4i − 1, n∗ + 4i + 1” and “the waiting time between the stockpiles n∗ + 4i − 1,
n∗ + 4i − 2” is as minimum as possible. Also, choose the reclaim start position of
stockpile n∗ + 4i as min{“reclaim end position of stockpile (n∗ + 4i − 1)”, πn∗ +4i }.
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Final remarks

As before (Angelelli et al. [2]), we have been surprised at the richness of the reclaimer
scheduling problem. The need to account for the movement of the reclaimer from one
stockpile to the next, back and forth along the rail on which it is mounted,increases
the complexity of the scheduling decisions significantly, even when there is only a single
reclaimer and stockpiles are stacked and reclaimed on a single stockpad. The case when
there are two reclaimers and two stockpads is more complex due to the involvement of
assignment decisions and more involved placement decisions.

Chapter 6

Summary and Conclusion
6.1

Summary

In this thesis we have investigated two interesting scheduling problems, Maintenance
scheduling and Reclaimer scheduling, that arise in a coal supply chain and has a great
impact on the throughput of the coal chain. We analysed the complexity of both the
problems in the chosen abstract settings. The abstract models that we have introduced
in this thesis, for both the problems, give rise to interesting class of scheduling problems
that has proven to be surprisingly rich.
We studied the version of the maintenance scheduling problem where given a set of
components that needs to under go for maintenance for a unit time period over a given
time horizon of T periods, in an non preemptive way, we have to find a maintenance
schedule so that the throughput is maximized. We modelled the maintenance scheduling
problem under the considered abstract settings as the problem of scheduling arcs shut
down of a capcitated network N = (V, A, u) where the node set V consists of the load
point(s) (the source node(s)), the intermediate places (the transhipment nodes) and
the final destination(s) (the sink node(s)); the arc set A consists of all the components
connecting different places represented by the nodes of the set V ; and entries of vector
u represents upper limit on the capacity of any arc in A. In general this problem is
known to be NP-complete. We identified a number of characteristics that makes the
problem NP-complete. In order to do this, we investigated several instance classes such
as instances with restrictions on the set of arcs for which maintenance is scheduled; series
parallel networks; capacities that are balanced, in the sense that the total capacity of
arcs entering a (non-terminal) node equals the total capacity of arcs leaving the node;
and identical capacities on all arcs.
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Another problem that we investigated in this thesis is the reclaimer scheduling problem. We analysed the complexity of different variants of the proposed abstract model
of reclaimer scheduling problem where we have assumed that there is a given set of
stockpiles, there are two reclaimers running on a single rail in between two stockpads,
the two reclaimers can work on either stockpad, the reclaimers start from the opposite
ends of the stockpads, stockpiles on the same stockpad cannot overlap, one stockpile
has to be reclaimed by exactly one reclaimer in a non-premptive way, reclaiming of the
stockpiles can be started from either end of the stockpile, a reclaimer should complete
the reclaiming of any stockpile by moving either from “right to left” or from “ left to
right”, and the stacking time of all the stockpiles is zero. We further classified the
considered abstract model of the reclaimer scheduling problem by considering whether
or not the given set of stockpiles have to be placed on the stockpads before the start
of the reclaiming process. We proposed various methodologies such as mixed integer
programming problem, branch and bound algorithm, dynamic program, and constant
ratio approximation algorithm. We have performed extensive computational study of
the performance of the developed approximation algorithms for the problem. Our investigation has resulted in insights that may be helpful in improving stockyard efficiency.
For example our study shows that in the absence of precedence constraints, though the
best schedules characterised by the simple out and back routing, a routing without any
turns, and a simple assignment technique, in which left (right) reclaimer is restricting
to serve left (resp. right) portion until a specific points on the stockpads, is not optimal
but provides a good approximation solution.

6.2

Conclusion

We focused on two interesting scheduling problems, maintenance scheduling problem
and reclaimer scheduling problem. Both the problems are inspired from the coal supply
chain and are studied in the considered abstract settings. For both the problems we have
relaxed many real world constraints. For example, in case of maintenance scheduling
problem we have relaxed some of the important real world constraints associated with
the maintenance scheduling problem that arises in the coal supply chain such as job shut
down window, variational processing times, and restriction on the number of resources
available to do the maintenance at a time. In case of reclaimer scheduling problem, we
have ignored the dynamic nature of the real-life reclaimer scheduling problem, which
is one of the important aspect of the real version of the problem. Vessels arrive over
time, and, as a result, the stockpiles that need to be stacked and reclaimed are not
all known at the start of the planning horizon. It would be certainly interesting to
analyse the challenges associated with inclusion of some or all the ignored real-world
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constraints so far for both the problems. For example, in case of reclaimer scheduling
problem, one of the simplest and interesting extension of the abstract model of reclaimer
scheduling problem studied by us, would be to include the two real-world constraints
(1). the stacking time is non zero, and (2). there are precedence constraints between
some but not all stockpiles (such a case may arise when there are stockpiles of different
vessels). It would be nice to investigate how the complexity of the problem will change
upon the inclusion of the above covariants. It would also be interesting to study the
problem with the inclusion of the other real world constraints such as the time windows
for some stockpiles in which they can be reclaimed, and among the two stockpiles of
same characteristics, the older (in age on stockpad) stockpile should be reclaimed first.
Further, it would certainly be interesting to examine the case when the set of stockpiles
that needs to be reclaimed and stacked is not known in advance.
Even though we relaxed a number of real world constraints, our investigation has resulted
in a number of insights and scheduling policies that are useful in practice. For example,
the approximation algorithms provided by us will remain valid for the more general
version of the problem. Though these algorithms in there existing form may not provide
a good approximation ratio for the general version of the problem but may be easily
modified/extended to get good approximation algorithms. Similarly, since the versions
studied by us are sub problems of the real counterpart of the relevant problem, the
complexity analysis provided by us will definitely be useful for the extended versions of
both the problems.
It is also worth to note that, other than the two challenges of coal supply chain that are
studied in this thesis, there are number of other interesting scheduling and management
problems associated with any coal supply chain, such as train scheduling, demand management, and infrastructure expansion, a proper planning of which plays a vital role in
improving the throughput of the coal supply chain. All of these problems also give rise
to intriguing and involved scheduling problems. It would be interesting to do an study
of each of these problems at a finer level. These studies will not only provide the insights
and solutions methodologies for the relevant problem but will also be helpful in getting
a better understanding of the entire coal supply chain and preparing efficient solution
methodologies for the overall system.
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