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Latin Characters
A

Hamaker constant

J

B

Magnetic field induction

T

D

Particle diameter

m

m

Magnetic dipole moment

A.m2

mi

Magnetic moment of i-th particle

A.m2

mj

Magnetic moment of j-th particle

A.m2

r

Centre-to-centre distance between particles

m

d0

Cut-off distance

m

M

Magnetization

A/m

H

Magnetic intensity

A/m

JM

Magnetization Current Density

Ms

Saturation Magnetization

A/m

Hs

Saturation Magnetic Field

A/m

Hc

Coercivity

A/m

Hci

Intrinsic Coercivity

A/m

Br

Remnant Induction

T

Mr

Remnant Magnetization

A/m

𝒏⃗

Unit normal vector acting along the centres of two particles

R

Particle radius

m

R1

Radius of particle one

m

R2

Radius of particle two

m

R*

Reduced particle radius

m

𝑅

Unit vector along relative positions of two particles

-

E1

Elastic modulus of particle one

N.m-2

E2

Elastic modulus of particle two

N.m-2

E*

Reduced elastic modulus

N.m-2

V

Particle volume

m3
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𝑉⃗

Relative velocity vector between two particles

m/s

𝑉⃗

Velocity vector of particle one

m/s

𝑉⃗

Velocity vector of particle two

m/s

𝑉⃗

Velocity of particles along normal direction

m/s

m1

Mass of particle one

kg

m2

Mass of particle two

kg

m*

Reduced particle mass

kg

kB

Boltzmann constant

J/K

Um

Magnetophoretic mobility

m/s

T

Temperature

K

t

Time

s

Greek Characters


Surface-to-surface distance between particles

m

1

Poisson’s ratio of particle one

-

1

Poisson’s ratio of particle two

-



Damping ratio

-

t

Time step

s



dielectric constant

-

0

permittivity of free space

F/m



Debye constant

m-1

s

Electric potential at the surface

mV

𝜁

drag coefficient

N.s.m-1

µ

coefficient of the fluid viscosity

N.s.m-2

m

Magnetic Susceptibility

m3/kg

µm

Permeability of material

N.A-2

𝜇

Permeability of the free space

N.A-2

α

Magnetic field gradient

T/m
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Abstract

Aggregation and separation processes of ultrafine magnetic minerals in a microchannel
in the presence of fluid flow and external magnetic field gradient (MFG) were studied in
this PhD thesis. A computer code based on the Discrete Element Method (DEM) was
developed to this aim. The model included the interaction between magnetic dipoles,
cohesion as simulated by van der Waals force equation, electric double layer and
Brownian forces. The Hertz’s non-linear contact model was used to obtain realistic
particle deformations. The behaviour of the system was analysed for particle sizes ranged
between 0.5 µm and 1.5 µm, in the presence of a magnetic field gradient in the range 0.32.0 T/m. The study was carried out in four steps, which are given in the following
paragraphs.
In the first step, the aggregation process of different densities and sizes of magnetic
particles were analysed in the presence of an external magnetic field induction, in the
absence of a magnetic field gradient. Three different types of particles (iron, magnetite
and magnetite-polystyrene) and four different particle size distributions (a monomodal,
two Gaussians and a trimodal) were considered. It was observed that the total net
interparticle force changed from attractive to repulsive when the particle size decreased.
Furthermore, the analysis of bulk particle suspension showed that there is a critical value
of surface potential above which the particles aggregated in their secondary minimum for
all particle size distributions. In addition, the coordination number of the assemblies
decreased

by

following

the

order

monomodal>narrow

Gaussian>broader

Gaussian>trimodal. This sequence depended on the number of fine particles in the
system. More importantly, particle density did not influence the aggregation behaviour,
however, the lighter particles developed higher velocities than the heavier particles.
In the second step, the size segregation of fine magnetite particles in the presence of an
external magnetic field gradient was investigated. Two opposite phenomena, mutual
magnetisation and hydrodynamic resistance due to the presence of an intervening liquid,
were incorporated into the computer model. The behaviour of single particles, single
chains made of monosized particles and bulk particle suspensions were analysed. For the
bulk particle suspensions, two size distributions of particle were considered: a trimodal
xvi

and a Gaussian.
For the case of single particles, a threshold value of MFG was observed below which the
particles did not move along the direction of MFG. This threshold value of MFG was
higher for the smaller (0.5 µm) than for the larger (1.5 µm) particle. The analysis of the
motion of single chains made of monosized particles showed that chain velocity increased
with increasing number of particles in the chain, due to the effects of mutual
magnetisation. For bulk particle suspensions, the value of coordination number and
number of particles per cluster decreased and the number of singlets increased with
magnetic field gradient for both particle size distributions. This indicated that the level of
aggregation decreased significantly with increasing magnetic field gradient. This effect
was probably due to the magnetic field gradient force, which is proportional to particle
size and make particles of different sizes to move along the direction of magnetic field
gradient at different velocities. Therefore, size segregation occurred and less particles
aggregated as compared to the case in the absence of MFG. This aggregation was
corroborated by the visualisation of the simulations, which demonstrated that small
particles did not move in response to the magnetic field gradient while the larger particles
aggregated and responded to the external magnetic field gradient.
In the third step, the aggregation and motion of magnetic particles in the presence of fluid
flow and a magnetic field gradient were studied. The study was carried out for single
particle chains and bulk particle suspensions for two different configurations of magnetic
field gradient: co-current and counter-current. The behaviour of the system was analysed
for plug and parabolic fluid flows. For the co-current case, it was clear that the velocity
of the chains was the result of the addition of the fluid and MFG contributions. However,
for a counter-current configuration of MFG, a threshold fluid velocity was observed
below which the particles were able to move along the direction of MFG due to the
opposite effect of fluid flow and MFG. For the case of parabolic flow, a higher number
of particles in the chain was required to move along the direction of MFG in a countercurrent configuration of MFG than for the plug flow. In addition, the particle chains were
observed to break at the centre of the chain for the case of parabolic flow due to shear
effects. For the case of bulk particle suspensions, some of the particles aggregated, while
others remained in the form of singlets or doublets. A threshold fluid velocity was
observed below which the aggregated particles moved along the direction of MFG while
xvii

the singlets and doublets moved along the direction of fluid flows in a counter-current
configuration. This observation was consistent with the single particle chain study.
The fourth step was the analysis of the aggregation and segregation of magnetic and nonmagnetic particles. The aggregation behaviour was analysed by plotting the number of
contacts and singlets of these particles. For the case of magnetic particles, the number of
contacts per particle increased with particle size due to the dependency of the magnetic
force on the particle diameter. However, a few non-magnetic particles aggregated with
the magnetic particles. This level of aggregation was probably due to the net force (van
der Waals and EDL) between silica and magnetite, which was attractive even at distances
of 4 nm. The aggregated magnetic particles separated from the non-magnetic particles for
a fluid velocity less than -10 µm/s with a magnetic field gradient of 2.0 T/m. This value
of MFG (2.0 T/m) was not sufficient to overcome the fluid drag force when the fluid
velocity was higher than -10 µm/s and therefore, all the particles moved in the direction
of the fluid flow.
Overall, this thesis has demonstrated that fine magnetic particles can be separated from
non-magnetic materials in a microchannel by using a counter-current magnetic field
gradient. In addition, the aggregation process was hindered due to the presence of MFG.
Nevertheless, an experimental investigation is required, which could aid the simulation
results for future applications.
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Chapter 1:

Introduction

1.1 Introduction
Magnetic field gradients have been widely used to separate magnetic from non-magnetic
materials. High gradient magnetic separation (HGMS) systems are typical of the mineral
processing industry and they are also used in wastewater treatment plants to remove
magnetic particles (Kelland, 1973; Gerbei et al., 1983; Svoboda, 2001; Eisenträger et al.,
2014). HGMS systems are also commonly utilised in biomedical fields for separating
micronsized and nanosized magnetic from non-magnetic particles (Inglis et al., 2004;
Pamme & Manz, 2004; Xia et al., 2006) as well as drug targeting in the human body
(Avilés et al., 2007).
In a HGMS system, a suspension flows through a filter mesh made with steel wool
(magnetized material) in the presence of a strong electromagnet (Kelland, 1973;
Eisenträger et al., 2014). The steel wool is made of entwined wires forming an irregular
mesh, which is placed in an external magnetic field. The wires become magnetised and
produce high magnetic field gradients in their vicinity (Kelland, 1973; Chen et al., 2013;
Chen et al., 2016; Kheshti et al., 2020). Efficient separation of very weakly magnetic
particles of micron size is possible by using HGMS systems (Oberteuffer, 1973). The
details for the different types of HGMS devices and their applications can be found
elsewhere (Oberteuffer, 1973; Svoboda & Fujita, 2003; Svoboda, 2004). The term “high
gradient” has different meanings in different areas. For instance, in mineral separation, a
high gradient magnetic system is a device that uses around 104 T/m (Svoboda 2004).
However, in microfluidic devices, it is not possible to achieve these values. Therefore,
values of magnetic field gradient in the order of 10 T/m are labelled as “high gradient”
(Pamme & Manz, 2004; Xia et al., 2006).
Trindade and Kolm (1973) carried out an experimental investigation of the use of a high
gradient magnetic separator, for the removal of paramagnetic particles from coal. They
investigated the combined effect of slurry velocity and particle size on separation
efficiency for particles larger than 20 µm and fluid velocities of less than 2 cm/s.
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Eisenträger et al. (2014) found that high gradient magnetic separation is an efficient way
to remove magnetic and paramagnetic particles from wastewater. They (Eisenträger et
al., 2014) presented a theoretical model and showed a critical value of Mason number
below which particles were captured, irrespective of particle initial positions in the mesh.
However, there was no link to the actual values of magnetic field and fluid flow.
Pamme and Manz (2004) developed a microfluidic device to analyse the separation of
larger from smaller magnetic particles as well as magnetic from non-magnetic particles.
This microfluidic device was useful to purify human blood by separating either the living
E. coli bacteria (Xia et al., 2006) or leukocytes (Inglis et al., 2004) bound to magnetic
particles from red blood cells (RBCs). Inglis et al. (2004) created a magnetic field gradient
by positioning magnetic stripes at the bottom of channel. However, they did not determine
the actual value of the magnetic field gradient. In addition, Xia et al., (2006) did not
achieve the efficient separation of particles despite the presence of magnetic field gradient
lower than 15 T/m. Nevertheless, no investigation of the combined influence of fluid flow
and magnetic field gradient were carried out in these cases.
An important aspect to take into consideration when studying magnetic separation is that
magnetic particles trend to aggregate due to magnetic dipole-dipole interaction. When
subject to an external magnetic field, magnetic materials aggregate forming chainlike
structures (Garcia-Martinez et al., 2004; Ke et al., 2017) due to the dipole-dipole
interaction (de Gennes & Pincus, 1970; Fermigier & Gast, 1992; Cebers & Javaitis, 2004;
van Netten et al., 2013). These aggregated particles can then be separated from other
existing components by an external magnetic field gradient (Oberteuffer, 1973; Svoboda
& Fujita, 2003; Li et al., 2007; Senkawa et al., 2011).
In addition, computer simulation techniques are very useful to analyse magnetic systems
as a large number of parameters may be implemented in the numerical model. Studies
related to computer simulations of magnetic systems can be seen in the area of
engineering applications and biomedical sciences. Studies in engineering and physics
applications have been mainly focused on the aggregation (Wang & Holm, 2003; Cebers
& Javaitis, 2004; Lim & Feng, 2012; Heinrich et al., 2015; Ku et al., 2015; Neville &
Moreno-Atanasio, 2016) and capture (Nakai et al., 2011; Cao et al., 2012; Eisenträger et
al., 2014) of magnetic particles. However, in the biomedical sciences research, studies
have been focused on targeted drug delivery (Avilés et al., 2007; Cregg et al., 2008;
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Pourmehran et al., 2015) and the separation of red from white blood cells (Han & Bruno
Frazier, 2004).
These applications involve particles with sizes between 1 nm and tens of micrometres
(Table. 1.1). For small particles, van der Waals and Brownian forces dominate over the
contribution of the magnetic force. However, as particle size increases, the magnetic
force, which depends on the product of the two magnetic moments, increases with the 6 th
power of the particle size. In contrast, the van der Waals force increases linearly with size
and the electrical double layer repulsion increases with the square of particle size.
Furthermore, the Brownian forces only increase with the square root of particle size.
Therefore, there must exist a range of particle size for which the van der Waals and the
magnetic forces have similar strength. This aspect could be of the utmost importance to
control particle aggregation, separation and/or beneficiation of minerals or even particle
transport in narrow channels. However, this range of particle sizes has not been
adequately studied in the literature. Examples of cases studied for different size magnetic
particles are given in Table 1.1.
Table 1.1 Magnetic particle sizes considered in different case studies for magnetic
systems
Authors

Particle size

Case Studied

Svoboda (1982)

1.0-40.0 µm

Magnetic flocculation and treatment of fine weakly
magnetic minerals

Svoboda (2001)

2 – 45 µm

Capture of magnetic particles by a magnetic matrix
mesh

40 µm

Deformation and breakage of magnetic particle
chains

0.98 mm

Size segregation: important in the area of mining
and agricultural engineering
Separation of different sized magnetic particles and
magnetic from nonmagnetic particles in a
microfluidic device
Separation of magnetically tagged leukocytes from
red blood cells
Remove living E. coli bacteria bound to magnetic
nano-particles from red blood cells
Magnetic drug targeting at a desired site in the
human body
Separation of magnetic particles from non-magnetic
fluid
Capture of magnetic particles in a magnetisable
filter mesh
Segregation of different sized diamagnetic particles

Tao (2001)
Zhang et al. (2004)
Pamme and Manz
(2004)

2-6 µm

Inglis et al. (2004)

10 µm

Xia et al. (2006)

1.0-2.8 µm

Avilés et al. (2007)

40-1000 nm

Zhou et al. (2008)

1.58 mm

Nakai et al. (2011)

35 µm

Zeng et al. (2013)

3, 5 and 10 µm
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van Netten et al.
(2013)
Song et al. (2014)
Sharpe et al. (2015)
Orlandi et al. (2016)

0.6-1.0 mm

Neville and MorenoAtanasio (2018)

0.6-21 µm

75 µm
5 µm
80 nm

and yeast cells
Particle motion in a gradient magnetic field
Breakage of magnetic particle chains
Bending and breakage of magnetic chains
Capture of magnetic nanoparticles in a microfluidic
device
Influence of shell thickness on the formation of
magnetic particle chains

1.2 Objective of the thesis
The main objective of this study was to analyse the segregation behaviour of micron sized
magnetic and non-magnetic materials in a microchannel in the presence of an external
magnetic field. In order to carry out this study, it was assumed that the magnetic particles
were magnetised and oriented along the direction of external magnetic field, when the
suspensions of these particles were placed in an external magnetic field. Therefore, the
orientation of the magnetic moments under an external magnetic field was not studied as
part of this thesis. In addition, aggregates of magnetic particles are linear as the magnetic
force is stronger in the direction of the magnetic field. Thus, it is not expected that the
rotation of the particles will have an effect on aggregate formation. Specific objectives of
the thesis are described below.
The first objective was to understand the role of the van der Waals, Brownian and
electrical double layer forces on the aggregation behaviour of different densities, sizes
and size distributions of magnetic particles. This was because the role of these forces on
the aggregation of magnetic particles has not been properly addressed in the literature. A
weak magnetic field was considered to identify the range of Hamaker constants that
would allow the aggregation process to be driven simultaneously by both magnetic and
van der Waals forces. In addition, the three forces: magnetic, van der Waals, Brownian
and EDL are comparable in the presence of this magnetic field induction.
The second objective was to analyse the transport and size segregation of magnetic
particles in the absence of fluid flow. The correction of the particle magnetisation due to
the presence of neighbouring particles and hydrodynamic resistance due to the presence
of an intervening liquid were introduced to increase the accuracy of the model. The third
objective was to investigate the size segregation of magnetic particles in the presence of
fluid flow and for two different orientations of the magnetic field gradient: co-current and
counter-current. Finally, the last objective was to analyse the separation of magnetic from
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non-magnetic particles in the presence of fluid flow and a counter-current magnetic field
gradient.

1.3 Thesis organisation
This thesis is organised in seven chapters including chapter 1 containing the general
introduction, which describes a brief background on the topic of the thesis and main
objective of the research. The contents of the rest of the chapters are given below:
Chapter 2 provides a brief literature review on the magnetism background, chain
formation of magnetic particles, breakage of magnetic particles chain and the separation
process of magnetic and non-magnetic particles. In addition, the study of the magnetic
system using discrete element method (DEM) was also presented in this chapter.
Chapter 3 shows an analysis of the effect of particle sizes on the chain aggregation process
of colloidal magnetic particles in the presence of an external magnetic field. The
interparticle force analysis was first carried out in order to understand the behaviour of
magnetic particle suspensions.
Chapter 4 is focused on an investigation of size segregation of magnetic particles in the
presence of a high gradient magnetic system (HGMS). The motion of a single particle
and a single chain made of different number of monosized particles was first carried out
in order to describe particles behaviour in the bulk suspension in the presence of an
external magnetic gradient.
Chapter 5 presents the influence of fluid flow on size segregation of fine magnetic
particles with a high gradient magnetic system. The behaviour of a single chain made of
different number of monosized particles in the presence of fluid flows was first carried
out in order to analyse particles behaviour in the bulk suspensions. The bending and
breakage of different number of particle chains due to shear flow was also analysed in
this chapter.
Chapter 6 is focused on the separation of magnetic particles from non-magnetic particles
in the presence of fluid flow in a high gradient magnetic system. The properties of
magnetite and silica particles were considered as the magnetic and non-magnetic
particles, respectively, to study the separation behaviour.
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Chapter 7 contains the final conclusions of the thesis highlighting the most important
achievements and the chapter concludes with the recommendation for future work.
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Chapter 2:

Literature Review

2.1 Introduction
The literature on magnetic colloidal particles is very rich. In these systems, the stability
of the suspension is controlled by either Brownian or electrical double layer forces.
However, the majority of studies focus on particles at the nanoscale, with little attention
paid to micron-sized particles. The reason for this is that for micron-sized particles with
external magnetic fields of 0.1 T and above, the magnetic attraction between particles is
so strong that they cannot form stable colloidal suspensions. This chapter reviews the
current understanding of magnetic colloidal suspensions, especially those with
micrometre-sized particles.

2.2 Magnetism Background
Thales of Miletus, one of the Seven Sages of Greece, stated that the interaction between
magnetite and iron had been known since at least 600 B.C. The classical Greek
philosopher Socrates stated that magnetite can induce iron to obtain attractive powers and
become magnetic (Svoboda, 2004). Socrates observed that this lodestone, or iron, does
not simply attract iron rings, it also conveys a force to the rings, enabling them to do the
same thing as the magnetite itself (Svoboda & Fujita, 2003).
2.2.1

Magnetic materials

All kinds of materials and substances in nature hold certain magnetic properties,
regardless of their composition and state. According to their relative permeabilities,
materials can be divided into five basic categories (Svoboda, 2004), namely, diamagnetic,
paramagnetic, ferromagnetic, antiferromagnetic and ferrimagnetic. Alternatively, based
on their magnetic susceptibility, materials can be divided into three categories:
ferromagnetic, paramagnetic and diamagnetic (Garcia-Martinez et al., 2004). The
relationships between magnetic permeability and magnetic susceptibility are described in
Section 2.2.2. Materials with higher permeability are more attracted by magnets than
those with lower values, such as paramagnetic materials.
Paramagnetic materials have a very low relative permeability and, thus, have low
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attraction to magnets (Relle et al., 1999). This kind of material can be magnetized by
placing it in a very strong magnetic field. Aluminium is an example of a paramagnetic
material with a relative permeability of approximately 1.0. Figure 2.1a shows a schematic
of magnetic dipole moments aligned randomly, which is the case of paramagnetic
materials that are not in a magnetic field. These moments start to align parallel to the
applied magnetic field in such a way that materials such as mercury, lead, sulfur, copper,
silver, bismuth and wood, which are repelled by magnets, are known as diamagnetic
materials. When a magnetic material is positioned in an external magnetic field, the
material develops a weak magnetic moment opposed to the field. The magnetic
susceptibility and relative permeability of different magnetism categories are shown in
Table 2.1.
Table 2.1 Magnetic susceptibility for different magnetism categories of materials
Diamagnetism

Paramagnetism
Antiferromagnetism

Ferromagnetism
Ferrimagnetism

Susceptibility

<0

≥0

>> 0

Relative
permeability

<1

≥1

>> 1

Parameter

Ferromagnetic materials are strongly attracted by an external magnetic field. These
materials have a very high susceptibility and retain some magnetization after removal of
the external field (Garcia-Martinez et al., 2004; Svoboda, 2004). Examples include iron,
steel, nickel and cobalt. The permeability of these materials is very high and depends on
the value of the external field. The interaction between neighbouring atoms in
ferromagnetic materials is strong, so that despite the randomizing force of thermal
motion, the magnetic moments of all atoms are aligned parallel to each other (Svoboda,
2004). Figure 2.1b is a schematic of magnetic dipole moments aligned in parallel, which
describes the case of ferromagnetic materials.
Antiferromagnetic materials have small positive susceptibilities and high relative
permeability. The adjacent magnetic ions of magnetic moments in antiferromagnetic
materials tend to align anti-parallel to each other without an applied field. These adjacent
magnetic moments are equal in magnitude and opposite in direction, so there is no overall
magnetization. Figure 2.1c shows a schematic of adjacent magnetic dipole moments with
equal

magnitude

aligned

anti-parallel

in

an

antiferromagnetic

material.
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Antiferromagnetism can be observed mostly in transition metal oxides such as MnO, CoO
and NiO, as well as in similar compounds such as sulfides and selenides (Svoboda, 2004).
The magnetic moments in a ferrimagnetic material are ordered regularly in an antiparallel
sense, but have different sizes. Therefore, the sum of the moments pointing in one
direction is either larger or smaller than that of those pointing in other directions. The
magnetic properties of ferromagnets and ferrimagnets are generally similar. The
magnetization of these two materials is stronger than that of any other type of magnetic
material. Ferrimagnetism can be found in ferrites, mixed oxides of iron, namely magnetite
Fe3O4 and maghemite -Fe2O3 (Svoboda, 2004). The alignment of the magnetic dipole
moments is shown schematically in Fig. 2.1d.

a) Paramagnetic

b) Ferromagnetic

c) Antiferromagnetic

d) Ferrimagnetic

Figure 2.1 Schematic of the alignment of magnetic dipole moments in materials that are
a) paramagnetic, b) ferromagnetic, c) antiferromagnetic and d) ferrimagnetic (adapted
from Svoboda, 2004)
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2.2.2

Magnetic moment, permeability and susceptibility

The parameter representing the magnetic strength and orientation of a magnet or other
object that produces a magnetic field is known as the magnetic moment. Magnetization is
the process of making a magnetic material temporarily or permanently magnetic by
introducing it into a magnetic field. If the magnetic moment of the ith atom is 𝐦 , then the
the magnetization vector quantity 𝐌 can be defined by all the magnetic dipole moments
per unit volume (Reitz et al., 2008; Spaldin, 2010), and Δv can be given by Equation (2.1):
𝐌 = lim
∆ →

1
∆𝑣

𝐦

(2.1)

For the unmagnetized state, the summation ∑ 𝐦 will be zero as a result of the random
orientation of the magnetic moment vectors mi but, in the presence of an external field,
𝐌 usually depends on this field.
When an external magnetic field intensity 𝐇 is applied to a material then the response of
the material is known as the magnetic induction 𝐁. The relationship between 𝐁 and 𝐇
generally represents the property of the material. This relation can be expressed in SI
units, as below:
𝐇=

1
𝐁−𝐌
𝜇

⇒ 𝐁 = 𝜇 (𝐇 + 𝐌)

(2.2)

Where 𝜇 is the magnetic permeability of the free space, which is equivalent to
4𝜋 × 10

H/m. The conversion for centimetre-gram-second (CGS) to international

system (SI) units of different magnetic units are given in Table 2.2.
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Table 2.2 CGS to SI units for different magnetic quantities
Quantity

Symbol

CGS Unit

Conversion
factor

SI Unit

Flux density or
magnetic induction

B

G (Gauss)

10-4

T (Tesla)
N/(Am)

Magnetic field
strength

H

Oe (Oersted)

103/4π

A/m

Magnetization

M

Oe, emu.g-1, [emu.g-1.ρ
(g/cm3) (=emu.cm-3)]

103

A/m

Magnetic moment

m

erg/G

10-3

Am2

Mass magnetic
susceptibility

𝜒

cm3/g

4 π10-3

m3/kg

Demagnetization
factor

N

dimensionless

1/4π

dimensionless

Permeability of
vacuum

µ0

1 (dimensionless)

4 π10-7

H/m or N/A2

There is an approximately linear relationship between 𝐌 and 𝐇 for a large class of
materials (Zhang & Widom, 1995). If the material is isotropic as well as linear, then:
(2.3)

𝐌=𝜒 𝐇

where 𝜒 is the magnetic susceptibility, and is related to the relative permeability 𝐾
(Zhang & Widom, 1995; Reitz et al., 2008). The magnetic susceptibility, 𝜒 , is a
proportionality constant that represents the degree of magnetization of a material in
response to an applied external magnetic field. If 𝜒

is positive, then the material is

referred to as paramagnetic and the magnetic induction is strengthened by the presence
of the material. However, if 𝜒 is negative, then the material is called diamagnetic and
the magnetic induction is weakened by the presence of the material. Moreover, 𝜒 varies
quite drastically with temperature, as it is a function of temperature. For paramagnetic
and diamagnetic materials, the susceptibility 𝜒 is very small, i.e.,
|𝜒 | ≪ 1 (for paramagnetic and diamagnetic materials)

(2.4)

The susceptibility of some common materials is given in Table 2.3.
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Table 2.3 Magnetic susceptibility of materials (adapted from Svoboda, 2004).
Material

𝜒 (× 10 )

Type

Copper

−0.98

Diamagnetic

Diamond

−2.2

Diamagnetic

Water

−0.9

Diamagnetic

Titanium

18.0

Paramagnetic

Aluminium

2.1

Paramagnetic

MnO

445.5

Paramagnetic

Pyrite

150

Paramagnetic

Hematite

600

Antiferromagnetic

Magnetite

5 × 10

Ferrimagnetic

Iron (Fe)

2 × 10

Ferromagnetic

Co, Ni

1.8 × 10 , 6 × 10

Ferromagnetic

The magnetic susceptibility 𝜒 is generally given as the mass susceptibility, 𝜒
the molar susceptibility, 𝜒
𝜒 =𝜒

,

𝜒 =𝜒

,

,

,

, or

, which can be defined by Equation (2.5).
(2.5)

d
d
A

(2.6)

Where d is the mass density of the material and A is the molecular weight. However, both
𝐌 and 𝐇 have the dimensions of magnetic moment per unit volume, and 𝜒
𝜒

,

,

𝐇 and

𝐇 give the magnetic moment per unit mass and magnetic moment per unit mole,

respectively.
There is also a relationship between 𝐁 and 𝐇 like that between 𝐌 and 𝐇, which can be
found by combining Equations (2.2) and (2.3) as:
𝐁 = 𝜇𝑯

(2.7)

Where 𝜇 is the permeability of the material, which can be obtained from Equations (2.2)
and (2.3) as below:
𝜇 = 𝜇 (1 + 𝜒 )

(2.8)
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Therefore, the dimensionless quantity can be expressed by Equation (2.9)
𝐾 =

𝜇
= 1+𝜒
𝜇

(2.9)

where, 𝐾 is known as the relative permeability and is sometimes presented instead of
𝜒 . This relative permeability, 𝐾

is very close to unity for paramagnetic and

diamagnetic materials, as listed in Table 2.4.
Table 2.4 Properties of ferromagnetic materials at room temperature. The symbols, 𝑴𝒔 ,
𝑯𝒔 , 𝑯𝒄 and 𝑩𝒓 used in the table are the saturation magnetization, magnetic intensity
required for saturation, coercivity and remanence, respectively (adapted from Reitz et al.,
2008).
Material
Elements
Iron (annealed)
Cobalt
Nickel
Alloys and
Compounds
Iron-Silicon
Permalloy
Mumetal
Permendur
Mn ferrite
Ni ferrite

Cobalt Steel
Alnico V
Platinum-cobalt
Samarium-cobalt
Neodymium-iron

Composition (%)

𝜇 𝐌𝐬 (T)

𝐇𝐬 (A/m)

𝐾 (max)

2.15
1.79
0.61

1.6 × 10
7.0 × 10
5.5 × 10

5,500

𝑯 (A/m)
96 Fe, 4 Si
55 Fe, 45 Ni
5 Cu, 2 Cr, 77 Ni, 16
Fe
50 Co, 50 Fe
Mn Fe2O4
Ni Fe2O4

52 Fe, 36 Co, 4 W, 6
Cr, 0.8 C
51 Fe, 8 Al, 14 Ni, 24
Co, 3 Cu
77 Pt, 23 Co
Sm Co
13 Nd, 81 Fe, 6 B

1.97
1.60
0.75

56
5.6
1.2

8,000
50,000
100,000

2.45
0.49
0.32
Br (T)
0.97

159

5,000
2,500
2,500

19 × 10

1.25

52 × 10

0.6
0.84
0.80

3.4 × 10
6.7 × 10
1.2 × 10

Another type of magnetic material comprises the ferromagnetic materials, which are
characterized by possible permanent magnetization, which has a profound effect on
magnetic induction. The magnetisation of ferromagnetic materials are not linear and,
thus, Equations (2.3) and (2.7) with constants 𝜒 and 𝜇 do not apply.
However, certain kinds of iron, like soft iron, can be treated as approximately linear and
the equations above can be applied to them only. The magnetic properties of some
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ferromagnetic materials are listed in Table 2.4.
2.2.3

Colloidal suspensions

Colloidal particles are suspended in a continuous medium; they are stable and do not
settle. Colloidal particles range in size between 1 nm (10-9 m) and 1 µm (10-6 m; Shaw,
1966; Chin et al., 1998; Teixeira et al., 2000; Bergna & Roberts, 2005). They can be solid
particles, hollow capsules, droplets, bubbles, macromolecules or flocs. Colloidal
dispersions are two-phase systems comprising a dispersed phase (particles) and a
dispersion medium (in which the particles are distributed). Colloids are extensively used
in pharmaceuticals, for ore flotation, and in wastewater treatment (Eisenträger et al.,
2014). The basic types of colloidal dispersions are shown in Table 2.5.
Colloidal science is an inter-disciplinary subject, with some key areas were investigated
by physicists (e.g. van der Waals). It is generally focused on the behaviour of a group of
particles in suspension and is the study of systems involving small particles of one
substance suspended in another. Two general forces, DLVO (named after the four
scientists Deryagin, Landau, Verwey and Overbeek) and non-DLVO, are actively present
in surface and colloidal behaviours (Svoboda, 1981; Kleef et al., 1983; Chin et al., 1998).
The DLVO forces are the van der Waals and electric double layer forces. Non-DLVO
forces include the hydrophobic forces between hydrophobic surfaces, hydration repulsion
between hydrophilic surfaces, polymeric bridging attraction and steric repulsion due to
polymer adsorption (Svoboda & Ẑofka, 1983).
2.2.4

Magnetic colloids

Colloidal dispersions of small magnetic particles form magnetic colloids that present a
dipolar interaction when an external magnetic field is applied (Promislow et al., 1995;
Chirikov et al., 2010). When an external field is applied, the particles experience an
attractive force along the direction of the field and a repulsive force normal to it. The
magnetic interaction is tunable by adjusting the strength of the external magnetic field.
Ferrofluids (FFs) and magnetorheological fluids (MRs) are some common types of
magnetic colloidal dispersions, and are mainly classified according to particle size
(Popplewell et al., 1995; Promislow et al., 1995; Chirikov et al., 2010; Kargulewicz et al.,
2012). Ferrofluids are suspensions of nanoscale magnetic particles of diameter < 10
nanometres suspended in a carrier fluid, usually an organic solvent or water (Rosenweig,
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1985; Kargulewicz et al., 2012). In the presence of an external magnetic field, FFs remain
fluid. Steric repulsions prevent nanoparticles from aggregating and the magnetic domain
does not form clusters due to thermal Brownian motion. Therefore, FFs can be stable for
years and do not settle with time, even in an external magnetic field (Rosenweig, 1985).
On the other hand, MR fluids contain micrometre-scale magnetic particles that are one to
three orders of magnitude larger than those of FFs (Popplewell et al., 1995; De Vicente
et al., 2011; Kargulewicz et al., 2012). These MR fluids are a kind of “smart material”
whose mechanical properties can be altered in a controlled fashion by an external
magnetic field (Vicente et al., 2011). When MR fluids are subject to an external magnetic
field, linear aggregates of particles form parallel to the direction of the external magnetic
field. Therefore, fluid viscosity increases and the fluid is transformed into a viscoelastic
solid.
These magnetic colloids have attracted considerable interest from investigators and
engineers due to their unique physical properties. They may be valuable for use in modern
technologies such as shock absorbers, brakes, clutches, seismic vibration dampers and
artificial joints (Vicente et al., 2011; Kargulewicz et al., 2012). Magnetic colloidal
particles are also extensively used in medicine for diagnostic and therapeutic biomedical
applications, including hyperthermia cancer treatment, magnetic carriers for drug
vectorization, magnetic resonance imaging (MRI) and cell separation (Curtis, 2003;
Saiyed et al., 2003; Inglis et al., 2004; Pamme & Manz, 2004; Xia et al., 2006).
Hyperthermia is mainly used as a treatment to kill or weaken tumour cells and has
negligible effects on healthy cells (Curtis, 2003; Saiyed et al., 2003). For magnetic drug
targeting, the particles are directed to a certain location in the human body by means of a
magnetic field gradient (Curtis, 2003; Avilés et al., 2007).
2.2.5

Magnetic chains

Magnetic particles can aggregate and form chain-like structures (Garcia-Martinez et al.,
2004; Ke et al., 2017) due to dipole-dipole interactions under the influence of an external
magnetic field (de Gennes & Pincus, 1970; Fermigier & Gast, 1992; Cebers & Javaitis,
2004). The significance of chain aggregation phenomena is of the utmost importance in
different areas of engineering, as it can be controlled by the intensity of the external
magnetic field and, thus, allow particles to fulfil specific tasks, as occurs in mineral
separation applications (Nakai et al., 2011; Ku et al., 2014). However, the formation of
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magnetic chains is highly undesirable in applications such as drug delivery into the
vascular system (Freund & Shapiro, 2012).
de Gennes and Pincus (1970) theoretically discussed some of the properties of spherical
ferromagnetic grains at thermal equilibrium in a passive fluid. They noted that at high
external magnetic fields, low particle concentrations and mild temperatures, grains tend
to form chains along the direction of the field. The mechanism of small ferromagnetic
particle chain aggregation in viscous media was discussed by Berkov (1992). He observed
that, in the mechanism of inter-chain interaction, straight chains do not act as thin
cylinders, because an infinite uniformly magnetized cylinder does not induce any
magnetic field in the surrounding space. Fermigier and Gast (1992) described the
structural evolution of a suspension of superparamagnetic polystyrene particles with a
mean diameter of 1.5 µm loaded with iron oxide grains. Particles experienced an
attractive dipolar interaction and formed linear chains by aggregating tip-to-tip parallel to
the applied field at a low volume fraction when a magnetic field was applied (Fermigier
& Gast, 1992). At a low concentration, the chains were dilute and well separated from
each other (Furst & Gast, 2000). A relatively uniform chain could be formed at very high
dipole strengths and low concentrations. At higher concentrations, the separation distance
between chains decreased and lateral interactions between chains were observed (Furst &
Gast, 2000).
Garcia-Martinez et al. (2004) described the chainlike structures of ferromagnetic and
weakly magnetic minerals, highlighting the magnetic flocculation of mineral fines in
aqueous suspensions. It was noted that in the presence of an external magnetic field,
particles aggregated in a linear form that was aligned with the field direction. In a
ferromagnetic system, magnetic flocs formed rings, chains and branches in the absence
of an external field. Cebers and Javaitis (2004) applied the model of an elastic rod to study
the behaviour of flexible magnetic particle chains in a rotating magnetic field. It was
observed that at a low frequency of rotation, the rods or chains had bent shapes that rotated
synchronously with the applied field. Bending of the rods increased with the rotating
frequency of the field.
Lim and Feng (2012) studied the formation of magnetic nanoparticle aggregates
experimentally and by electron microscopy in the presence and absence of a magnetic
field. Two batches of nanoparticle suspensions were used with sizes of 75 nm and 200
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nm. A cuvette containing a mixture of nanoparticles was placed either adjacent to a single
permanent magnet or between two permanent magnets with a field strength of 0.3 T. It
was observed that the magnetic nanoparticles aligned themselves into branches oriented
in no particular direction in the absence of an external magnetic field. Meanwhile, in the
presence of an external magnetic field, the particles formed themselves into ordered
branches parallel to the external magnetic field.
Kargulewicz et al. (2012) investigated chain aggregation in a magnetorheological fluid
as related to controlling the structure and properties of a fluid-particle mixture by applying
an external magnetic field. The structures of magnetorheological fluids under shear have
been investigated by Lagger et al. (2014). They conducted particle-based 3D simulations
to investigate microstructural formations in a bulk magnetorheological fluid. They also
studied the specific particle coordination number to quantify the formation of the structure
of the fluid. Ku et al. (2014) studied ferromagnetic mineral particle chain aggregation in
a separation process. They analysed the forces acting on ferromagnetic mineral particles,
which included frictional resistance and magnetic dipole-dipole attractions, the dynamic
process of ferromagnetic mineral particle chain formation in a magnetic field, and the
energy conversions that take place during chain formation. Later, Ku et al. (2015)
experimentally and numerically analysed the 3D characteristics of the magnetic potential
energy of magnetic particles in a magnetic field and derived a formula describing the
interaction forces between magnetic particles.
However, particle aggregation can also depend on the presence of other interaction forces,
such as van der Waals and electrical double layer forces, with the former being attractive
and the latter being repulsive.
2.2.6

Study of magnetic systems in terms of van der Waals and electric double
layer forces

Studies of magnetic systems in the presence of van der Waals and electric double layer
forces are scarce. de Gennes and Pincus (1970) theoretically studied the van der Waals
interaction of spherical ferromagnetic grains suspended in a magnetically passive liquid.
The study was carried out using 100 Å-sized spherical ferromagnetic grains (de Gennes
& Pincus, 1970). These grains tend to form chains along a high external magnetic field at
low concentrations and not too high temperatures. They found that the van der Waals
interactions cause a slight sticking effect on contact. Some chains were present after
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removing the external magnetic field, although they were oriented at random and in
competition with closed rings and clusters.
Svoboda (1981) published a paper on the magnetic flocculation of paramagnetic and
diamagnetic mineral particles by considering DLVO theory. He thoroughly investigated
the effects of surface potential, the Debye-Huckel reciprocal length parameter, and the
Hamaker constant. The dependence of a threshold flocculating magnetic field was studied
for surface potentials ranging from 18.6 mV to 100 mV with a Hamaker constant of 5.0
 10-20 J. The behaviour of the system was analysed for particle sizes of 0.5–20 µm. It
was observed that the threshold flocculating magnetic field increased from 0.1 T to 0.55
T with increases in surface potential from 20 mV to 100 mV. He has noted that the van
der Waals attraction was negligible at larger interparticle distances. The transition
between stable and unstable colloid systems depended on the electrostatic repulsion and
magnetic attraction between particles. The total interaction energy of two 5 µm hematite
particles was also observed at magnetic field inductions (B) of 0.01 T and 0.02 T. It was
noted that the potential barrier prevents particles from flocculating into the primary
minimum at B = 0.01 T. However, at B = 0.02 T, the interaction energy had purely
attractive and particles coagulated into the potential well (Svoboda, 1981). Later,
Svoboda and Ẑofka (1983) developed a theoretical model of secondary minimum
magnetic flocculation of weakly magnetic minerals using DLVO theory. Their study used
hematite, siderite, goethite, rutile and diamagnetic quartz minerals of radii ranging from
0.1 µm to 9.5 µm. The values of surface potential and magnetic field induction varied in
the ranges 10–50 mV and 10-4–50 T, respectively. The Hamaker constant was fixed at 5.0
× 10-20 J. They noted that the van der Waals attraction was dominant when the particles
were very close to each other. However, at slightly larger distances, the attractive van der
Waals force was negligible and the total interaction energy depended on the repulsive
electrostatic and attractive magnetic interactions.
Yiacoumi et al. (1996) investigated magnetic seeding flocculation in a suspension of
micron-sized (1–10 µm) magnetic particles. They analysed the collision efficiency and
collision frequency of particles by considering van der Waals and electrostatic forces
along with gravitational, magnetic dipole and hydrodynamic particle-particle interaction
forces. The electrostatic force behaviour was described; however, the effects of this force
on collision efficiency and frequency were neglected. It was observed that the effects of
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van der Waals forces become negligible with increasing magnetic force.
Chin et al. (2000) considered both van der Waals and electrical double layer forces to
investigate the chain formation and breakup of superparamagnetic particles in the
presence of an external magnetic field. Their objective was to observe aggregation at the
secondary minimum of the potential energy. The aggregation behaviour was analysed for
magnetite polystyrene particles of size 0.89 µm at magnetic induction values of 0.05–0.8
T. The secondary-minimum separation distance increased due to increases in electrostatic
repulsion with increasing zeta potential. The value of the Hamaker constant was
considered to be 1.6  10-20 J; however, the importance of van der Waals interactions was
ignored.
Senkawa et al. (2011) studied the process of separating stainless used steel (SUS) from
either silica or alumina in high gradient magnetic separation (HGMS) and evaluated the
adhesion force between particles. The representative forces that contribute to this
adhesion force are van der Waals, electrostatic and liquid bridge forces. They assessed
the flow velocity in the region where the drag force exceeded the adhesion force
according to measurements of adhesion force. However, effects of the van der Waals and
electrostatic force on the separation process were not clearly observed.
2.2.7

Breakage of magnetic particle chains

Chin et al. (2000) studied the chain formation and breakup of superparamagnetic particles
in the presence of an external magnetic field. Chain breakage was analysed by switching
the external magnetic field on and off. It was found that the chain breakage kinetics
depended on the intensity of the external magnetic field (Chin et al., 2000).
Tao (2001) applied an external shear force to chains perpendicular to an external magnetic
field. The behaviour of the system was analysed by applying a pair of shear forces to the
first and last particles in the chains. The chains were made of 70 iron particles of 40 µm
diameter with a magnetic field induction of 0.576 T. It was observed that the chains
deformed, became slanted and broke in two when the shear force exceeded a threshold
value. The breaking point was the chain’s weak point under shear (Tao, 2001).
Kang et al. (2008) studied the motion and breakage of suspended paramagnetic particle
chains in an externally-applied magnetic field. They considered four Mason numbers,
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0.0005, 0.002, 0.005 and 0.0 to investigate the dynamics of magnetic chain and flow
characteristics. It was observed that the flow characteristics significantly were influenced
by this range of Mason numbers. The chains rotated, almost like a rigid chain, following
the rotating magnetic field at a low Mason number of 0.0005. Chain break-up was
observed between the two intermediate Mason numbers of 0.002 and 0.005. At a Mason
number of 0.002, the chain split into two and later recombined to form a single chain
again. On the other hand, at a Mason number of 0.005, the chain split into three chains
that remained separate. In addition, at the higher Mason number of 0.01, the chains rotated
counter-clockwise with a forward and backward oscillatory motion.
Song et al. (2014) studied the rupture force needed to break magnetite particle chains in
a uniform magnetic field. The rupture force was obtained by employing a fluid flow
perpendicular to the external magnetic field. This force depended on the pressure
difference at the entrance and exit tubes due to fluid flow, and on cell width. Their study
was carried out at an external magnetic field of 0.05 T with particle sizes ranging from
45 µm to 75 µm. It was found that the magnetite particle chains broke in the middle after
applying a fluid flow perpendicular to the direction of the external magnetic field.
The micromechanical deformation and breakage of magnetic particle chains were studied
by Sharpe et al. (2015). The effect of varying the fluid shear rate on the magnetic strength
of linear magnetic particle chains in a non-magnetic fluid was investigated. The fluid flow
was applied normal to the axis of the chains. In order to create a shearing motion, the
fluid flow was incorporated in a way that the fluid pushed the chains in one direction on
the top half and in the opposite direction on the bottom half. They considered 5-µm iron
particles and observed the breakage of chains comprised of 5–25 particles at magnetic
field inductions of 0.008–1.0 T. It was found that higher shear rates were required to break
chains with lower numbers of particles (Sharpe et al., 2015). The critical shear rates
needed to break chains of 5, 10 and 15 particles were 105,000/s, 28,000/s and 12,500/s,
respectively.

2.3 Magnetism Applications
2.3.1

Magnetic flocculation

Flocculation is the process in which colloids aggregate to form larger particles called flocs
by the addition of a chemical called a flocculant (Chin et al., 1998). Typical flocculants
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are alum (Al2(SO4)3) and ferrix (Fe2(SO4)3; Zhu et al., 2011). The flocculation process is
often used to clean turbid water.
Magnetic flocculation is the aggregation of fine magnetic particles in a medium due to
magnetic attraction (Garcia-Martinez et al., 2004). This process is a particularly
promising technique for the manipulation of magnetic minerals (Svoboda, 1981). It is
possible to save valuable particles with sizes of up to 20 µm by using this process, which
usually escaped in conventional high-gradient magnetic separation systems (Svoboda,
1981). Due to the N- and S-polarities of the magnets, the particles become magnets, which
leads to them aggregating in the forms of chains, rings and branches (Garcia-Martinez et
al., 2004). This phenomenon was observed early in mineral industries and is applied to
magnetic concentrate slurries treated in magnetic drums. In the presence of a magnetic
field, the magnetic fines are first magnetized in the drums and then aggregated in the form
of magnetic flocs during transportation. This flocculation is very helpful for thickening
and filtering magnetite concentrates (Garcia-Martinez et al., 2004).
Svoboda (1981) described the magnetic flocculation of weakly magnetic minerals
according to DLVO theory. He calculated the interaction energy of a system of
paramagnetic and diamagnetic mineral particles of colloidal dimensions (1–40 µm in
diameter) under the influence of an external magnetic field. The behaviour of the system
was analysed for paramagnetic hematite, siderite and goethite with volume magnetic
susceptibility values of 2  10-2, 5  10-3 and 1  10-3 m3/kg, respectively, and diamagnetic
quartz with a volume susceptibility of −6.5  10-6 m3/kg. The conditions required for rapid
flocculation were derived in terms of a threshold magnetic field as a function of particle
size and magnetic susceptibility. It was observed that flocculation started at external
magnetic fields ≥ 0.02 T. The threshold value of the flocculating magnetic field decreased
with increasing particle size and magnetic susceptibility. It was also observed in the
experiment that the flocculating magnetic field was < 1.0 T. The value of the flocculating
magnetic field was one order of magnitude lower than the theoretical prediction. The
reason for this was that several of the parameters of the theoretical model were not
completely known (Svoboda, 1981). Hybrid flocculation of diamagnetic-paramagnetic
pairs was described by Parker et al. (1982) in a high-gradient magnetic system. The
limitations of magnetic flocculation in a colloidal dispersion were reported by Kleef et al.
(1983). Svoboda and Ẑofka (1983) developed a model to describe the magnetic
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flocculation in the secondary minimum for weakly magnetic minerals. They noted that
magnetic flocculation of paramagnetic and diamagnetic minerals can be an efficient way
to treat fine-grained ores. Parker et al. (1984) described the kinetics of particle
agglomeration in colloidal dispersions in applied external magnetic fields, which they
referred to as magnetic flocculation. Yiacoumi et al. (1996) also investigated the seeding
flocculation of micrometre-sized particles under quiescent or laminar flow conditions.
Ying et al. (1999) studied magnetic-seeding filtration and described the heterogeneous
particle flocculation of magnetic and nonmagnetic particles in a stirred tank with highgradient magnetic filtration (HGMF). Chin et al. (1998) investigated the flocculation
kinetics of colloidal polystyrene and paramagnetic particles consisting of mixtures of
polystyrene and magnetite in a stirred tank under turbulent shear flow.
2.3.2

Magnetic separation

Magnetic separation is one of the most practical significance of magnetic attraction. Highgradient magnetic separation (HGMS) is an efficient way to remove magnetic and
paramagnetic particles, such as heavy metals, from wastewater (Eisenträger et al., 2014).
Magnetic separators are generally classified into two types: dry and wet, which can
operate with low- or high-intensity magnetic fields (Svoboda & Fujita, 2003). It should
be noted here that low-intensity separators usually generate a low magnetic field gradient,
while high-intensity separators can be considered as high-gradient machines. Highgradient magnetic separators are generally applicable to the separation of very weakly
magnetic materials of small particle size (Oberteuffer, 1974). A different type of magnetic
separator was described by Oberteuffer (1974).
The HGMS separation technique has been applied to many different areas, ranging from
the beneficiation of magnetic ore (Kolm et al., 1971; Trindade & Kolm, 1973;
Oberteuffer, 1974; Zhou et al., 2008; Nakai et al., 2011) to biomedical science (Šafařík
& Šafaříková, 1999; Zborowski et al., 1999; Bucak et al., 2003; Pamme & Manz, 2004;
Avilés et al., 2005, Avilés et al., 2007; Sun et al., 2008). Efficient separation of very
weakly magnetic particles of micron size is possible with the HGMS system (Oberteuffer,
1973). These techniques are very useful as they are highly efficient, cost-effective and
rapid. For removing suspended particles from liquid systems, several separation processes
are generally used, like filtration and sedimentation (Chin et al., 1998). These processes
become more efficient as the size of the colloidal particles increases, because the primary
22 | P a g e

particles are very small and difficult to separate. These aggregates form larger clusters by
flocculation, coagulation or aggregation, which is effective for separating them from the
system. A magnetic field is also used as the leading force in standard processes for
isolating, separating and analysing different types of molecules. The applications of
HGMS systems to mineral processing and biomedical science are discussed in the
following sections.
2.3.2.1 Mineral processing
Kelland (1973) used a high-gradient magnetic separator to recover taconite iron ores from
silica. This separator consists of a canister through which ore slurry flows and is filled
with a filamentary ferromagnetic matrix. The results were described by plotting the
recovery of iron as a function of magnetic field and grade as a function of flow velocity.
The magnetic field and flow velocity ranged from 10–100 kOe and 5–20 cm/s,
respectively. It was observed that the recovery of iron ores trapped in the matrix increased
with increases in the external magnetic field. However, their recovery was higher at a
lower flow velocity. On the other hand, the grade of the magnetically-trapped product
increased with flow rate. It was observed that non-magnetic silica attached to the
magnetic materials, which lowered the grade of the product. At higher flow rates, less
non-magnetic material was trapped with the magnetic material; therefore, the grade
increased.
Trindade and Kolm (1973) carried out theoretical and experimental investigations of the
removal of a paramagnetic mineral (pyrite) from coal using an HGMS system. Gerbei et
al. (1983) developed a generalised HGMS theory to capture ultrafine paramagnetic,
diamagnetic and ferromagnetic particles. They noted that conventional HGMS theory is
inadequate for smaller particle sizes and that the generalised theory can be applied.
Svoboda (2001) determined a threshold value of magnetic field induction for which
particles are retained by a matrix mesh. It was observed that the retention of particles in
the matrix bed decreases with increasing flow velocity. A higher flow velocity can be
used to maintain the required rate of particle retention in the matrix by increasing the
magnetic field strength.
Zhou et al. (2008) conducted theoretical and experimental investigations of the influence
of magnetic forces on the motion of magnetisable particles in a non-magnetisable fluid
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and non-magnetisable particles in a magnetisable fluid. Iron and acrylic spheres were
used as magnetic and non-magnetic particles, respectively, while a paramagnetic salt
solution and polyalkylene glycol were used as the magnetisable and non-magnetisable
fluids, respectively. The behaviour of the system was analysed at a magnetic field gradient
of 3.1 T/m in the absence of fluid flow. The magnetic field induction was ranged between
0.35 T and 0.6 T. Their motivation was to develop a small analytical device for separating
relatively fine particles of < 100 µm in size. However, the study was carried out with
larger particles (diameter > 1.0 mm) and the importance of the surface interactions of fine
particles was ignored.
Many issues arisen due to pollution by metallic wear debris originating from pipes in
manufacturing lines in industrial plants. Nakai et al. (2011) developed an HGMS system
for dry processing with the objective of removing metallic wear debris during the
manufacturing of powdered products such as foods and medicines. A discrete element
method (DEM) simulation technique was used to verify the experimental results. Two
samples were prepared by mixing ferromagnetic stainless steel (SUS430) beads with
diamagnetic alumina (sample A) and silica (sample B) particles. The mean diameter of
the ferromagnetic particles was 35 µm, while that of the diamagnetic particles was 1.5
µm. A magnetic filter unit was placed in an external magnetic flux density of 2.0 T to
observe the efficiency of separating samples A and B from the beads. It was observed that
the separation efficiency was lower for sample A than sample B as sample A was more
cohesive. A magnetic field gradient of 10 T/m was used. The main problem in their study
was the particle size as, in their simulations, they used particles 1000 times larger (3.0
mm) than those used in the experiments. In addition, they ignored the van der Waals and
electrostatic forces. They intended to overcome this problem by developing a model that
considers interparticle potential energy, which generates attractive forces (Nakai et al.,
2011).
van Netten et al. (2013) studied the motion of ferromagnetic single particles and linear
aggregates of spheres in a gradient magnetic field in the presence of a non-magnetic fluid.
The behaviour of the system was studied for iron particles ranging between 0.6 mm and
1.0 mm in diameter at magnetic field gradients ranging from 0.5 T/m to 0.71 T/m. They
developed a theoretical model and validated it experimentally. Their theoretical model
combined correction for the mutual magnetisation between particles with the interaction
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of the external magnetic field gradient. Hydrodynamic drag corrections for linear
aggregates were also developed to study the motion of linear clusters of particles in a
viscous medium (van Netten et al., 2013). Particle magnetisation increased as the particles
moved towards stronger magnetic fields, and the particles accelerated until reaching a
constant velocity. The theoretical development for the hydrodynamic drag correction
described the total drag force, which increased as the number of particles in the chain
increased. Their study also examined the influence of the thickness of a non-magnetic
coating around the ferromagnetic particles. It was observed that the aggregate (doublet)
velocity of coated particles was lower than that of non-coated particles. The velocity of
the doublet was found to be similar to that of single uncoated particles when the thickness
of the shell was approximately 50% of the particle radius.
Eisenträger et al. (2014) demonstrated numerically the capture efficiency of magnetic
particles in the presence of an HGMS system. They described a model of a filter material
as being a large square array of long cylinders with constant magnetisation perpendicular
to the cylinder axis. The magnetic dipole moment of the particles was constant and
aligned with the magnetisation of the cylinders by the action of an external magnetic field.
Suspensions of magnetic particles flowed through the filter mesh and the particles were
deflected by magnetic forces due to the strong magnetic field gradients between the filter
wires, which captured particles within the filter. The capture of magnetic particles in the
filter mesh was described using Mason numbers (ratio of viscous to magnetic forces). A
threshold Mason number was obtained, below which the magnetic particles was captured
by the filter mesh. The high-gradient magnetic fields around the wires attracted and
captured the particles and removed them from the fluid as the suspension flowed through
the magnetised filter mesh. It was observed that all the magnetic particles could be
captured either by increasing the strength of the magnetic field or by decreasing the flow
rate.
2.3.2.2 Biomedical science
Pamme and Manz (2004) developed a microfluidic chip for separating magnetic particles
with different susceptibilities, and for separating magnetic from non-magnetic particles
in a continuous flow. The central component of the chip had a rectangular flat separation
chamber over which a laminar flow was generated by a number of inlet and outlet
channels. An inhomogeneous magnetic field was applied on top of the separation
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chamber, which formed a magnetic field gradient over it. The magnetic field was
perpendicular to the direction of the flow. Magnetic and non-magnetic particles were
introduced into the microfluidic separation chamber and their deflection was studied
under a microscope. The behaviour of the system was observed at flow rates of 50–200
µL h-1, corresponding to fluid velocities of 100–400 µm/s. The sizes of the magnetic
particles were 2.0 µm and 4.5 µm with magnetic susceptibilities of 1.12  10-4 and 1.6 
10-4 m3/kg, respectively. The magnetic particles were deflected from the direction of flow
depending on their magnetic susceptibility, size and flow rate. They considered three
different suspensions: two made of two differently-sized magnetic particles and another
made of non-magnetic particles. The magnetic particles with larger size (4.5 µm) and
susceptibility were deflected further from the flow than the smaller particles (2.0 µm)
with lower susceptibility. The nonmagnetic polystyrene beads (6.0 µm) were not
influenced by the magnetic field and passed through the chamber at the exit opposite the
sample inlet. In addition, agglomerates of magnetic particles were deflected to a greater
extent than single magnetic particles. Furthermore, the separation of magnetic from nonmagnetic particles, and of magnetic particles of different susceptibilities, was greater at a
larger magnetic flux density and lower flow rate (Pamme & Manz, 2004).
Inglis et al. (2004) used micro-fabricated magnetic stripes aligned at the bottom of a fluid
chamber to separate magnetically-tagged leukocytes from red blood cells. The leukocytes
were approximately 10 µm in diameter. The behaviour of the system was analysed at fluid
velocities of 110.0 µm/s and 1200.0 µm/s and an external magnetic field of 0.08 T. The
authors were able to recover 60% of the leukocytes, which was considered to be
insufficient. Therefore, they proposed increasing the thickness of the stripes and the
strength of the external field to obtain higher recovery. Xia et al. (2006) constructed a
microfluidic device to remove living Escherichia coli (E. coli) bacteria bound to magnetic
nanoparticles from red blood cells. They used uniform fluid flows with rates of 25–40
µL/h and an external magnetic field induction and gradient of 0.02 T and 25 T/m,
respectively. These volumetric flow rates corresponded to fluid velocities of 770 μm/s
and 1100 μm/s. The separation efficiency increased from 53% to 78% by increasing the
size of magnetic nanoparticles to bacteria (1.6 µm in diameter; Xia et al., 2006).
Avilés et al. (2007) proposed a magnetic drug targeting approach that uses ferromagnetic
particles as seeds to collect magnetic drug carrier particles at a desired site in the body,
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such as in a network of capillaries near a tumour. In the magnetic drug targeting system,
an external magnet is placed near a target site located at some depth below the skin to
attract and retain magnetic drug carrier particles. The magnetic drug carrier particles can
be attracted to and retained at a specific site in the body using an external magnetic field
(Avilés et al., 2007). Magnetite particles with radii of 20–500 nm were used as the
ferrimagnetic material in the magnetic drug carrier particles. They employed a
homogeneous magnetic field oriented perpendicular to the flow with magnitudes of 0.01–
1.0 T. The flow velocity ranged from 500–10,000 µm/s, which is approximately equal to
the typical blood velocity in the capillaries. It was observed that the region of magnetic
drug carrier particle capture increased with increasing particle size and magnetic field
strength. It was also found that the capture of magnetic drug targeting particles decreased
with increasing flow velocity (Avilés et al., 2007).
Zeng et al. (2013) proposed utilizing a pair of permanent magnets to continuously
separate diamagnetic particles and cells in ferrofluid flow through a straight
microchannel. The first magnet was placed close to the microchannel to focus the particle
mixture into a single stream. The second magnet was offset from the first magnet and
placed farther from the channel to displace the aligned particles to dissimilar paths. This
configuration was utilised to separate 3 µm and 10 µm polystyrene particles in ferrofluid
microflows. They also used the same device to observe the separation of 5 µm live yeast
cells from 10 µm polystyrene particles. The microchannel had four rectangular blocks,
each with a length of 2.5 cm, width of 200 µm and depth of 25 µm. Two equal and
opposing neodymium-iron-boron (NdFeB) permanent magnets were used with
magnetisation perpendicular to the microchannel. The suspensions were made by mixing
the diamagnetic particles with a water-based ferrofluid. In the ferrofluid suspension, the
diamagnetic particles underwent negative magnetophoresis when subjected to a nonuniform magnetic field. At the leading edge of the first magnet, the 3 µm and 10 µm
particles were deflected away from the magnet by the negative magnetophoresis. The
deflection was greater for the larger particles. At the leading edge of the second magnet,
the two particles began to separate due to their dissimilar deflection rates. The separation
distance increased when the particles passed the rear edge of the second magnet. Later
on, the 3 µm particles were replaced with 5 µm yeast cells to observe their separation
from 10 µm particles. It was observed that the magnetic deflection of the 5 µm yeast cells
was noticeably greater than that of the 3 µm polystyrene particles. A separation gap
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between different-sized particles was also observed at fluid velocities ranging between
0.6 mm/s and 1.2 mm/s. The separation gap between the two particle streams increased
with decreases in flow speed (Zeng et al., 2013).

2.4 Simulation of Magnetic Systems
Numerical simulation is a desirable approach to analysing micro-scale particle behaviour
that is difficult to observe experimentally. In the study of magnetic systems, numerical
simulation can be used to analyse the behaviour of chain aggregation processes (Wang &
Holm, 2003; Andreu et al., 2012; Ku et al., 2014, Ku et al., 2015; Heinrich et al., 2015),
magnetorheological fluids (Climent et al., 2004; Kang et al., 2008; Han et al., 2010;
Kargulewicz et al., 2012; Lagger et al., 2014; Mohorič et al., 2016) drug targeting (Avilés
et al., 2007; Cregg et al., 2008; Pourmehran et al., 2015) and other systems (Khoei &
Lewis, 1998; Golovnia et al., 2014; Soda et al., 2015).
2.4.1

Chain aggregation

Wang and Holm (2003) observed the chain aggregation process of ferrofluids (FFs) by
using molecular dynamics simulations of small and large particles at different ratios of
their volume fractions. The behaviour of the aggregation process was described for small
and large particles of 10 nm and 16 nm diameter, respectively, at volume fractions of 0–
0.07. The influence of various contents of large particles on the structure and magnetic
properties of FFs was studied by varying their volume fractions. It was observed that the
magnetisation of the system increased with increasing volume fractions even with a very
low external magnetic field. They performed a cluster analysis and found that the average
size of the clusters increased with the volume fraction, indicating a faster increment for
the magnetisation of the system. The clusters were formed mainly by large particles, while
the majority of small particles remained non-aggregated. A few small particles were
attracted to the ends of the chains formed by large particles (Wang & Holm, 2003). Cebers
and Javaitis (2004) used numerical simulation to study the behaviour of flexible magnetic
particle chains (rods) in a rotating magnetic field. Several interesting features were
observed, such as bending and breaking of magnetic chains with increasing angular
velocity of the field’s rotation. At a magnetic field low frequency, the rods had a bent
shape and rotated synchronously with the applied field. Andreu et al. (2012) used coarsegrain (CG) methodology and simulated the chain formation phenomena of
superparamagnetic nanoparticles in the presence of strong magnetic fields. It was found
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that the CG methodology correctly reproduced previous results with one order of
magnitude less calculation time than the results obtained by Langevin dynamics
simulation. The results were discussed in terms of the volume fraction  and magnetic
coupling parameter, . For lower values of  and , the colloids aggregated in linear (nonbranched) chains with an equal length. However, at larger values of  and , different
aggregated structures were obtained, including thick chains (obtained from lateral
aggregation of linear chains) and bundles (Andreu et al., 2012).
The formation of agglomerates of magnetic nanoparticles was investigated in the absence
and presence of external magnetic field induction using a modified DEM simulation
technique (Lim & Feng, 2012). The behaviour of the system was analysed for a particle
size of 70 nm with an external magnetic field of 0.3 T. It was found that the magnetic
nanoparticles formed random clusters in the absence of an external magnetic field.
However, with one, the clusters rotated parallel to the direction of the field, aligned with
it and formed into large branches (Lim & Feng, 2012). Ku et al. (2015) investigated the
chain aggregation process of magnetic particles in the presence of a weak magnetic field
by numerical simulation. The chain formation process was observed for 60 µm magnetite
particles under external magnetic field intensities of 0–0.086 T. The magnetic particles
aggregated into chains oriented along the direction of the external magnetic field. Linear
chains formed more rapidly with increasing external magnetic field strength. Heinrich et
al. (2015) investigated the aggregation dynamics of magnetic particles in ionic FFs in the
presence of magnetic field gradients using molecular dynamics (MD) simulations. They
noted that the final equilibrium state always consists of a colloidal suspension of zippedchain bundles in which the chain axes align with the direction of the magnetic field.
2.4.2

Magnetorheological fluids

A magnetorheological fluid is a type of fluid composed of micrometre-sized (1–20 µm in
diameter) magnetisable particles suspended in carrier fluid (Popplewell et al., 1995;
Popplewell & Rosensweig, 1996; Han et al., 2010; Kargulewicz et al., 2012). These types
of fluids can be applied to various mechanical systems such as smart dampers and
clusters, prosthetic articulations and controllable polishing fluids (Kargulewicz et al.,
2012). A combined discrete element and lattice Boltzmann simulation technique was
employed by Han et al. (2010) to study the hydrodynamic interactions between the fluid
and particles. Kargulewicz et al. (2012) used DEM simulation to model and describe
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particle magnetization and the magnetic interactions between particles in a
magnetorheological fluid. Lagger et al. (2014) used discrete element simulations to gain
insight into the structure of a magnetorheological fluid under shear. Sharpe et al. (2015)
used DEM simulation to study the micromechanical deformation and breakage of
magnetic particle chains in suspensions of magnetorheological fluids. The behaviour of
the system was analysed for 5 µm iron particles with magnetic field induction values of
0.008–1.0 T. The deformation and breakage of chains made of different numbers of
particles were observed at different shear rates. Higher shear rates were required to break
chains with lower numbers of particles (Sharpe et al., 2015). In addition, Mohorič et al.
(2016) performed Langevin dynamics (LD) simulations to study the structures of the
superparamagnetic colloids in an external magnetic field. It was observed that the
structure of these particles can be controlled by tuning the external magnetic field.
2.4.3

Biomedical science

A finite element simulation technique based on the concept of HGMS was used to verify
a theoretical model of continuous magnetophoretic separation of red and white blood cells
from whole blood according to their native magnetic properties (Han & Frazier, 2004). It
was observed that the red blood cells (paramagnetic particles) were forced away from the
magnetic wire used for diamagnetic capture in a micro-separator (Han & Frazier, 2004).
Avilés et al. (2007) used FEMLab simulation to carry out a theoretical analysis of the
feasibility of using the ferrimagnetic seeding concept for magnetic drug targeting at
desired sites, such as a network of capillaries near a tumour. In this magnetic drug
targeting system, an external magnet was placed near a target site located below the skin
to attract and retain the magnetic drug carrier particles. Magnetite particles of radius 20–
500 nm were used as the ferrimagnetic material in the magnetic drug carrier particles
(Avilés et al., 2007). They employed a homogeneous magnetic field oriented
perpendicular to the flow with magnitudes ranging between 0.01 T and 1.0 T (Avilés et
al., 2007). The flow velocities ranged from 500–10,000 µm/s, which is approximately
equal to typical blood velocities in capillaries. It was observed that the capture region of
the magnetic drug carrier particles increased with increasing particle size and magnetic
field strength. It was also found that the capture of magnetic drug targeting particles
decreased with increasing flow velocity (Avilés et al., 2007). Cregg et al. (2008) used a
Langevin function model to simulate a magnetic target drug delivery system considering
an HGMS system by using the theoretical model of Avilés et al. (2007). They analysed
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the capture efficiency of nanoparticles and noted that the Langevin function predicted
greater collection efficiency than was expected (Cregg et al., 2008). Targeted drug
delivery aims to reduce the undesired side effects of drug usage by directing or capturing
the active agents near a desired site within the body (Pourmehran et al., 2015).
2.4.4

Other simulated systems

Khoei and Lewis (1998) used finite element simulation to analyse the dynamic large
elastoplastic deformation that occurs in metal powder formation. Later, Khoei (2002)
conducted experimental and numerical investigations to describe the powder compaction
process. To understand the magnetic-aligned compaction process, Soda et al. (2015)
developed a three-dimensional (3D) discrete element method to simulate the motion of
hard magnetic particles with consideration of strong compression and magnetic fields.
The powder metallurgical approaches included the preparation of magnetic powder,
magnetically-aligned compaction, and sintering to produce bulk magnets for industry
(Soda et al., 2015).

2.5 Discrete Element Methods
The discrete element method (DEM) is a computational simulation technique based on
Newtons’ second law to describe the motion of independent particles, which are assigned
individual physical and mechanical properties. Cundall and Strack (1979) initially
developed the DEM to explain the realistic behaviour of granular assemblies. The DEM
can handle any particle size; however, early on, it was not possible to apply it to fine
powders because computing systems were inadequate.
After Cundall (1971) introduced the DEM, many researchers applied to it to a wide range
of problems (Tsuji et al., 1992, 1993; Zhang & Whiten, 1996; Luding, 1998; Thornton &
Ning, 1998; Thornton et al., 1999; Kafui et al., 2002; Li et al., 2003; Fraige & Langston,
2004; Mao et al., 2004; Moreno-Atanasio et al., 2009; Moreno-Atanasio, 2012; Huang et
al., 2015; Tongqing et al., 2017). The DEM treats each particle as a specific material and
enables the observation of spatially and temporarily resolved microscopic details (Hong,
1997).
Two types of DEMs are most common: soft particle and hard particle approaches (Zhu et
al., 2007). Cundall and Strack (1979) originally developed the soft-sphere method, which
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was the first published granular dynamics simulation technique. The importance of softsphere models is that they are capable of handling multiple particle contacts when
modelling quasi-static systems. This method has been extensively used to study many
areas, like particle packing, transport properties, heaping/piling processes, hopper flows,
mixing and granulation. On the other hand, hard particle methods are most useful in rapid
granular flows. In a hard particle simulation, a sequence of collisions is processed one at
a time and instantaneously. The forces between particles are not explicitly considered in
hard particle methods (Zhu et al., 2007).

2.6 Applications of DEM
2.6.1

Colloidal suspensions

Hong (1997) studied particle packing dynamics during colloid-forming processes using
DEM simulation. Colloidal-forming techniques are important in improving the
properties, reliability and functionality of ceramic materials. He simulated and analysed
the simultaneous competitive influences of the colloidal chemical and process parameters
on the particle-packing structure during pressure filtration and centrifugal casting. Li et
al. (2003) used DEM to model nano-sized colloidal particle interactions with Brownian
dynamics. They studied the interactions of nano-sized colloidal particles in solution. For
the formation of kaolinite aggregate during sedimentation, Lu et al. (2008) developed a
DEM. They determined the importance of the formation of colloidal aggregates during
sedimentation in relation to geotechnical and environmental engineering problems,
including wastewater treatment systems and slurry wall constructions for waste isolation.
A time-stepping scheme for the discrete element analysis of colloidal particles was
proposed by Anandarajah (1999). The variation in the net force between two separated
particles is highly nonlinear due to the existence of double-layer repulsion, van der Waals
attraction and mechanical forces between colloidal particles, such as clay particles and
fine-grained ceramic powders (Anandarajah, 1999). Becker et al. (2009) used DEM to
investigate the restructuring behaviour of colloidal aggregates in shear flows. They
tracked the temporal evolution of the aggregates’ radius of gyration and found a powerlaw relationship between the number of primary particles and the final radius of gyration.
Moreno-Atanasio et al. (2009) used DEM to investigate the influence of interparticle
interactions on the kinetics of self-assembly and the mechanical strength of nanoparticle
aggregates.
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Peng et al. (2010) developed a DEM model to examine aggregation behaviour in
suspensions of α-alumina nanoparticles. They considered random Brownian diffusion and
externally-induced dielectrophoresis (DEP) motion as the driving mechanisms of particle
transport in colloidal suspensions. The DLVO theory and soft-sphere model were used to
study the effects of pH, solid volume fraction and external AC electrical field on αalumina aggregate growth (Peng et al., 2010). It was observed that in dilute suspensions,
the aggregates predominantly exhibited chainlike structures; however, at a high solid
volume fraction, aggregates with complex netlike structures were formed. They used
DEM mainly to predict the sizes of α-alumina aggregates over a range of pHs. The results
were found to be in good agreement with published experimental data at an isoelectric
point (Peng et al., 2010). MacPherson et al. (2012) studied the influence of the Hamaker
constant, Brownian forces and particle concentration on the aggregation time of
nanoparticles in high-ionic-strength suspensions. Aggregation times were obtained by
analysing the interparticle contacts and numbers of singlets in the suspensions, which
aided them in characterising the speed of the aggregation process. The simulation results
showed that the aggregation time decreased according to a power law as the strength of
van der Waals interaction increased. In addition, the aggregation process also sped up in
the presence of Brownian forces. Chaumeil and Crapper (2014) used DEM coupled with
computational fluid dynamics (CFD) to model a solid-fluid system and investigate the
agglomeration and deposition of colloidal particles flowing through a constricted tube.
The CFD model was used to drive the flow field, while DEM was used to describe
particle-particle interactions.
2.6.2

Contacts and interactions of particles

DEM simulation techniques can be used to describe the behaviours of both fluids and
contacting particles (Zhang & Whiten, 1996). This simulation method requires
calculation of the forces of interacting particles by assuming spring, dashpot and slider
components at the contact points. Zhang and Whiten (1996) described linear and nonlinear damping and spring methods that can be used to calculate the forces between
interacting particles. They performed an experimental analysis that considered several
types of rocks, such as sandstone, granite and basalt, and validated the theoretical results
with experimental data. It was found that the non-linear analysis provided more accurate
results than the linear analysis for these types of rocks. Moreover, the results obtained by
the non-linear model were much closer to the experimental data (Zhang & Whiten, 1996).
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Due to the computational time (CPU time) required, DEM is limited to the modelling of
large numbers of particles. These limitations can be overcome by advances in computer
technology and certain algorithms, such as near-neighbour lists and zoning, to determine
which particles interact. With this aim, Fraige and Langston (2004) compared some
numerical integration schemes for accuracy, stability and computational efficiency when
used in DEM simulations. The effects of different particle contact damping algorithms on
the models’ mathematical accuracy and stability were also investigated. It was observed
that the half-step leapfrog algorithm was the best integration scheme, while Euler was
poor in terms of accuracy (Fraige & Langston, 2004).
Particle-to-wall and particle-to-particle collisions arise due to the vibrating motion of the
structure of the system. Therefore, the structure and particles exchange momentum and
dissipate kinetic energy due to frictional and inelastic losses. Mao et al. (2004) utilised
DEM to simulate the motion of particles in a physical particle vibration damper (PVD).
They described a DEM modelling system for large-scale particle problems with a
collision detection algorithm. It was observed that the particles underwent a large number
of contacts with significant relative speed and dissipated energy through impact during
the drying processes (Mao et al., 2004).
The influence of interparticle cohesion on the energy propagated and dissipated in
agglomerates during impact with a rigid target was simulated using DEM by MorenoAtanasio (2012). It was observed that the energy required to break the interparticle
contacts was < 10% of the total energy dissipated by the agglomerates during impacts.
Contact damping and tangential deformation between the individual particles forming
agglomerates dissipated most of the incident kinetic energy (Moreno-Atanasio, 2012).
The influence of the interparticle contact parameters of mono-sized iron ore particles,
such as the restitution coefficient, rolling friction coefficient and static friction
coefficient, on the angle of repose was studied by DEM simulation (Tongqing et al.,
2017).
2.6.3

Agglomeration

Agglomerates are a common type of granular material and are often found in natural and
industrial environments. They are formed by smaller components, generally called
grains, or single particles (Moreno-Atanasio, 2012). Many common commodities contain
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agglomerates, like foods, medicine, paints and many other products (Moreno et al., 2003).
The functionality characteristics of agglomerates, like packing, density, structure and
dissolution rate, are strongly influenced by the properties of the primary particles as well
as the agglomeration method and the binders used. The agglomeration strength is an
important property and has vital importance in several industrial applications, like
pharmaceutical, detergent and food manufacturing. The study of agglomerate behaviour
is very difficult because of the large number of parameters that affect its mechanical
strength resistance.
Thornton et al. (1999) presented the results of 3D simulations of agglomerate impacts in
their paper Numerical simulations of agglomerate impact breakage. Such impacts
resulted in rebound, fracturing or shattering depending on the magnitude of the impact
velocity. The most important property of an agglomerate is its strength or its resistance
to breakage during handling and processing. Two types of tests were performed to
determine the agglomerate strength: multi-particle and single-particle tests. Multi-particle
tests are suitable for powders, which are primarily observed in nature. In contrast, singleparticle tests enrich the understanding of particle breakage but are difficult to compare
with real observations. Moreno et al. (2003) studied the effect of impact angle on the
breakage of agglomerates using DEM simulations. They observed agglomerate size
reductions during the handling and production process due to collisions with other
agglomerates or moving components and walls, as well as during bulk flow due to shear
deformation. Golchert et al. (2004) used X-ray microtomography method to characterize
agglomerate structures and the validation of distinct element method simulations data.
The simulation data obtained by the discrete element method had a good agreement with
the experimental results. It was observed that, during an impact against a rigid target, the
energy of an agglomerate propagated or dissipated due to the influence of interparticle
cohesion (Golchert et al., 2004).
2.6.4

Magnetic systems

Nakai et al. (2011) used discrete element method (DEM) simulation technique with the
objective to remove metallic wear debris during the manufacturing of powder products
such as foods and medicines. They used DEM simulation to verify the experimental
results. The experimental work was carried out by preparing two samples A and B.
Sample A was a mixture of ferromagnetic stainless steel (SUS430) beads with
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diamagnetic alumina (sample A), however, sample B was a mixture of this stainless steel
with silica particles. The simulation data obtained by DEM had a good agreement with
the experimental results (Nakai et al., 2011).
Kargulewicz et al. (2012) developed a magnetorheological (MR) fluid model using DEM
to understand MR fluid behaviour for tribological applications. The DEM model was
composed of three layers. In the first layer, the upper plane was motionless. The second
layer contained MR fluid with spherical magnetic particles. The lower (third) layer could
slide in its own plane, which allowed it to incorporate shearing motion. It was observed
that magnetic particles aggregated in chains and the effective viscosity of the system
increased when an external magnetic field was applied. The chains deformed in shear in
the presence of a surface shear velocity. The micromechanical deformation and breakage
of magnetic particle chains was also carried out by using the DEM simulation (Sharpe et
al., 2015).

2.7 Conclusions
This chapter reviewed published work on the topics of magnetism, magnetic flocculation
and computer simulations based on the DEM. This literature review can be summarised
as follows:
 Particles aggregate in linear chains due to the attraction of an external magnetic
field.
 Most studies have focused on particles with size ranging between 1 nm and 1 µm.
Magnetorheological fluids contain magnetic particles on the micrometre scale
and ferrofluids contain magnetic particles on the nanometre scale.
 Most published papers have studied the aggregation behaviour of paramagnetic
particles with little attention paid to ferromagnetic, ferrimagnetic or
antiferromagnetic particles, despite their relevance in the mineral processing
industry.
 The aggregation behaviour of magnetorheological and ferrofluids in magnetic
flocculation has been studied. In addition, much attention has been given to
controlling the viscosity of suspensions.
 High-gradient magnetic separators have been utilised to separate paramagnetic
particles, such as aluminium, from fluids.
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 Discrete element method simulations have been widely used to describe the
aggregation behaviour of particles of different sizes. DEM has been found to be
the most effective simulation method.

2.8 Knowledge Gap
Interaction forces (such as van der Waals forces), electrostatic forces, Brownian forces
and magnetic dipole forces occur together in magnetic flocculations when an external
magnetic field is applied to a suspension. Researchers have carried out extensive work,
both experimentally and theoretically, with consideration of these forces to observe the
aggregation behaviours of particles. Chin et al. (2000) considered (both experimentally
and theoretically) van der Waals, electrostatic and magnetic dipole forces to analyse the
primary and secondary minimum aggregation of magnetite polystyrene particles. These
particles were mixtures of 22% magnetite in polystyrene. The size of the particles was
0.89 µm, which is very close to the particles considered in the present study. However,
the density of the polystyrene particles (1155 kg/m3) was lower than that of the iron
particles used in the present study (7874 kg/m3). The behaviour of a suspension of
magnetic colloids in the absence of Brownian interaction was analysed (Chin et al., 2000).
The Brownian force is important in realistically describing particle behaviour in colloidal
suspensions. There has been little research on simulating magnetic flocculation with
consideration of the above-mentioned interaction forces. Therefore, in this report, van der
Waals and Brownian forces are incorporated to numerically describe the aggregation
behaviours of particles. The profound DEM simulation technique is used to obtain a
realistic understanding of the aggregation characteristics, which has not yet been done.


Studies of size segregation of magnetic particles in microchannels in the presence
of fluid flows and high-gradient magnetic fields are scarce. Most studies have
focused on particles of single sizes without considering the influence of particle
size on their behaviour in an external magnetic field.



In addition, most studies only consider either nanoparticles (Orlandi et al. 2016)
or particles of tens of micrometres in size (Inglis et al., 2004; Pamme & Manz,
2004; Zeng et al., 2013). Particles of sizes of around 1 to 10 μm have received
little attention.
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There is no systematic analysis of the influence of the interaction forces on the
separation of magnetic from non-magnetic particles. In addition, the inclusion of
van der Waals, Brownian and electrical double layer forces are scarce, especially
in studies including pure iron and iron oxide particles (Zhou et al., 2008; Nakai et
al., 2011; van Netten et al., 2013).



Segregation of magnetic from non-magnetic particles in a counter-current
magnetic field gradient in a microchannel has never been studied. Most of the
studied cases are focused on employing fluid flow perpendicular to the magnetic
field gradient with multiple inlets and outlets (Pamme & Manz, 2004; Xia et al.,
2006).



Little attention has been paid to the effect of particle density on the aggregation
of fine magnetic particles (de Gennes et al. 1970; Svoboda, 1981; Chin et al.,
2000).



Breakage of micron-sized magnetic particles chain in a gradient magnetic field is
scarce in the literature. Published cases are focused on applying shear force on the
chain in the presence of fluid flow (Tao, 2001; Song et al., 2014; Sharpe et al.,
2015).
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Chapter 3: Effect of particle size on
chain aggregation of colloidal magnetic
particles in a weak magnetic field
3.1 Introduction
Magnetic particles can aggregate to form chain-like structures (Zhang & Widom, 1995;
Popplewell & Rosensweig, 1996; Ke et al., 2017) under the influence of an external
magnetic field due to dipole-dipole interactions (Promislow et al., 1995; Cebers &
Javaitis, 2004; Kang et al., 2008). Chain aggregation phenomena are of utmost
importance in different areas of engineering and life sciences, as they can be controlled
by the intensity of the external magnetic field. However, particle aggregation can also
occur due to other interaction forces, such as van der Waals and electrical double layer
forces, with the former being attractive and the latter repulsive between particles of the
same type (Pugh et al., 1994; Chin et al., 2000).
Studies of magnetic systems in the presence of van der Waals and electric double layer
forces are scarce. Chin et al. (2000) considered both van der Waals and electrical double
layer forces to investigate the chain formation and breakup of superparamagnetic particles
in the presence of an external magnetic field. Their objective was to observe aggregation
at the secondary minimum of the potential energy. Aggregation behaviour was analysed
in magnetite polystyrene composite particles of size 0.89 µm in diameter within a
magnetic induction range of 0.05–0.8 T. It was found that the distance between particles
decreased as the magnetic field induction increased. The authors observed particle chain
breakage by switching the external magnetic field on and off. The chain breakage kinetics
were found to depend on the intensity of the external magnetic field. In addition, it was
observed that the position of the secondary minimum increased due to an increase in
electrostatic repulsion with increasing zeta potential. However, their analysis did not
address the influence of particle size distribution on the aggregation and breakage of
magnetic chains. The present chapter demonstrates an excellent agreement with the study
of Chin et al. (2000).
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In this chapter, magnetic chain formation by magnetic particles of different densities and
sizes in the presence of an external magnetic field is analysed in the presence and absence
of van der Waals and electrical double layer forces. The study was carried out in two parts
and a summary of the studied cases is given in Table 3.1. In the first part of the chapter,
100 mono-sized particles of 1.0 µm diameter were allowed to interact in the presence of
an external magnetic field while considering the van der Waals force. No electrical double
layer forces were considered in the first part of the chapter. Furthermore, a weak magnetic
field was considered to identify the range of Hamaker constants that would allow the
aggregation process to be driven simultaneously by both magnetic and van der Waals
forces. The importance of the van der Waals force on the aggregation process was
observed by switching this force on and off. In the second part of the chapter, electrical
double layer repulsion was incorporated into the simulations. The influence of particle
size distribution on magnetic chain aggregations of 500 magnetic particles in the presence
of van der Waals and electric double layer forces was modelled and analysed. One
monomodal, two Gaussian and one trimodal size distributions were utilised. Furthermore,
the influence of particle density on the aggregation process was analysed in the presence
and absence of electrical double layer forces.
Table 3.1 Case studies
Cases

Absence of
electric double
layer force

Presence of
electric double
layer force and
different size
distributions

Section

Presence of Brownian force and absence of van der Waals
force

3.3.1.2

Presence of van der Waals and absence of Brownian force

3.3.1.3

Presence of both Brownian and van der Waals forces
Influence of magnetic field induction

3.3.1.4

Influence of Hamaker constant

3.3.1.5

Influence of particle density

3.3.1.6

Influence of solid volume fraction

3.3.1.7

Influence of particle number

3.3.1.8

Effect of particle density

3.3.2.2

Effect of surface potential

3.3.2.3

Aggregation of different-sized particles

3.3.2.4

Effect of external magnetic field induction

3.3.2.5
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3.2 Discrete element method simulations
3.2.1

Fundamental equations

The discrete element method (DEM) is a computational simulation technique that
describes the macroscopic behaviour of granular and particulate materials based on the
microscopic behaviour of particles (Luding, 2008; MacPherson et al., 2012). DEM is
based on Newton’s second law and describes the motion of individual particles, which
are assigned independent physical and mechanical properties. Cundall and Strack (1979)
first developed this technique to study the displacement of rocks. This simulation
technique plays an important role in providing dynamic information, such as the
trajectories and transient forces acting on individual particles at any instance of time.
These parameters are difficult to determine experimentally (Zhu et al., 2008). The
accelerations, velocities and positions of particles are determined by integrating Newton’s
equation numerically using the Euler method at each time step. The forces acting on the
particles that are considered in this work can be grouped into contact, long-range and
fluid-solid interaction forces. The contact forces include elastic deformation and
dissipation due to damping; long-range interactions include the magnetic dipole, van der
Waals and electric double layer forces, and the fluid-solid interaction component
considers drag and Brownian forces. Therefore, the general equation of motion can be
expressed as:

𝑚

𝑑 𝒙
=𝑭
𝑑𝑡

+𝑭

+𝑭

+𝑭

+𝑭

+𝑭

+𝑭

(3.1)

where m is the mass of the particle, 𝒙 is the vector position of the particle, t refers to time,
𝑭 is the force acting on each particle and the subscripts elast, damp, mag, vdW, drag,
Brow and EDL refer to elastic, damping, magnetic, van der Waals, drag, Brownian and
electric double layer interactions, respectively. In addition, bold letters indicate that the
parameter is a vector.
3.2.1.1 Contact forces
Contact forces are due to the elasticity and damping of the particles. Hertz’s nonlinear
contact force model was used to simulate particle elasticity (Li et al., 2009):
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𝑭
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(3.2)

where  is the normal contact deformation, 𝒏 is the unit normal vector acting along the
centres of two interacting particles, and Kh is Hertz’s constant, which is given by:
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𝐸 𝑅
3

(3.3)

/

where R* (m) and E* (Pa) are the reduced particle radius and reduced elastic modulus of
two contacting particles, respectively. These reduced parameters are defined as:
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and

where 𝑅 and 𝑅 are the particle radii, 𝐸 and 𝐸 are the particle elastic moduli, and 𝜈
and 𝜈 are the particle Poisson’s ratios of particles 1 and 2, respectively.
Energy dissipation can occur due to the propagation of elastic waves, even when the
particles only deform elastically (Li et al., 2009). This kind of energy dissipation was
simulated by adding a viscous force to the elastic contact force in the form of Equation
(3.6):

𝑭

where 𝑽

=

10
𝛽 𝐾 ∙ 𝑚∗ ∙ δ
3

/

∙𝑽

(3.6)

is the component of the relative velocity of approach between the two

particles in the normal direction, and m* is the reduced particle mass, which is given as:
1
1
1
=
+
∗
𝑚
𝑚
𝑚

(3.7)

where m1 and m2 are the masses of particles 1 and 2, respectively. In addition,  is a
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fraction of the critical damping, which is the damping force required to stop the
oscillations of two contacting particles.
3.2.1.2 Long-range forces
The magnetic attraction between two dipoles, van der Waals attraction between particles,
and electrical double layer repulsion are considered as long-range interaction forces in
this simulation.
Magnetic particles orientate their magnetic moment along the direction of the externally
applied field. There is also a net attraction 𝑭

between two particles with magnetic

moments 𝐦 and 𝐦 separated by a distance 𝐫, as given by Equation (3.8) (Lagger et al.,
2014; Neville & Moreno-Atanasio, 2018):

𝑭

=

3𝜇
4𝜋𝑟

(𝐦 ∙ 𝐫)𝐦 + 𝐦 ∙ 𝐫 𝐦 + 𝐦 ∙ 𝐦 𝐫

−

𝟓(𝐦 ∙ 𝐫) 𝐦 ∙ 𝐫
𝐫
𝑟𝟐

(3.8)

where µ0 is the vacuum permeability and 𝐫 is a vector that joins the centre of particle i
with the centre of particle j and is given by:
𝐫 = 𝑥 −𝑥 𝐢+ 𝑦 −𝑦 𝐣+ 𝑧 −𝑧 𝐤= 𝑟 𝐢+𝑟 𝐣+𝑟 𝐤

(3.9)

where (xi, yi, zi) and (xj, yj, zj) are the position coordinates of particles i and j, respectively,
r1, r2 and r3 are the relative positions along the x, y and z directions of particle i relative
to particle j, and r is the modulus or magnitude of 𝐫. The external magnetic field was
considered to be applied in the z-direction, as:
𝐦 = 𝐦 = 𝑚𝒆

(3.10)

Therefore, the scalar components of Equation (3.8) are:

𝐹

=

3𝜇 𝑚
5
𝑟 1− 𝑟
4𝜋𝑟
𝑟

(3.11)
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𝐹

=

3𝜇 𝑚
5
𝑟 1− 𝑟
4𝜋𝑟
𝑟

(3.12)

𝐹

=

3𝜇 𝑚
𝑟
4𝜋𝑟

(3.13)

3−

5
𝑟
𝑟

Here, Fmagx, Fmagy and Fmagz are the x, y and z components of the magnetic force,
respectively. Details of the magnetic dipole-dipole interaction force can be found in
Appendix A.
The non-retarded London-van der Waals force describes the attraction between particles
in suspension. This force is always attractive for two particles of the same material when
embedded in a fluid and is repulsive between particles and bubbles (Hamaker, 1937). It
is denoted as 𝑭

𝑭

=

and the mathematical expression of this force is:
𝐴𝑅 ∗
𝒏
6δ

(3.14)

where A (J) is the Hamaker constant.
According to Equation (3.14), the van der Waals force approaches infinity as the surfaceto-surface distance δ approaches zero. This divergence will make the simulation results
unrealistic. Therefore, a cut-off distance 𝑑 of 3.0 Å was assigned (Moreno-Atanasio et
al., 2009). This value is slightly larger than the diameter of a water molecule
(Israelachvili, 2011). When the particle surface distance is less than the cut-off distance,
then the van der Waals force equation will give a constant value, which can be given by
Equation (3.15):

𝑭

𝐴𝑅 ∗
=
𝒏
6𝑑

(3.15)

The electric double layer force was used to simulate the electrostatic repulsion between
two dissimilar particles in suspension according to Hogg et al.’s (1966) approximation of
constant surface potential:
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𝑭

=

4𝜋𝜀𝜀 𝜅𝑅 ∗ 𝜓 exp(−𝜅𝛿)
𝒏
1 + exp(−𝜅𝛿)

(3.16)

where  is the dielectric constant of the media, 0 is the permittivity of free space,  is the
Debye constant and s is the electric potential at the surface.
As can be seen in Eqs. 3.8, 3.14 and 3.16, the magnetic force depends on the centre-tocentre distance while the van der Waals and electric double layer forces depend on the
distance between particle surfaces.
3.2.1.3 Fluid-solid interaction forces
Drag and Brownian forces were considered in the simulation of the interaction of solid
particles within a carrier fluid. The fluid viscosity that was considered stationary in this
simulation was the viscosity of water. Simulation of the drag force acting on each particle
followed Stokes’ law, which describes particle motion in a fluid with a low Reynolds
number (MacPherson et al., 2012). The drag force model used in this simulation is given
below:

𝑭

=𝜁

𝑑𝒙
𝑑𝑡

(3.17)

where 𝜁 is the drag coefficient, which can be given by:
(3.18)

𝜁 = 6𝜋𝜇𝑅

where R is the radius of particle and µ is the coefficient of the fluid viscosity.
The Brownian force describes the random motion of suspended particles in a fluid. The
magnitude of this force follows a Gaussian distribution with a variance given by Equation
(3.19), according to Heyes and Brańka (1994):
6𝑘 𝑇𝜁
(3.19)
Δ𝑡
where 𝑘 is the Boltzmann constant, 𝑇 is the absolute temperature and Δ𝑡 is the time step.
σ =
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3.2.2

Simulation conditions

3.2.2.1 Simulation parameters
Table 3.2 shows a summary of the particle properties used to simulate the aggregation
behaviour of colloidal particles. Particle properties were obtained from published
literature (Table 3.2).
Table 3.2 Properties of the simulated system
Property

Value

References

Particle density (kg.m-3)

7874 (iron)

Lagger et al. (2014)

5175 (magnetite)

Blaney (2007)

1122 (magnetite poly)

Chin et al. (2000)
---

Magnetic induction (T)
Elastic modulus (GPa)

0.5–1.5
2.74 × 10-22–1.98 ×
10-19
0.0228–0.1
210

Surface potential (mV)
Debye length (nm)
Viscosity (Pa.s)
Poisson’s ratio
Temperature (K)
Solid volume fraction (-)

−25 to −55
3.0 × 10-9
1.0 × 10-3
0.25
298.5
0.0038

Time step (s)
Number of particles (-)

1.0 × 10-10
100, 500 and 1000

Particle size (µm)
Hamaker constant (J)

-Chicot et al. (2011);
Lagger et al. (2014)
--Korson et al. (1969)
Lagger et al. (2014)
Wang et al. (2002)
Neville and MorenoAtanasio (2018)
---

3.2.2.2 Simulated systems
The objective of the first part of this chapter was to investigate the influence of different
interparticle forces on magnetic aggregation in the absence of electric double layer forces.
The systems were made of 100 particles that were 1.0 µm in diameter.
Particles were randomly placed inside a cubic space with a side length of approximately
24.0 µm, which was required to obtain a solid volume fraction of 0.0038 for comparison
with previously published work (Neville & Moreno-Atanasio, 2018). No boundary
conditions of the cubic space were imposed, which allowed the particles to move freely.
The influences of the number of particles in the system, solid volume fraction and particle
density on the aggregation behaviour of the particles were also studied. The ranges of
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these parameters are given in Table 3.2.
The objective of the second part of this chapter was to model and analyse the influence
of the particle size distribution on magnetic chain aggregations of 500 magnetic particles
in the presence of van der Waals and electric double layer forces. The cases studied in
this chapter are given in Table 3.1. The influence of particle density on the aggregation
process was also analysed.
Particles were randomly positioned within a cubic space with a side length of
approximately 44.0 µm, which was used to obtain a solid volume fraction of the system
of 0.0038. The top and bottom boundary walls of the reference volume were rigid, while
the left and right boundary walls were open. The behaviours of the systems were analysed
with four particle size distributions: one monomodal, two Gaussians and one trimodal.
The standard deviations for the Gaussian size distributions were 0.15 µm (narrower
Gaussian) and 0.35 µm (broader Gaussian), respectively, with a mean of 1.0 µm and range
of 0.5–1.5 µm. Table 3.3 shows the particle size distributions with colour codes assigned
to individual particles.
Table 3.3 Particle size distributions and colour coding system
Number of particles
Size (µm)
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

Monomodal

Trimodal

Narrower
Gaussian

Broader
Gaussian

Colour code

-----500
------

166
----168
----166

1
4
18
55
106
132
106
55
18
4
1

23
33
45
55
62
64
62
55
45
33
23

Red
Purple
Pale-blue
Pale green
Pink
Blue
Yellow
Dark-red
white
Reddish blue
Shiny green

Figure 3.1 shows visualisations of the initial states of the systems with the four particle
size distributions. Colour codes were assigned to individual particle types. Eleven colours
were assigned to the eleven differently-sized particles of the Gaussian size distributions
(Table 3.3). The monomodal size distributions comprised particles 1.0 µm in diameter
which were coloured blue (Table 3.3). The smallest (0.5 µm, red), mean (1.0 µm, blue)
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and largest (1.5 µm, shiny green) particles were equally distributed for the trimodal size
distribution (Table 3.3).
Figures 3.1a and b show visualisations of the initial particle positions for the monomodal
size distributions of 100 and 500 particles, respectively. Therefore, the sides of the cubes
were 24 µm and 44 µm for the 100 and 500 particle systems, respectively. Figures 3.1c
and d show the initial particle positions for the trimodal and broader Gaussian size
distributions, respectively. Colour codes for the narrower Gaussian size distribution were
similar to those used for the broader Gaussian size distribution. Therefore, an image for
the narrower Gaussian size distribution was not included.
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Figure 3.1 Visualisations of the initial state of particles with different size
distributions. Monomodal size distribution of: (a) 100 and (b) 500 particles. (c)
Trimodal size distribution of 500 particles and (d) Gaussian size distribution of 500
particles. The particles in (a) and (b) are both 1.0 µm in diameter. In addition, the
side lengths of each cubic space are (a) 24.0 µm and (b)-(d) 44.0 µm.
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3.3 Results and discussion
3.3.1

Particle behaviour in the absence of the electric double layer force

3.3.1.1 Analysis of the relative strength of the competing forces
In order to understand the behaviour of magnetic particle suspensions, a study of the
relative contributions of the interparticle forces was first carried out. Figure 3.2 shows the
competing forces as a function of surface-to-surface distance between two particles at
room temperature (298 K). The distance between particle surfaces ranged from 0.3 nm
(cut

off) to 500.0

nm.

Two Hamaker

constant values were considered:

5.62  10-22 J and 2.20  10-20 J, while the values of magnetic field induction ranged
between 0.0228 T and 0.05 T. As the Brownian force is random in magnitude and
direction, Fig. 3.2 only shows the standard deviation along any coordinate axis.
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Figure 3.2 Competing forces as a function of surface-to-surface distance at different
values of magnetic field induction (B) and Hamaker constant (H)
The magnetic and van der Waals attractions became stronger as the particles became
closer to one another. At the smallest value of the Hamaker constant (5.62  10-22 J), the
van der Waals force was roughly equal to the magnetic force at the cut-off distance.
However, the van der Waals force decays more rapidly than the magnetic force.
Therefore, the magnetic force should be able to bring particles closer together and align
them parallel to the direction of an external magnetic field when they are far from one
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another. The van der Waals force helps particles stick together when they are very close
to each other.
In addition, the van der Waals and magnetic forces increased with increases in the
Hamaker constant and magnetic field induction, respectively (Fig. 3.2). The value of
magnetic force increased by a factor of approximately five when the magnetic field
induction increased by a factor of 2.2. This is because the magnetic force depends on the
product of the magnetic moment of the two particles. Therefore, as the magnetic induction
increases, the individual moments increase by the same factor and, thus, the magnetic
force increases by the square of the magnetic induction.
The Brownian force was stronger than the magnetic and van der Waals forces at magnetic
field induction and Hamaker constant values less than 0.05 T and 5.62  10-22 J,
respectively. Therefore, the behaviour of the system is controlled by the Brownian force
when this force is stronger than the van der Waals and magnetic forces. At the cut-off
distance (0.3 nm), the magnetic and van der Waals forces were 5.41  10-11 N and 2.60 
10-10 N at magnetic induction and Hamaker constant values of 0.0228 T and 5.62  10-22
J, respectively.
Given the analysis of the interaction forces presented in this section, it was important to
investigate whether the bulk behaviour of particles could be explained based on the results
presented in Fig. 3.2. Therefore, several sets of simulations were carried out by switching
specific forces on and off. The results of these simulations are presented in the following
subsections.
3.3.1.2 Influence of the Brownian force on particle chain aggregation in the absence
of the van der Waals force
In order to understand how the Brownian force affects the chain aggregation process, the
first set of simulations was carried without the van der Waals force. Figure 3.3 shows the
evolution of the coordination number with time in the absence of the van der Waals force
at magnetic induction values of 0.0228–0.05 T. The particles attracted each other in the
z-direction and repelled each other in the x and y directions due to the assumption that the
magnetic dipoles are aligned along the z-direction. Ideally, a single linear chain of infinite
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Figure 3.3 Evolution of coordination number as a function of time with Brownian forces
and without van der Waals forces at different magnetic field induction values
dimensions will have a coordination number of two. However, Fig. 3.3 shows that the
coordination number never reached the optimum value of two, suggesting that a large
number of particles did not aggregate to form chains. Furthermore, there were large
fluctuations in the coordination number. The coordination number increased and the
intensity of the fluctuations decreased with increases in the magnetic field induction
value. These results clearly suggest that the strength of the Brownian forces was
comparable or even larger than the magnetic dipole-dipole interaction force. These results
are in agreement with the force analysis presented in Fig. 3.2, which shows that the
standard deviations of the Brownian forces were systematically larger than those of the
magnetic force.
Finally, it is likely that a low packing fraction value (0.0038) could also ease the influence
of the Brownian forces due to there being a small number of magnetic interactions. As
the packing fraction increases, the number of neighbours of a given particle increases
quadratically. Thus, the fluctuations produced by the Brownian forces could decrease
significantly. This aspect will be considered in future studies.
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3.3.1.3 Influence of the van der Waals force on particle chain aggregation in the
absence of Brownian forces
The second set of simulations was carried out to determine how the presence of van der
Waals forces could aid the chain formation process. Figure 3.4 shows the effect on the
modelling of considering the van der Waals forces but ignoring Brownian forces at a
range of magnetic inductions of 0.0228–0.05 T.
2.1

Coordination Number

1.7

1.3

0.8

B B= =0.05
T -2 T
5.010
3.5010
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= =0.035
T -2 T
2.2810
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= =0.0228
T -2 T

0.4

0.0
0.0

1.0

2.0

3.0

4.0

Time, (s)
Figure 3.4 Evolution of coordination number with time in the presence of van der Waals
forces but without Brownian forces at different magnetic field induction values. The
Hamaker constant was 2.20  10-20 J.
The two most important aspects shown in Fig. 3.4 are that 1) the final value of the
coordination number is independent of the magnetic field strength and 2) the coordination
number does not fluctuate as it does in Fig. 3.3, which shows the results in the presence
of Brownian forces. Furthermore, when B = 0.0228 T, the coordination number reached
1.86 (Fig. 3.4), which is higher than the value of 0.52 observed with Brownian forces but
without van der Waals forces (Fig. 3.3). These results suggest that at a Hamaker constant
of 2.20  10-20 J, the van der Waals force has an important role in aggregating magnetic
particles with magnetic inductions of < 0.0228 T. When we compare the dynamic
behaviour shown in Fig. 3.4 with that of Fig. 3.3, the overall chain aggregation process
was slightly slower for cases of higher magnetic induction. This slower process was
probably due to the fact that more particles aggregated in the case with van der Waals but
without Brownian forces, as indicated by a coordination number of around 1.8 compared
to the value of 1.7 shown in Fig. 3.3.
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3.3.1.4 Influence of magnetic induction on coordination number in the presence of
both Brownian and van der Waals forces
The last case study analyses particle suspensions in the presence of both Brownian and
van der Waals forces. Figure 3.5 shows the evolution of the coordination number with
time at magnetic induction B = 0.0228 T. The results are presented until t = 4.0 s. It is
clear that the highest coordination number is achieved in the presence of magnetic and
van der Waals forces. This clearly corroborates the conclusion from Fig. 3.4 that the van
der Waals force aids the magnetic force in forming chains. In addition, the maximum
number of interparticle contacts was lower in the presence of Brownian and van der Waals
forces. This is likely due to the disruption of the aggregation process by Brownian forces
(Figs. 3.5 and 3.6). Nevertheless, the fluctuations that were observed in the absence of
van der Waals forces are no longer present when the van der Waals force is considered,
suggesting that this attraction is very effective in keeping particles together and is stronger
than the Brownian forces, as shown in Fig. 3.2.
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Figure 3.5 Evolution of coordination number as a function of time in the presence of the
Brownian (no van der Waals) forces, van der Waals (no Brownian) forces, and both forces.
-20
The magnetic field induction and Hamaker constant were 0.0228 T and 2.20 × 10 J,
respectively.
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Figure 3.6 Evolution of coordination number as a function of magnetic induction in the
-20
presence of Brownian or van der Waals forces or both. Hamaker constant = 2.20 × 10
J with a packing fraction of 0.0038 at 298 K.
The chain formation process can be demonstrated by visualising the particle positions at
different times in the presence and absence of both Brownian and van der Waals forces,
as shown in Fig. 3.7. Figure 3.7a, b and c show the visualisations at time 0.04s, 0.4s and
4.0s, respectively in the presence of Brownian and absence of van der Waals forces.
Figure 3.7d, e and f show the visualisations at time 0.04s, 0.4s and 4.0s, respectively in
the presence of van der Waals and absence of Brownian forces.
The particles aggregated in linear chains parallel to the direction of the external magnetic
field (Fig. 3.7). The number of chains was higher with Brownian and without van der
Waals (Fig. 3.7a) forces compared to the case with van der Waals but without Brownian
forces (Fig. 3.7f). A lateral attraction can be found with van der Waals but without
Brownian forces (white circular region, Fig. 3.7f). In addition, the particles aggregated
under the combined actions of both Brownian and van der Waals forces in a similar
fashion to those in the case with Brownian but without van der Waals forces (image not
shown).

55 | P a g e

Figure 3.7 Visualisations of simulation data for chain formation process of magnetic
particles in the presence of Brownian in the absence of van der Waals force at time (a)
t=0.04s (b) t=0.4s (c) t=4.0s and in the presence of van der Waals in the absence of
Brownian force at time (d) t=0.04s (e) t=0.4s and (f) t=4.0s. The value of magnetic field
-20
induction and Hamaker constant was equal to 0.0228 T and 2.20×10 J, respectively.
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3.3.1.5 Influence of Hamaker constant on chain formation in the presence of
Brownian forces
Figure 3.8 shows the evolution in coordination number with time at Hamaker constants
of 2.74 × 10-22–1.98 × 10-19 J. The magnetic field induction value was fixed at 0.0228 T.
The coordination number increased with increases in the Hamaker constant. The
disruption of the assembly process is evident in the increased fluctuations in coordination
number as the Hamaker constant decreased (Fig. 3.8). These results are consistent with
the observation that the relative importance of Brownian forces increases as the Hamaker
constant decreases (Fig. 3.2). In addition, there were no significant differences in the
evolutions in coordination number observed in the Hamaker constant range of 2.20  10–1.98  10-19 J.
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Figure 3.8 Evolution in coordination number as a function of time at different Hamaker
constants. The magnetic field induction was 0.0228 T.
3.3.1.6 Influence of particle density on the chain aggregation process in the presence
of both van der Waals and Brownian forces
Once the relative influences of the Brownian and van der Waals forces had been analysed,
the next objective was to investigate the influence of particle density on magnetic chain
formation. Three types of magnetic particles were considered. The first type had the
properties of pure iron particles with a density of 7874 kg.m-3. The second type
corresponded to magnetite with a density of 5175 kg.m-3 and the third type was the
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lightest—a magnetite polystyrene composite particle with a density of 1122 kg/m3 (Chin
et al., 2000).
Figures 3.9a and b show the evolutions in the coordination numbers and maximum
particle velocity of the system with time. It is clear that the evolutions are almost identical
for the three types of particles, clearly indicating that particle density does not have an
important role in chain formation despite the densities of the lightest and heaviest particles
differing by a factor of seven. However, the actual particle dynamics seem to be different
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Figure 3.9 Evolutions in coordination number and (b) maximum velocity with time for
different particle densities. Magnetic field induction and Hamaker constant = 0.0228 T
-20
and 2.20 × 10 J, respectively, packing fraction = 0.0038, temperature = 298 K.
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from case to case. The lightest particles (magnetite polystyrene) moved faster than the
heavier ones (magnetite and iron; Fig. 3.9b). In addition, there were important
fluctuations in the velocity of the lightest particles due to Brownian forces (Fig. 3.9b).
3.3.1.7 Effects of solid volume fraction on chain aggregation in the presence of both
van der Waals and Brownian forces
Figure 3.10 shows the evolution in coordination number as a function of time at solid
volume fractions ranging from 0.0038 to 0.2. The value of the magnetic induction was B
= 0.0228 T and the observation time was 1.0 s.
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Figure 3.10 Evolution in coordination number as a function of time at different solid
volume fractions (). Magnetic field induction and Hamaker constant = 0.0228 T and 2.20
-20
× 10 J, respectively.
By increasing the solid volume fraction, chain formation became faster. In addition, the
coordination number was > two for packing fractions > 0.07, suggesting that the particles
aggregated in linear chains that were attracted laterally to form bundles. The presence of
these structures is better shown in Fig. 3.11, where visualisations of the system are
presented for packing fractions of 0.05 (Fig. 3.11a) and 0.1 (Fig. 3.11b).
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Figure 3.11 Visualisations of simulations of the chain formation process of magnetic
particles at solid volume fractions () of (a) 0.05 and (b) 0.1. Magnetic field induction
-20
and Hamaker constant = 0.0228 T and 2.20 × 10 J, respectively.
Figure 3.11 shows that in both simulations, particles aggregated not only in linear chains
but in clusters of chains due to lateral attraction. This behaviour was barely observed at a
packing fraction of 0.0038, as shown in Fig. 3.7.
3.3.1.8 Effects of particle number on the chain aggregation process in the presence
of both Brownian and van der Waals forces
Figure 3.12 shows the evolution in coordination number as a function of time for different
systems made of different numbers of particles (NP). The NPs ranged between 100 and
1000, and the values of magnetic induction and Hamaker constant were 0.0228 T and
2.20 × 10-20 J, respectively. The coordination number seemed to be slightly higher for
systems with more particles (NP ≥ 500). This suggests that more linear chains formed in
systems with more particles (Fig. 3.12). However, the differences were not very
significant.
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Figure 3.12 Evolution in coordination number with time for different numbers of
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particles. Magnetic field induction and Hamaker constant = 0.0228 T and 2.20 × 10 J,
respectively. Packing fraction = 0.0038 at 298 K.
Figure 3.13 shows the normalised numbers of singlets (Fig. 3.13a), numbers of clusters
(Fig. 3.13b) and largest cluster in the system (Fig. 3.13c) as a function of the number of
particles. The normalised numbers of singlets and numbers of clusters were obtained by
dividing the corresponding parameters by the total number of particles in the simulation.
In contrast, the normalised largest cluster size was obtained by multiplying the number
of particles in the largest chain by the particle diameter and divided it by the width of the
box where the particles were initially created. Therefore, if the largest cluster size was
one, it implies that the chain spanned the whole height of the cubic space.
The normalised number of singlets and clusters decreased with increasing numbers of
particles in the system (Figs. 3.13a and b). However, the differences in the normalised
numbers of singlets and clusters between systems with 500 and 1000 particles were
negligible (Figs. 3.13a and b). In contrast, the normalised largest cluster size increased as
the number of particles in the system increased from 100 to 500 (Fig. 3.13c). The chain
length was approximately equal to the width of the cubic volume in which the particles
were created for the larger particulate systems. This was probably due to the long range
of the magnetic interaction, which was able to influence particles that were far away from
each other. Therefore, more particles aggregated as the number of particles in the system
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Figure 3.13 Normalised numbers of (a) singlets and (b) clusters, and (c) the largest cluster
as a function of the number of particles in the system. Magnetic field induction and
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Hamaker constant = 0.0228 T and 2.20 × 10 J, respectively.
increased. In addition, there was no significant difference between the largest cluster size
observed in the 500 and 1000 particle systems. Therefore, the simulations in the second
part of this chapter were carried out for a system of 500 particles.
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3.3.2

Particle behaviour in the presence of electric double layer forces

3.3.2.1 Microscopic behaviour of competing forces
Figure 3.14 shows the electric double layer, van der Waals and magnetic forces as a
function of surface-to-surface distance between particles. The forces were plotted for
particles of 0.5 µm (Fig. 3.14a), 1.0 µm (Fig. 3.14b) and 1.5 µm diameter (Fig. 3.14c).
The magnetic field induction and Hamaker constant were 0.0228 T and 5.20  10-20 J,
respectively. The surface potential was −35.0 mV and the packing fraction was 0.0038.
A temperature of 298 K was considered to determine the standard deviation of the
Brownian forces.
The electrical double layer force is repulsive, while magnetic and van der Waals forces
are attractive for particles of the same type. For all particle sizes, the actions of magnetic,
van der Waals and electrical double layer forces are stronger when the particles are very
close. However, these three forces decay in different ways. The magnetic force decays
according to the 4th power of distance between particle centres. The van der Waals force
decays as the square of the surface-to-surface distance between particles. The electrical
double layer force decays exponentially with distance between particle surfaces (Section
3.2.1.2, Equation 3.16). The van der Waals attraction decays more rapidly than both the
magnetic and electrical double layer forces (Fig. 3.14). However, under the conditions
shown in Fig. 3.14, the van der Waals force is stronger than both the magnetic and electric
double layer forces when the particles are very close to one another.
These three forces increase with particle size. The van der Waals attraction (Equation
3.14) and electric double layer repulsion (Equation 3.16) increase linearly with particle
size. However, the magnetic force increases with particle radius according to a power law
(Equation 3.8). For the smallest particle size, there are two distances at which the force is
zero. In a force-distance plot, the closest distance indicates the maximum of an energy
barrier, while the second distance is the position of the secondary minimum of the
potential energy. Between these two points, the net force between particles in the zdirection becomes repulsive due to the electric double layer force.
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As the particle size increases, the strength of the magnetic force increases more rapidly
that the strengths of the van der Waals and electric double layer forces. The total force
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Figure 3.14 Competing forces as a function of separation distance between particle
surfaces at a surface potential of −35.0 mV for particle sizes of (a) 0.5 µm, (b) 1.0 µ m
and (c) 1.5 µm. Magnetic field induction and Hamaker constant = 0.0228 T and 5.20 
-20
10 J, respectively.
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becomes attractive for the largest particles in the system (Fig. 3.14c).
It was observed that when the particle sizes increased from 0.5 µm to 1.5 µm, all three
forces increased by one order of magnitude. For example, for the 0.5-µm particles at a
separation distance of 4.0 nm, the values of the electric double layer, van der Waals and
magnetic forces were +9.5  10-11 N, −6.77  10-11 N and −1.31  10-11 N, respectively
(Fig. 3.14a). At the same separation distance with 1.5-µm particles, the values of the
electric double layer, van der Waals and magnetic forces were +2.8  10-10 N, −2.03  1010

N and −1.21  10-10 N, respectively (Fig. 3.14c).

In addition, these three forces depend on other important parameters. The van der Waals
attraction increases linearly with the Hamaker constant. On the other hand, the electrical
double layer repulsion and magnetic attraction increase with surface potential and
magnetic field induction, respectively, according to a power law. Therefore, aggregation
in the primary or secondary minimum, as well as the presence of the minima, will also
depend on the specific values of these parameters.
3.3.2.2 Effect of particle density and surface potential on chain formation for
different sized particles
Figure 3.15 shows the evolution in coordination number with time for magnetite
polystyrene, magnetite and iron particles with a Gaussian size distribution with a standard
deviation of 0.15 µm. Simulation data are plotted from 0–1.0 s in Fig. 3.15a. Figure 3.15b
shows the first 50.0 ms of simulation with data taken every 1.0 ms. A trendline was added
at the beginning to the curve of magnetite particles to see how the slope changed with
two values of surface potential (Fig. 3.15b). The dotted and solid black straight lines are
trendlines for surface potentials of −35.0 mV and −50.0 mV, respectively (Fig. 3.15b)
The coordination number increased with time for all particle types at both surface
potentials. There were no significant differences in the coordination number evolutions
of the three particle types at both surface potentials (Fig. 3.15). This lack of difference
suggests that particle density has no influence on the aggregation process. This result also
corroborates the density analysis conducted in the absence of electric double layer forces
(Section 3.3.1.6, Fig. 3.9).
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In addition, the coordination number was higher for smaller surface potentials.
Furthermore, the slope was higher for the surface potential of −35.0 mV than for the −50.0
mV case (Fig. 3.15b). This indicates that the coordination number increased more rapidly
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Figure 3.15 Evolution in coordination number with time for a narrow Gaussian size
distribution according to simulation data from (a) 0–1.0 s and (b) 0–50.0 ms of real time
for surface-to-surface distances < 10.0 nm. The surface potentials were −35 mV and −50
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mV. Magnetic induction and Hamaker constant = 0.0228 T and 5.20 × 10
respectively.
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at a surface potential of −35.0 mV than at −50.0 mV.
3.3.2.3 Influence of surface potential on chain aggregation for different particle size
distributions
Figure 3.16 shows the values of coordination number at steady-state as a function of
surface potential for the monomodal, trimodal, narrow- and broad-Gaussian size
distributions. The behaviour of the system was analysed for magnetite particles with
surface potentials ranging between −25 and −55 mV. The Hamaker constant and magnetic
field induction were 5.20 × 10-20 J and 0.0228 T, respectively. The aggregation behaviour
of the pure iron and magnetite polystyrene particles, as characterised by the evolution in
coordination number, was found to be identical to that of the magnetite particles (Section
3.3.2.2, Fig. 3.15). In addition, the full analysis of the influence of surface potential on
coordination number was also found to be identical for the three materials. Therefore,
only the results for magnetite are presented in this section. Figure 3.16a shows the
coordination number considering particles that are physically in contact. Figures 3.16b,
c, and d plot the coordination number by determining the number of neighbours closer
than 5, 10 and 15 nm, respectively.
In all cases, the coordination number decreases with increasing surface potential (Fig.
3.16). Figure 3.16a shows that there is a critical value of surface potential above which
the particles did not aggregate by touching each other and, thus, they aggregated in their
primary minimum (Fig. 3.16a). This minimum value is demonstrated by an abrupt
transition in the coordination number between surface potentials of −35 and −40 mV.
No significant differences can be observed between Figs. 3.16a and b, with the latter
plotted by considering neighbouring particles closer than 5 nm. In contrast, when the
coordination number was determined by estimating the number of neighbours within 10
nm, the shapes of the curves reflect a gradual transition between −35 mV and −55 mV.
This transition suggests that many particles may aggregate in the secondary minimum
(Fig. 3.14) and, therefore, do not touch each other (Fig. 3.16c). Note that a secondary
minimum was only shown for particles ≤ 1.0 μm. Furthermore, the position of the
secondary minimum seems to be close to 10 nm, as the curves gradually decrease (Fig.
3.16c). Finally, when the number of neighbours is counted within a distance of 15 nm
(Fig. 3.16d), all the curves are very close to horizontal and the value of the coordination
number is close to 1.6. The fact that the lines are horizontal, and by comparing Figs. 3.16d
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and c, it is clear that when the surface potential is < −35 mV, the particles aggregate in
the secondary minimum.
Figure 3.16 shows that there are no drastic differences in coordination number when
different particle size distributions were used. Nevertheless, a few observations can still
be made. The coordination number slightly decreased in the order monomodal > narrow
Gaussian > broad Gaussian > trimodal. This sequence can be clearly correlated with the
increase in the number of fine particles in the system. The trimodal size distribution has
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Figure 3.16 Coordination number as a function of surface potential for monomodal
(MSD), trimodal (TSD), narrow and broad Gaussian (GSD) size distributions at distances
between particle surfaces of less than (a) 0.0 nm (overlap), (b) 5.0 nm, (c) 10.0 nm and
(d) 15.0 nm. Magnetic field induction = 0.0228 T.
a higher number of fines than the narrow and broad Gaussian size distributions. In
addition, the monomodal size distribution does not contain any fine particles (< 1.0 μm).
Therefore, the monomodal and trimodal size distributions have the highest and lowest
values of coordination number, respectively.
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In addition, the differences between the monomodal and narrow Gaussian distributions
were very small, suggesting that the former is a good approximation of the latter.
Furthermore, the differences in coordination number between the broad Gaussian and
trimodal size distributions were negligible in all cases.
3.3.2.4 Analysis of contacts and singlets for different-sized particles with different
particle size distributions
Figure 3.17 shows the contact (Fig. 3.17a) and singlet (Fig. 3.17b) histograms as a
function of particle size for the narrow Gaussian, broad Gaussian and trimodal size
distributions. The contact histogram for the monomodal size distribution was not included
as it only contained 1.0-µm particles. The behaviour of the system was analysed for the
smallest (0.5 µm), intermediate (1.0 µm) and largest (1.5 µm) particles at a magnetic field
induction and surface potential of 0.0228 T and −35.0 mV, respectively.
Figure 3.17a shows that the normalised number of contacts increased with increasing
particle size, suggesting that the larger particles aggregated more than the finer particles.
Magnetic attraction increases with particle size to the 6th power; therefore, a factor of
three in the size of the particle increases the magnetic force 81-fold (Fig. 3.14).
Consequently, the number of contacts is higher for larger particles. This is better shown
in Fig. 3.18, which visualises the simulations of the narrow Gaussian (a), broad Gaussian
(b) and trimodal (c) size distributions. It is possible to see that all the largest particles (1.5
µm, green colour code) aggregated in chains in all particle size distributions. However, a
few particles of intermediate size existed in the form of singlets (pale blue, pink, purple
and yellow colour codes). Finally, the finest particles of 0.5 μm (red colour code) existed
mainly in the form of singlets.
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Figure 3.17 (a) Contact and (b) singlet histograms as functions of particle size for the
narrow Gaussian, broad Gaussian and trimodal size distributions. Magnetic induction,
-20
surface potential and Hamaker constant = 0.0228 T, −35.0 mV and 5.20 × 10 J,
respectively.
The normalised number of singlets decreased with increasing particle size (Fig. 3.17b).
This indicates that the contribution of smaller particles to the chain formation process was
less than that of the larger particles. The number of singlets was higher for the trimodal
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Figure 3.18 Visualisations of simulations of the steady-state of the (a) narrow Gaussian,
(b) broad Gaussian and (c) trimodal size distributions. Magnetic induction, surface
-20
potential and Hamaker constant = 0.0228 T, −35.0 mV and 5.20 × 10 J, respectively.
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than for both the narrow and broad Gaussian size distributions. This was probably due to
the number of fines present in the different particle size distributions. The trimodal
distribution had more fine particles than the other two (Section 3.2.2.2, Table 3.3).
3.3.2.5 Influence of external magnetic field induction on magnetic aggregation with
different particle size distributions
Figure 3.19 shows the coordination number (a) and number of particles per cluster (b) as
a function of external magnetic field induction for the narrow Gaussian, broad Gaussian
and trimodal size distributions. The number of particles per cluster was obtained by
dividing the total number of particles by the total number of clusters in each size
distribution. The surface potential was constant at −35.0 mV, while the external magnetic
field induction ranged between 0.0228 T and 0.1 T.
The coordination number increased with magnetic field induction for all particle size
distributions. A steady coordination number was observed at magnetic field inductions >
0.04 T. There was no significant difference in coordination number between the narrow
and broad Gaussian distributions; however, the trimodal size distribution had a slightly
higher coordination number (Fig. 3.19a).
In addition, the number of particles per cluster increased with increasing magnetic field
induction for all size distributions. The trimodal distribution showed the smallest number
of particles per cluster. This was probably due to its higher amount of fines, as the
magnetic force is weaker for smaller particles. The smallest number of particles per
cluster in the trimodal distribution seems counter-intuitive when compared with the
coordination number. This point warrants further study. Therefore, many of the fines were
unable to aggregate into large chains, even at high magnetic field induction. This is better
shown in Fig. 3.20, which visualises the simulations of the narrow Gaussian (a), broad
Gaussian (b) and trimodal (c) size distributions at magnetic field induction of 0.1 T.
It is possible to observe in Fig. 3.20 that the number of non-aggregated particles was
higher for the trimodal size distribution (c) than for both the narrow (a) and broad
Gaussian (b) size distributions. The number of non-aggregated particles was also higher
at the lower magnetic field induction, as previously shown in Fig. 3.18. In addition, the
trimodal distribution seems to be made of more chains but of shorter length. This is
consistent with Fig. 3.17, which showed that the number of particles per chain was smaller
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for the trimodal distribution.
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Figure 3.19 (a) Coordination number and (b) number of particles per cluster as a function
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Hamaker constant = −35.0 mV and 5.20 × 10 J, respectively.
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Figure 3.20 Visualisations of the simulations for the (a) narrow Gaussian (b) broad
Gaussian and (c) Trimodal size distributions. Magnetic induction, surface potential and
-20
Hamaker constant = 0.1 T, −35.0 mV and 5.20 × 10 J, respectively.
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3.4 Conclusion
This chapter studied the chain formation process of magnetic particles of different
densities and sizes in the presence of external weak magnetic field. The behaviours of the
systems were analysed in the absence and presence of electrical double layer forces in the
first and second parts of the chapter, respectively. A preliminary analysis of the competing
forces acting on magnetic particles was carried out to explain the behaviours of particle
suspensions. The analysis of particle density considered three types of particles
corresponding to pure iron, magnetite and a composite of magnetite and polystyrene. In
all simulations, the average particle diameter was 1.0 µm. The outcomes of the study of
this chapter are given below:
 In the absence of electrical double layer force:
o The relative strengths of competing magnetic, van der Waals and Brownian
forces:
 At the lowest value of Hamaker constant considered (H = 5.62  10-22 J) and
the largest magnetic induction (B = 0.0 5 T), the values of the van der Waals
and magnetic forces were approximately equal when particles were in
contact. However, Brownian forces were stronger than van der Waals and
magnetic forces at the values of H and B mentioned above.


The simulations showed that the magnetic force can bring particles closer
together, while the van der Waals force contributes to the strength of
aggregates.

o In the presence of Brownian force and absence of van der Waals force
 The particles arranged in straight lines parallel to the direction of the external
magnetic field (in the z-direction).


Fluctuations in the number of interparticle contacts were observed in the
absence of van der Waals force.

o In the presence of van der Waals and absence of Brownian force:
 The fluctuations in the number of interparticle contacts due to Brownian
forces disappeared in the presence of van der Waals forces for a Hamaker
constant value of 2.20 × 10-20 J.


The coordination number increased to a value close to two, demonstrating
that the van der Waals force aids the magnetic force-induced chain formation
process.

o In the presence of both Brownian and van der Waals forces:
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The highest coordination number was achieved in the presence of both
Brownian and van der Waals forces.



Particle density did not seem to have any significant influence on the
coordination number, although it determined the speed at which the
suspended particles moved.



The size of the largest cluster slightly increased with the number of particles
in the system. In addition, the numbers of singlets and clusters decreased as
the number of particles in the system increased from 100 to 500.



There were no significant differences observed between the behaviours of the
500- and 1000-particle systems.

 In the presence of electrical double layer force:
o Competing forces on different sized particles:
 The three forces decay in different ways. The magnetic force decays with
distance between particle centres to the power of four. The van der Waals
force decays according to the square of the surface-to-surface distance
between particles, and the electrical double layer force decays exponentially
with distance between particle surfaces.


The forces increased with particle size in different ways. The van der Waals
attraction and electric double layer repulsion increased linearly with particle
size. However, the magnetic force increased according to the sixth power of
the particle radius. For particle sizes smaller than or equal to 1.0 µm, there
were two distances at which the net force was zero. The closest one represents
the maximum of an energy barrier, while the second represents the position
of the secondary minimum of the potential energy. Between these two points,
the net force between particles in the z-direction became repulsive due to the
electric double layer forces.



In addition, the total force became attractive for the particle sizes greater than
1.0 µm in the system due to the attraction of magnetic force.

o Influence of particle density on aggregation process:
 Particle density did not influence the chain formation process at the values of
surface potentials (−35 mV and −50 mV) considered in this study.


However, the coordination number increased more rapidly at the lower
surface potential than at the higher value.

o Effect of surface potential on aggregation process
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A critical value of surface potential was observed, below which particles
aggregated at their primary minimum. This critical value was revealed by an
abrupt transition in the coordination number between surface potentials of
−35 mV and −40 mV. For all particle size distributions, the particles
aggregated at their secondary minimum when the surface potential was above
the critical value.



It was shown that the coordination number decreased in the size distribution
order of monomodal > narrow Gaussian > broad Gaussian > trimodal.

o Effect of external magnetic field induction on the aggregation of different size
particles
 The number of particles per cluster increased with the magnetic field
induction strength for all particle size distributions.


The number was higher for the Gaussian size distributions than for the
trimodal size distribution.



This is supposedly due to the larger number of fine particles in the trimodal
size distribution than in the Gaussian ones.

The study of the chain aggregation process of magnetic particles in the presence and
absence of van der Waals and electric double layer forces provided important results that
will be useful in future applications. These results are related to the influence of particle
size distribution on the particle densities and suspensions, subjects that have not been
properly addressed in the published literature. However, the aggregation behaviour of
particles was analysed in the absence of a hydrodynamic resistance function. Therefore,
this force will be incorporated into the modelling presented in the next chapter. This
chapter investigates the segregation of different-sized magnetic particles in the presence
of an external magnetic field gradient.
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Chapter 4: Size segregation of fine
magnetic particles in a high gradient
magnetic separation system
4.1 Introduction
This chapter focuses on the size segregation of fine magnetic particles in a high gradient
magnetic separation (HGMS) system. Separation of fine particles is one of the most
significant applications of the magnetic attraction phenomenon. Efficient separation of
very weakly magnetic particles of micron size is possible using HGMS systems
(Oberteuffer, 1973). In general, size segregation of magnetic particles in the presence of
a magnetic field gradient with consideration of van der Waals and electrical double layer
forces has not been properly addressed in the published literature (Chapter 2, Section 2.3).
Most studies have focused on the separation of magnetic and non-magnetic particles and
have ignored the effects of these two important forces (Gerbei et al., 1983; Svoboda,
2001; Zhou et al., 2008; Nakai et al., 2011; van Netten et al., 2013).
In the previous chapter, the aggregation of magnetic particles in the presence and absence
of both van der Waals and electric double layer forces was analysed at a particular
external magnetic field induction. In this chapter, magnetic field gradient and
hydrodynamic resistance forces are incorporated. The magnetic gradient force model
used by van Netten et al. (2013) is used to model the motion of magnetic particles in an
external magnetic field gradient. The behaviour of the system was analysed in three steps.
In the first step, the motion of single particles was analysed in the presence of an external
magnetic field gradient. In the second step, the motion of single chains of monosized
particles was studied as a function of the number of particles in the chain. In the third
step, the segregation behaviour of differently-sized magnetic particles in a bulk particle
suspension was analysed.
This chapter provides an important step in the modelling of HGMS systems as it
incorporates a high gradient magnetic field in the presence of van der Waals and electric
double layer forces. The correction for magnetisation due to the proximity of
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neighbouring particles and hydrodynamic resistance due to the presence of an intervening
liquid are also introduced to study the segregation behaviour of magnetic particles in a
realistic sense.

4.2

Discrete Element Method Simulations

4.2.1

Fundamental equations

Discrete element method (DEM) simulations were used to analyse the segregation
behaviour of fine magnetic particles in the presence of an external magnetic field gradient.
The force due to an external magnetic gradient 𝑭
force 𝑭

and the hydrodynamic resistance

between two particles were incorporated into Equation 3.1 (Chapter 3).

Therefore, an extended equation of motion can be given as:

𝑚

𝑑 𝒙
=𝑭
𝑑𝑡

+𝑭
+𝑭

+𝑭

+𝑭

+𝑭

+𝑭

+𝑭

(4.1)

+𝑭

where m is the particle mass, x is the vector position of the particle, t refers to time, F is
the force acting on each particle, and the subscripts elast, damp, mag, grad, vdW, drag,
Brow, hrf and EDL refer to elastic, damping, magnetic, gradient, van der Waals, drag,
Brownian, electric double layer and hydrodynamic resistance functions, respectively. The
expressions for the elastic, damping, magnetic dipole-dipole interaction, van der Waals,
Brownian and drag forces are given in Chapter 3, Section 3.2.1.
4.2.1.1 Hydrodynamic resistance force
Fluid resistance can be expressed in terms of Stokes’ drag with a correction for the
compression of the intervening fluid (Fan & Vinogradova, 2005), as given in Equation
(4.2):

𝑭

6𝜋𝜇𝑅 ∗
=
𝑽
𝛿

(4.2)

where 𝑽 is the relative velocity between two particle centres, and R*, µ, and δ are the
reduced particle radius, coefficient of fluid viscosity, and surface-to-surface distance
between two particles, respectively. Equation 4.2 approaches infinity as the distance
between surfaces (δ) approaches zero. A cut-off distance d0 of 3.0 Å was assigned to
avoid the divergence of Eq. 4.2. Therefore, the hydrodynamic resistance function will
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give a constant value when δ < 3.0 Å. This value is the same one assigned to the van der
Waals force (Chapter 3).
4.2.1.2 Magnetic field gradient force
The magnetic field gradient force used by van Netten et al. (2013) was incorporated in
the present study to describe the motion of magnetic particles in a non-magnetic fluid in
the direction of a magnetic field gradient. The mathematical expression of this force is
given as Equation (4.3):

𝑭

= 𝑴𝑉

𝑑𝐁
𝑑𝑥

(4.3)

where M is the total magnetisation of the particles and dB/dx is the magnetic field
gradient. The total magnetisation depends on the external magnetic field and the mutual
magnetisation of the particles. Therefore, the final particle velocity and acceleration will
be influenced by the mutual magnetisation of the particles. The total magnetisation is also
a function of the effective magnetic susceptibility of the particle material, eff and the
external magnetic field B:

𝑴=𝝌

𝐁
𝜇

(4.4)

where µ0 is the permeability of the free space. The effective magnetic susceptibility
depends on the material properties as well as the contribution of the neighbouring
particles. Therefore, a correction can be introduced due to the influence of other particles,
which can be given by Equation (4.5):

𝝌

=1+

𝑯
𝐻

(4.5)

where Hext and Hi are the external magnetic field and induction due to the contribution of
the neighbouring particles in the system, in which Hi can be expressed as (Reitz et al.,
2008):

𝑯 =

1
4𝜋

3(𝐦 ∙ 𝐫 )𝒓
𝐦𝐢
−
𝑟
𝑟

(4.6)

where the vector r is the distance between dipoles and m is the magnetic moment. The
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magnetic field gradient force due to the mutual magnetisation of neighbouring particles
can be obtained by substituting the value of M in Equation (4.3) into Equations (4.5–4.6)
to obtain:

𝑭

= 𝑴𝑉

𝑑𝐁 𝐁
1 1 𝑚 3𝑟
=
1+
−1
𝑑𝑥 𝜇
𝐻 4𝜋 𝑟 𝑟

𝑑𝑩
𝑑𝑥

(4.7)

where mz and rz are the magnetic dipole moment and relative position of two particles
along the z-direction, respectively. See Appendix A for more detail.
4.2.1.3 Magnetophoretic mobility
Magnetophoretic mobility, or magnetophoresis, is the process of particle motion in a
viscous medium in the presence of an inhomogeneous magnetic field (Zborowski et al.,
2002). Characterization of the motion of individual particles is possible by measuring the
magnetophoretic mobility. Particles undergoing magnetophoresis are limited to a size
range of 1–100 µm. When the drag force balances the magnetic gradient force, the
particles reach a terminal velocity VT (Zhou et al., 2016). Therefore, the following relation
can be obtained according to the magnetic gradient and drag force models used in this
study:
𝑭

=𝑭

⇒ 6𝜋𝜇𝑅𝑽 = 𝑴𝑉∇𝑩
⇒𝑽 =

𝑴𝑉∇𝑩
6𝜋𝜇𝑅

(4.8)

where M, V, B, µ and R are the particle magnetisation, volume, magnetic field induction,
fluid viscosity and radius, respectively. The expression given in Equation (4.8) can be
rearranged to give the magnetophoretic mobility Um of a magnetic particle of size R:

𝑼

=

2𝐌
𝑅 ∇𝑩
9µ

(4.9)

81 | P a g e

4.2.2

Geometry of the external magnetic field induction and magnetic field
gradient

Figure 4.1 shows the geometry of the two poles of an electromagnet placed along the zdirection and, thus, parallel to the magnetic field (Fig. 4.1a). Figure 4.1b shows the case
of a magnetic field gradient acting along the x-direction, perpendicular to the external
magnetic field (Fig. 4.1b). The magnetic particles are placed between the two poles inside
a vessel filled with a liquid. Under the configuration shown in Figs. 4.1a and b, the
magnetic moments are aligned along the z-direction. The attractive and repulsive zones
are shown schematically in Fig. 4a. Particles are attracted to each other and aggregate,
forming linear chains parallel to the magnetic field. Repulsion occurs when particles are
located side-by-side along both the x- and y-directions, which are perpendicular to the
external magnetic field. The magnetic field gradient force acts along the x-direction,
which is perpendicular to the external magnetic field (Fig. 4.1b). Two magnetic particles
are placed on one top of the other along the z-direction. By the action of the external
magnetic field, the particles aggregate and move in the direction of the magnetic field
gradient, as shown in Fig. 4.1b.

𝑧
B

N

N

Repulsion
𝑥
Attraction
S

S

(a)

(b)

Figure 4.1 Diagrams of (a) magnetisation of spherical particles in an attractive/repulsive
zone according to an external magnetic field. (b) Development of a magnetic field
gradient along the x-direction (dB/dx). Adapted from Zhou et al. (2008).
4.2.3

Simulation conditions

4.2.3.1 Simulation parameters
Table 4.1 shows a summary of the particle properties used to simulate the segregation
behaviours of magnetic particles, which were obtained from published papers. The
properties of magnetite particles with sizes ranging from 0.5 µm to 1.5 µm were
considered in the DEM simulations. The values of magnetic field induction were 0.0228
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T and 0.1 T, while the values of magnetic field gradient ranged between 0.1 T/m and 2.0
T/m (Table 4.1).
Table 4.1 Properties of the simulated system
Property

Value

References

Particle density (kg.m-3)
Particle size (µm)
Hamaker constant (J)
Surface potential (mV)
Magnetic induction (T)
Magnetic field gradient (T/m)
Elastic modulus (GPa)

5175
0.5–1.5
5.20 × 10-20
−35
0.0228–0.1
0.1–2.0
210

Blaney (2007)
-Shaw (1966); Svoboda (1982)
Meng et al. (2016)
Svoboda (1982)
van Netten et al. (2013)
Chicot et al. (2011);
Lagger et al. (2014)

Viscosity (Pa.s)
Solid volume fraction
Temperature (K)
Time step (s)

1.0 × 10-3
0.0038
298.5
1.0 × 10-10

Korson et al. (1969)
Neville and Moreno-Atanasio (2018)
Wang et al. (2002)
--

4.2.3.2 Simulated system
Three types of systems were simulated in the presence of an external magnetic field
gradient: individual particles, single chains and bulk particle suspensions. Simulations of
the single particles and single chains were conducted first with the objective of explaining
the behaviour of the suspensions.
A cubic box with a side length of approximately 44.0 µm was considered for all the
simulations. Initially, single particles were placed with their left boundary at a distance
of 0.5 µm from the centre of the left wall of the cubic box. Thus, the particle position was
(0.5 µm + R, 22 µm, 22 µm). In order to form particle chains, individual particles were
positioned in alignment with the vertical direction (z-axis) and separated from one another
by a distance of 0.2 µm. Magnetic dipole attraction allowed the particles to be attracted
to each other and form chains. Particle chains moved along the direction of the magnetic
field gradient. Monomodal distributions of particles with sizes of 0.5 µm and 1.5 µm were
considered. The maximum number of particles was 30, which corresponds to a maximum
chain length of 45 µm, which is close to the channel width employed in the bulk
suspension cases.
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In order to create a bulk suspension, 500 magnetite particles were randomly positioned
inside a cubic space that was considered to be filled with water. The side length of the
simulation space was approximately 44.0 µm. The boundary walls of the simulation
volume were rigid except the left and right boundaries, which were kept open to allow
the particles to move freely along the direction of the magnetic field gradient.
A study of bulk particle suspensions was carried out with two different size distributions,
both with a mean particle diameter of 1.0 µm. The first distribution was trimodal, with
equal numbers of particles of each of three sizes. The second one was a Gaussian
distribution with a standard deviation of 0.35 µm. The particle size distributions are given
in Table 4.2.
Table 4.2 Particle size distributions with colour coding
Size (µm)

Number of particles

Colour code

Trimodal

Gaussian

0.5

166

23

Red

0.6

--

33

Purple

0.7

--

45

Pale blue

0.8

--

55

Pale green

0.9

--

62

Pink

1.0

168

64

Blue

1.1

--

62

Yellow

1.2

--

55

Dark red

1.3

--

45

White

1.4

--

33

Reddish blue

1.5

166

23

Shiny green
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Figure 4.2 shows the colour codes for the 11 different types of particles (a) and the initial
particle positions for the two cases corresponding to the Gaussian (b) and trimodal (c)
size distributions. Particles were coloured according to their sizes as 0.5 µm, red; 0.6 µm,
purple; 0.7 µm, pale blue; 0.8 µm, pale green; 0.9 µm, pink, 1.0 µm, blue; 1.1 µm, yellow;
1.2 µm dark red; 1.3 µm, white; 1.4 µm, reddish blue; and 1.5 µm, shiny green. The
Gaussian size distribution had eleven sizes of particles with a standard deviation and mean
diameter of 0.35 µm and 1.0 µm, respectively. The smallest (0.5 µm), mean (1.0 µm) and
largest (1.5 µm) particles were equally distributed in the trimodal size distribution (Table
4.2). The colour codes of these three particle sizes in the trimodal size distribution are
identical to those of the Gaussian size distribution.

Figure 4.2 Front view of simulation data visualisations for the initial states of 500
particles with a (a) Gaussian or (b) trimodal size distribution. (c) Colour codes of the 11
particle sizes.
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4.3 Results and discussion
4.3.1

Single particle chain study

4.3.1.1 Single particle motion
Figure 4.3 shows the average velocity of 0.5 µm and 1.5 µm particles as a function of
magnetic field gradient at a magnetic field induction of 0.0228 T. Linear models are fitted
to the data and a straight line parallel to the x-axis has been added for reference.
70.0
D = 1.5 µm

Average velocity, (µm/s)

60.0

y = 2.2670x - 0.1008
R² = 0.9990

D = 0.5 µm

50.0
40.0
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20.0
y = 0.2632x - 1.2471
R² = 0.9238

10.0
0.0
-10.0
0.0

5.0

10.0

15.0

20.0

25.0

30.0

Magnetic field gradient, (T/m)

Figure 4.3 Velocities of single 0.5 µm and 1.5 µm particles as a function of magnetic
field gradient. Magnetic field induction = 0.0228 T.
The average velocities of the 0.5 and 1.5 µm particles increased linearly with magnetic
field gradient once threshold values of around 15.0 T/m and 2.0 T/m, respectively, were
reached (Fig 4.3). This is also shown by the linear models, which intersect the x-axis at
gradient values of 0.0445 and 4.7382 for the 1.5 µm and 0.5 µm particles, respectively.
However, below these threshold values, no apparent trend was observed in the particle
velocities. In addition, Fig. 4.3 clearly shows that the 1.5 µm particle developed a higher
velocity than the 0.5 µm particle.
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Figure 4.4 shows visualisations of the simulations of the motions of 0.5 µm (red) and 1.5
µm (shiny green) particles under magnetic field induction of 0.0228 T. The values of
magnetic field gradient were 2.0 T/m (Figs. 4.4a and b) and 25.0 T/m (Figs. 4.4c and d).
White dotted vertical lines passing through the centres of the reference volumes have been
added to more clearly show the distances covered by each particle from their initial
positions (red dotted lines).

Figure 4.4 Visualisations of simulations of single particles under magnetic field gradients
of (a) 2.0 T/m (d = 0.5 µm), (b) 2.0 T/m (d = 1.5 µm), (c) 25.0 T/m (d = 0.5 µm) and (d)
25.0 T/m (d = 1.5 µm). Magnetic field induction = 0.0228 T.
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At a magnetic field gradient of 2.0 T/m, the 1.5 µm particle moved in the direction of the
magnetic field gradient for a short distance (Fig. 4.4b). It moved around its initial position
at magnetic field gradients < 2.0 T/m (images not included). At a magnetic field gradient
of 25.0 T/m, the 1.5 µm particle approached the centre of the reference volume (Fig. 4.4d)
within 0.4 s. The average velocities developed by the 1.5 µm particle were 4.53 µm/s and
55.0 µm/s under magnetic field gradients of 2.0 T/m and 25.0 T/m, respectively (Fig. 4.3).
In contrast, the 0.5 µm particle moved around its initial position at magnetic field
gradients of up to 25.0 T/m (Figs. 4.4a and c). Its motion was disrupted by the Brownian
force, which was stronger than the force of the external magnetic field gradient (Figs.
4.4a and c).
4.3.1.2 Effect of magnetisation correction for neighbouring particles: chain motion
Figure 4.5 shows the average velocities of single chains of 0.5 µm (a) and 1.5 µm particles
(b). The numbers of particles in the chains ranged from 1 to 30. The simulation data was
plotted after 0.4 s, by which a steady state had been obtained in all cases. The values of
magnetic field gradient ranged between 0.3 T/m and 0.7 T/m, while the value of the
magnetic field induction was kept constant at 0.0228 T.
The particles aggregated within the first 0.1 s of simulation as they were initially
positioned very close together. The aggregate velocity increased with increases in the
magnetic field gradient, particle size and number of particles in the chain. Small (0.5 µm)particle chains (Fig. 4.5a) developed lower velocities than chains made of large particles
(1.5 µm, Fig. 4.5b). The velocity of particles increased when they aggregated in chains
until reaching an asymptotic value, which depended on the magnetic field gradient. In
fact, when only single particles were considered, no net motion was observed for any of
the magnetic field gradient values, as reported in Section 4.3.1.1. In this way, the effect
of mutual magnetisation is clearly demonstrated. Therefore, the corresponding data point
was the average of 0.4 s of every 1.0 ms of simulations using different random seeds to
simulate the Brownian motion.
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The increase in velocity with increasing particle size and magnetic field gradient can also
be demonstrated by visualising the position of the chains after 0.4 s, as shown in Fig. 4.6.
Figures 4.6a and b show visualisations of two-particle and 25-particle chains of 0.5 µm
diameter particles, respectively. Figures 4.6c and d show this for 1.5 µm diameter
particles. The values of magnetic field induction and gradient were 0.0228 T and 0.7 T/m,
respectively. The simulation data was visualised at a steady state (0.4 s).
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Figure 4.5 Velocity of chains according to particle number at three magnetic field
gradients for particles of diameter (a) 0.5 µm and (b) 1.5 µm. Magnetic field induction
and gradient = 0.0228 T and 0.7 T/m, respectively.
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At a magnetic field gradient of 0.7 T/m, the 2-particle chain of 0.5 µm particles moved
slightly along the direction of the magnetic gradient (Fig. 4.6a). For the case of 0.5 µm
particles, the 25-particle chain moved faster and travelled a distance greater than the 2particle chain in the presence of a magnetic field gradient of 0.7 T/m (Fig. 4.6b). The
velocities developed by the 2- and 25-particle chains were 5.36 µm/s and 13.80 µm/s,
respectively, at a magnetic field gradient of 0.7 T/m (Fig. 4.5a).
For the 1.5 µm diameter particles, the 2- and 25-particle chains reached approximately
the centre and right wall of the reference volume after 0.4 s of real time, respectively, at
a magnetic field gradient of 0.7 T/m (Figs. 4.6c and d). The velocities developed by the
2- and 25-particle chains were 60.90 µm/s and 138.0 µm/s, respectively, at a magnetic
field gradient of 0.7 T/m (Fig. 4.5b). The velocities of 1.5 µm particle chains were one
order of magnitude higher than those of the 0.5 µm particle chains. The magnetic forces
were higher for the larger-particle chains and longer chains (Fig. 4.6).
The increase in particle velocity observed after particles had aggregated was due to an
increase in their magnetisation due to the proximity of other particles (Zhang & Widom,
1995; van Netten et al., 2013). The contribution of the magnetisation of neighbouring
particles as a function of the number of particles in a chain of an infinite length is given
by the Riemann function, ζ(3), which converges to 1.202 (Zhang & Widom, 1995). For
example, the velocity of a two-particle chain was more than one order of magnitude
higher than that of a single-particle chain (Fig. 4.5) due to the mutual magnetisation of
the two particles. However, the magnetisation of particles reached a maximum value
when the number of particles in the chain was ≥ 10. Therefore, the velocity of the chain
became independent of the number of particles in it. The velocities of 10-particle chains
were 13.4 µm/s (Fig. 4.5a) and 127.0 µm/s (Fig. 4.5b) with 0.5 µm and 1.5 µm particles,
respectively, under a magnetic field gradient of 0.7 T/m. However, after increasing the
number of particles by a factor of three (30 particle chain) the velocities of the chains
only increased slightly to 13.9 µm/s and 139.0 µm/s for the chains with 0.5 µm and 1.5
µm particles, respectively.
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Figure 4.6 Effects of particle size and magnetic field gradient. Visualisations of
simulations of single chains with different numbers of particles. (a) Two-particle chain (d
= 0.5 µm), (b) 25-particle chain (d = 0.5 µm), (c) two-parti cle chain (d = 1.5 µm) and (d)
25-particle chain (d = 1.5 µm). Magnetic field induction and gradient = 0.0228 T and 0.7
T/m, respectively.
Figure 4.7 shows visualisations of single chains made of 10, 15, 20 and 30 1.5 µm
diameter particles (a, b, c and d, respectively) for a magnetic field gradient of 0.7 T/m.
The simulation data is visualised at the steady state (0.4 s). The configuration of the
external magnetic fields and the arrangements of different numbers of 1.5 µm particles
are identical to those presented in Fig. 4.6. It can be observed that all the chains with more
than 10 particles moved from their initial position (left wall) to the right wall of the
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reference volume within 0.4 s of real time (Fig. 4.7). The velocities developed by the 10, 15-, 20- and 30-particle chains were 127.0 µm/s, 133.0 µm/s, 136.0 µm/s and 139.0
µm/s, respectively (Fig. 4.5b).

Figure 4.7 Effect of number of particles in the chain. Visualisations of simulations of
single chains of (a) 10, (b) 15, (c) 20 and (d) 30 1.5 µm particles. Magnetic field induction
and gradient = 0.0228 T and 0.7 T/m, respectively.
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4.3.1.3 Magnetophoretic mobility of 0.5-µm (small) and 1.5-µm (large) particle
chains
Figure 4.8 shows semi-log plots of the velocities of the 2-, 10- and 20-particle chains as
a function of magnetophoretic mobility for two particle sizes (0.5 and 1.5 µm) and three
magnetic field gradients (0.3, 0.5, 0.7 T/m). Linear models are fitted to the data and their
slopes are provided in the figure. The simulated average velocities of the particle chains
in the magnetic field gradient direction are plotted. The magnetic field induction was
0.0228 T.
The average velocity increased linearly with increasing magnetophoretic mobility (Fig.
4.8). The magnetophoretic mobility changed according to the square of particle size and
linearly according to the magnetic field gradient. The fastest chains were those made of
the largest particles and the largest number of particles (Figs. 4.5a, b, 4.8). However, the
velocity of the chains became independent of the maximum number of particles for chains
containing more than 10 particles (Figs. 4.5a, b, 4.8).
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Figure 4.8 Velocity according toMagnetophoretic
magnetophoreticmobility,
mobility(µm/s)
for chains comprised of 2, 10
and 20 0.5 µm or 1.5 µm diameter particles. Magnetic field induction = 0.0228 T.
The slopes of the curves of velocity versus magnetophoretic mobility changed according
to the number of particles in the chain and with their size (Fig. 4.8). The slope of chain
velocity increased drastically when the number of particles in the chain increased from
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two to 10.
This dependency suggests that magnetophoretic mobility does not capture the full
dynamics of magnetic particle chains when mutual magnetisation is considered. In other
words, it is necessary to identify a new dimensionless group to accurately predict the
dependency of chain velocity on particle size and chain length (Fig. 4.8).
4.3.2

Particle bulk behaviour

4.3.2.1 Influence of particle size distribution and magnetic field on aggregation
kinetics: Aggregate velocity for Gaussian and trimodal size distributions
Figure 4.9 shows the temporal evolution in coordination number for the trimodal (TSD)
and Gaussian particle size distributions (GSD) at magnetic field inductions of 0.0228 T
and 0.1 T. The behaviours of the systems were analysed at magnetic field gradients of 0.3
T/m (Fig. 4.9a) and 0.7 T/m (Fig. 4.9b).
Figures 4.9a and b show that the coordination number increased with time, as expected.
However, this increase was faster at the higher value of magnetic field induction (0.1 T)
than at the lower value of 0.0228 T (Fig. 4.9). For the case of 0.1 T, the coordination
number approached two after 0.1 s of simulation, suggesting that the particles aggregated
into linear chains (Figs. 4.9a and b). However, the particles struggled to form steady
chains by this time at magnetic field induction of 0.0228 T. It is clear that Brownian forces
disrupted the chain formation process at the lower magnetic induction. This effect was
demonstrated in Chapter 3. In contrast, a large number of particles aggregated in chains
in both the trimodal and Gaussian size distributions under magnetic field induction of 0.1
T, since the coordination number obtained was > 2.0.
The results obtained at a magnetic field induction of 0.0228 T are consistent with those
presented in Chapter 3 in the absence of a magnetic field gradient, despite there being
differences in the model. In this chapter, the model incorporates a magnetic field gradient
and two other opposite effects: correction for mutual magnetisation and hydrodynamic
resistance due to the presence of an intervening liquid. Given that hydrodynamic
resistance depends on the inverse of the surface-to-surface distance, it would be expected
to have a more dominant influence than mutual magnetisation, which depends on the
centre-to-centre distance. However, the coordination number was approximately 1.6 for
both the Gaussian and trimodal size distributions in the absence of a magnetic field
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gradient at magnetic induction of 0.0228 T (Section 3.3.2.2, Fig. 3.16). At a similar value
of magnetic field induction (0.0228 T), the coordination number slightly decreased to
approximately 1.35 for a magnetic field gradient of 0.7 T/m (Fig. 4.9b). It will be shown
later that this slightly lower coordination number is linked to the presence of a magnetic
field gradient.
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Figure 4.9 Coordination number as a function of time for the trimodal and Gaussian size
distribution with the values of magnetic field gradient (a) 0.3 T/m (b) 0.7 T/m. The values
of magnetic field induction were equal to 0.0228 T and 0.1 T.
Figure 4.9 also reveals that there were no significant differences in the evolution in
coordination number for both particle size distributions at a magnetic field gradient of 0.7
T/m. However, the coordination number reached a higher value for the trimodal size
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distribution than for the Gaussian size distribution for the cases of 0.1 T and 0.3 T/m (Fig.
4.9a). Figure 4.10 shows visualisations of the simulation data for the Gaussian (Figs.
4.10a and b) and trimodal size distributions (Figs. 4.10c and d) at 0.01 s of real-time to
observe the chain formation process close to the beginning of simulation. The images
were captured at magnetic field inductions of 0.0228 T (Figs. 4.10a and c) and 0.1 T (Figs.
4.10b and d) at a magnetic field gradient of 0.7 T/m.
The effect of the magnetic field gradient is clearly observed only for the highest values
of magnetic field induction (Figs. 4.10b and d). This is due to the fact that the magnetic
force depends not only on the magnetic field gradient but also on the actual value of the
magnetisation. Therefore, the higher the magnetisation, the faster the particles aggregate
and the faster the chains move in the direction of the magnetic gradient. This dependency
on the magnetisation of the particles can be clearly seen when comparing the cases with
magnetic field inductions of 0.0228 T (Figs. 4.10a and c) and 0.1 T (Figs. 4.10b and d).
The lack of aggregation is directly linked to the lack of response to the magnetic field
gradient.
In order to complete the analysis of the combined influence of the magnetic field gradient,
magnetisation and particle size distribution on the dynamics of a magnetite suspension,
analysis of the evolution of chain velocities was conducted (Fig. 4.11). Figure 4.11 shows
the velocity of particles as a function of time for the smallest (0.5 µm) and largest (1.5
µm) particles in both the trimodal and Gaussian size distributions. The behaviours of the
systems were analysed at B = 0.0228 T (Fig. 4.11a) and 0.1 T (Fig. 4.11b) with a magnetic
field gradient of 0.7 T/m.
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Figure 4.10 Visualisations of simulation data at 0.01 s of real time under magnetic field
inductions of (a) 0.0228 T (GSD), (b) 0.1 T (GSD), (c) 0.0228 T (TSD) and (d) 0.1 T
(TSD). Magnetic field gradient = 0.7 T/m.
The aggregate velocities of both sizes of particles (0.5 µm and 1.5 µm) increased and
reached steady-state values in both particle size distributions (Figs. 4.11a and b). The
particle aggregates reached a steady velocity faster under a magnetic field induction of
0.1 T than at 0.0228 T. The particles reached a steady velocity by 0.1 s of real time at
high magnetic field induction (0.1 T, Fig. 4.11b). These results are consistent with the
evolution in coordination number shown in Fig. 4.9. Steady coordination numbers were
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observed at 0.8 s and 0.1 s under magnetic field inductions of 0.0228 T and 0.1 T,
respectively (Figs. 4.9a and b). The aggregate velocity also reached a steady value by
these times (0.8 s and 0.1 s, Figs. 4.11a, b). The particles moved at a steady velocity after
reaching a steady coordination number, indicating the formation of linear chains.
The particle velocities of the trimodal size distribution were consistently higher than those
of the Gaussian one. The differences were observed at both values of magnetic field
induction (Figs. 4.11a and b). This was probably because of the presence of a greater
number of the largest-sized particles in the trimodal size distribution. The total number
of largest particles in the chains was higher for the trimodal than the Gaussian size
distribution (images not included). In addition, with the Gaussian size distribution, the
particle velocities fluctuated at the lower value of external magnetic field induction
(0.0228 T). This was probably due to Brownian random motion, which is stronger for
smaller particles in a weak magnetic field (Chapter 3).
The average velocity was higher for larger particles than for fines, as shown in Fig. 4.5.
If the magnetic particle chains were formed by equal mixtures of differently-sized
particles, there should not be any difference between the velocities of the largest and
smallest particles. Therefore, there are two possible conclusions: either the particles did
not aggregate or the degree of mixing of the smallest and largest particles forming
individual chains was poor. Given that at 0.1 T, the coordination number is close to 2
(suggesting the formation of linear chains), the only conclusion is that the degree of
mixing in the chains is low. According to the visualisations in Fig. 4.10b and d, the
majority of the smallest particles (0.5 µm) did not aggregate with the largest ones.
In contrast, the above conclusion cannot be easily reached for the case with the lowest
magnetic field induction of 0.0228 T, as the coordination number was around 1,
suggesting there was only partial chain aggregation. Thus, the differences between the
smallest and largest particles could also be due to the presence of many singlets in the
system.
We can now compare the velocities of single chains under magnetic field induction of
0.0228 T. The steady-state velocities of 1.5 µm particles were 148.0 µm/s and 113.0 µm/s
for the trimodal and Gaussian size distribution (Fig. 4.11a). These velocities were slightly
higher than those of the 30- and 5-particle individual chains made of 1.5 µm particles,
98 | P a g e

respectively, at a similar value of magnetic field induction (Fig. 4.5b). For the cases of
0.5 µm particles, the steady-state velocities were 86.0 µm/s and 77.0 µm/s for the trimodal
and Gaussian size distributions, respectively (Fig. 4.11a). These velocities are 10-times
higher than that of the 30-particle chain made of 0.5 µm particles at a magnetic field
induction and gradient of 0.0228 T and 0.7 T/m, respectively (Fig. 4.5a). Interestingly,
these steady-state velocities (86.0 µm/s and 77.0 µm/s) are close to the average velocity
of the three-particle chain of 1.5 µm particles (Fig. 4.5b). This suggests that the fines
aggregated with 1.5 µm particles and moved at the velocity of the 1.5 µm particle
aggregates. Therefore, these results suggest that only partial aggregation of the 0.5 µm
particles took place, as was also observed in Fig. 4.10. It is important, in future, to develop
an expression for the degree of mixing of specific particle types.
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Figure 4.11 Average particle velocity as a function of time for the Gaussian (GSD) and
trimodal (TSD) size distributions under magnetic field inductions of (a) 0.0228 T and (b)
0.1 T. Magnetic field gradient = 0.7 T/m.
4.3.2.2 Influence of magnetic field gradient on particle aggregation
Figure 4.12 shows the steady-state values of coordination number (Fig. 4.12a), total
number of particles per cluster (Fig. 4.12b) and total number of singlets (Fig. 4.12c) as a
function of magnetic field gradient. The behaviour of the systems was analysed for the
trimodal (TSD) and Gaussian size distributions (GSD) at magnetic field inductions of
0.0228 T and 0.1 T.
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Figure 4.12 (a) Coordination number, (b) number of particles per cluster and (c)
normalised number of singlets as functions of magnetic field gradient for the trimodal
(TSD) and Gaussian (GSD) size distributions at magnetic field inductions of 0.0228 T
and 0.1 T.
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Firstly, the magnetic force was weaker at the lower magnetic field induction (0.0228 T)
than the higher value (0.1 T). Therefore, at magnetic induction of 0.0228 T, the dipolar
attraction between magnetic particles was not sufficient to aggregate them into chains
and, thus, the coordination number was < 2.0.
More importantly, the coordination number decreased with increasing magnetic field
gradient for all the cases plotted in Fig. 4.12a (TSD & GSD). This decrease in
coordination number is consistent with the decrease in the number of particles per cluster
(Fig. 4.12b) and the increase in the number of singlets (Fig. 4.12c). These three
parameters together indicate that the level of aggregation decreases significantly with
increases in the magnetic gradient. This phenomenon is likely due to the fact that the
magnetic gradient force is proportional to particle size, and makes particles of different
size move in the x-direction at different velocities (Fig. 4.11). Consequently, size
segregation occurs and fewer particles are available for aggregation.
A comparison of the results for the trimodal and Gaussian distributions clearly show there
is a larger number of particles per cluster in the Gaussian case. As discussed in the
previous chapter, this larger number of particles per cluster could be due to the smaller
number of fine particles in the Gaussian case (Section 3.3.2.5). In addition, at magnetic
field induction of 0.0228 T and magnetic field gradients > 0.5 T/m, the coordination
number was slightly higher for the Gaussian than the trimodal size distribution. At
magnetic field gradients < 0.5 T/m, the differences between the distributions are likely
due to a statistical effect rather than to a difference in kinetics. This observation was also
reported in Chapter 3 (Section 3.3.2.5).
Figures 4.13 and 4.14 show visualisations of the simulations at 0.3 and 0.7 T/m,
respectively, and magnetic field induction of 0.0228 T. The visualisations correspond to
1.07 s of real time from the beginning of the simulations. The visualisations for the
Gaussian distribution are given in Figs. 4.13a and b, and 4.14a and b, and those for the
trimodal distribution cases are given in Figs. 4.13c and d, and 4.14c and d.
It is possible to see that magnetic chains formed and moved towards the right, as per the
direction of the magnetic field gradient (Figs. 4.13 and 4.14). Figures 4.13 and 4.14a and
c show that the particles that remained in the box where they were initially created were
in the form of singlets, and the few chains that can be observed in these figures are mainly
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located on the right side. It is important to note that within the initial region of particle
creation, we can only see chains in the case of 0.3 T/m (Figs. 4.13a and c) and no chains
can be observed for the 0.7 T/m case (Figs. 4.14a and c). The non-aggregated (isolated)
particles were not been affected by the magnetic field gradient, as after 1.07 s they were
still located near their initial positions (Figs. 4.13, 4.14a and c). Furthermore, the number
of singlets was clearly higher for the trimodal size distribution than for the Gaussian one
at both magnetic field gradients. In addition, it is clear that for the trimodal size
distribution, the non-aggregated particles were predominantly the smallest ones (0.5 µm,
red) although a few 1.0 µm particles were also seen as singlets (Figs. 4.13c and 4.14c).
In contrast, in the case of the Gaussian size distribution, the isolated particles seemed to
be a mixture of differently-sized particles (Figs. 4.14a and b). Figures 4.13 and 4.14b and
d show that the aggregate chains moved towards the right of the initial creation region
and, thus, the initial box cannot be observed in the simulations. The chains were
predominantly formed by the largest particles in the system. This behaviour was also
observed for the larger magnetic field gradient. Appendix B shows the behaviour at 2.0
T/m, which is similar to that observed at 0.7 T/m.
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Figure 4.13 Visualisations of simulation data at 1.07 s at a magnetic field induction and
gradient of 0.0228 T and 0.3 T/m, respectively, with (a) segregated and non-aggregated
particles (GSD), (b) separated and aggregated particles (GSD), (c) segregated and nonaggregated particles (TSD) and (d) separated and aggregated particles (TSD).
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Figure 4.14 Visualisations of simulation data at 1.07 s at a magnetic field induction and
gradient of 0.0228 T and 0.7 T/m, respectively, for (a) segregated and non-aggregated
particles (GSD), (b) separated and aggregated particles (GSD), (c) segregated and non aggregated particles (TSD) and (d) separated and aggregated particles (TSD).
4.3.2.3 Contacts and singlets histogram
Figure 4.15 shows the normalised contacts histogram as a function of particle size for the
Gaussian and trimodal size distributions at magnetic field inductions of 0.0228 T and 0.1
T. The normalisation was carried out by dividing the total number of contacts of particle
105 | P a g e

of a given size by the total number of particles of that size. The behaviour of the system
was studied at two different magnetic field gradients: 0.3 T/m (Fig. 4.15a) and 0.7 T/m
(Fig. 4.15b) at 1.07 s of real time. Figure 4.16 shows the normalised number of singlets
under the same conditions.
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Figure 4.15 Number of contacts per particle as a function of particle size for the Gaussian
(GSD) and trimodal (TSD) size distributions under magnetic field inductions of 0.0228 T
and 0.1 T and magnetic field gradients of (a) 0.3 T/m and (b) 0.7 T/m
Clearly, Fig. 4.15 shows that the normalised numbers of contacts of different sized
particles were higher at the larger magnetic field induction (0.1 T) than the lower one
(0.0228 T). This difference suggests that more particles aggregated in chains in the case
of 0.1 T, as expected. However, the differences between the magnetic fields were greater
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for the smaller particles (0.5 µm), suggesting that in the presence of a magnetic field
gradient, aggregation of small particles may be hindered, probably due to size.
The total number of contacts per particle increased with particle size at both magnetic
field gradients: 0.3 T/m (Fig. 4.15a) and 0.7 T/m (Fig. 4.15b). The number of singlets
consistently decreased with increasing particle size. For the 0.3 T/m and 0.0228 T case,
when the particle size increased from 0.5 µm to 1.5 µm, the number of contacts per
particle increased from around 0.5 to 2.0 and from 0.6 to 1.9 for the trimodal and Gaussian
distributions, respectively. This increase was similar for the case of the higher magnetic
field gradient of 0.7 T/m. At 0.7 T/m, the normalised number of contacts increased from
0.3 to 1.9 and from 0.8 to 1.9 when the particle size increased from 0.5 µm to 1.5 µm for
the trimodal and Gaussian size distributions, respectively (Fig. 4.15b). There were only a
few 1.5 µm particles in the form of singlets in any of the studied cases. As the magnetic
dipole attraction is proportional to the product of the magnetisations of the particles
which, in turn, depends on particle volumes, the attraction force between two 1.5 µm
particles is 729 times stronger than that between two 0.5 µm particles. However, the
masses of the largest particles were only 27 times those of the smallest ones (Figs. 4.16a
and b). Therefore, the level of aggregation was greatest with the largest particles.
In general, there were no significant differences in the contact and singlet histograms of
the trimodal and Gaussian distribution systems. The only exception was for the 0.5 µm
particles in the presence of a magnetic field gradient of 0.7 T/m and magnetic induction
of 0.0228 T. In this case, the normalised contacts were significantly higher for the
Gaussian than for the trimodal size distribution (Fig. 4.15b). This difference suggests that
the smallest particles did not aggregate into chains due to the lower magnetic induction.
This result is consistent with the simulation visualisations in Fig. 4.14, which shows that
the 0.5 µm particles of the trimodal distribution at 0.7 T/m remained at their initial
positions (Fig. 4.14c). In contrast, all the 1.5 µm particles formed chains and, as observed
in Fig. 4.15, no significant differences between the particle size distributions were found.
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In summary, the combination of a weak magnetic field with a high magnetic field gradient
was able to segregate ultrafine particles. As larger particles aggregate faster, their
magnetic induction increases and they can be easily moved out of their initial position,
leaving the 0.5 μm particles almost static except for the influence of Brownian forces.
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Figure 4.16 Singlets histogram as a function of particle size for the Gaussian (GSD) and
trimodal (TSD) size distributions at magnetic field gradients of (a) 0.3 T/m and (b) 0.7
T/m and magnetic field inductions of 0.0228 T and 0.1 T
4.3.2.4 Magnetophoretic mobility of differently-sized particles for the bulk
particulate system
Figure 4.17 shows the average particle velocity as a function of magnetophoretic mobility
(Section 4.2.1.3) for differently-sized magnetite particles at magnetic field induction of
0.0228 T. The behaviour of the system was analysed for the trimodal and Gaussian size
distributions. The magnetic field gradients ranged from 0.1 T/m to 0.7 T/m, while the
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magnetic field induction was constant at 0.0228 T. The smallest (0.5 µm), intermediate
(1.0 µm) and largest (1.5 µm) particles were considered within Gaussian and trimodal
size distributions to quantify the mobility of particles of specific sizes. Each line in the
figure was obtained by changing the magnetic field gradient.
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Figure 4.17 Average particle velocity as a function of magnetophoretic mobility for
particles of different sizes within Gaussian (GSD) and trimodal (TSD) size distributions.
Magnetic field induction = 0.0228 T.
The average particle velocity of the particles of different sizes increased linearly with
magnetophoretic mobility for the trimodal and Gaussian size distributions. The
magnetophoretic mobility increased linearly with magnetic field gradient and
quadratically with particle size (Equation 4.9). The larger particles developed higher
velocities than the fine particles in both size distributions (Fig. 4.11). However, the slopes
of the mobility of smaller particles were higher than those of larger particles in both size
distributions (Fig. 4.17).
Figure 4.17 clearly demonstrates that magnetophoretic mobility alone is unable to capture
the dynamics of particles of specific sizes, as the lines corresponding to each size are
different. In addition, the difference in velocity between the largest and smallest particles
was larger in the case of the bulk suspension (Fig. 4.17) than for single chains (Fig. 4.8),
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as the smallest particles were allowed to segregate and remain as singlets and, therefore,
they barely moved. More importantly, the slope of the curves was higher in the trimodal
size distribution than in the Gaussian one as the chains were mainly formed by larger
particles and, therefore, had stronger magnetisation. Finally, regarding the slope of
particle velocity with magnetophoretic mobility, the trends evident in Fig. 4.17 are
different from those of Fig. 4.8. The reason for this will be the subject of future
investigation, but is very likely due to the mixture of particle sizes that form single chains
in bulk systems.

4.4 Conclusion
This chapter described observations of size segregation of fine magnetic particles in a
high gradient magnetic field. The properties of magnetite particles with sizes ranging
from 0.5 µm and 1.5 µm were considered in DEM simulations. The study was carried out
by incorporating two opposite effects in the model: a correction for mutual magnetisation
and hydrodynamic resistance due to the presence of an intervening liquid. The behaviour
of the system was analysed in three steps. In the first step, the motions of single particles
of two sizes were observed in the presence of an external magnetic field gradient. In the
second step, the motions of single chains made of different numbers of monosized
particles were observed along the direction of the magnetic field gradient. In the third
step, the segregation behaviour of particles with different particle size distributions was
analysed in bulk particle suspensions. The values of magnetic field induction and
magnetic field gradient ranged from 0.0228 T to 0.1 T and from 0.1 T/m to 2.0 T/m,
respectively.
In the first step, the motions of the smallest (0.5 µm) and largest (1.5 µm) particles
considered were observed. A threshold magnetic field gradient was obtained, below
which single particles did not move in the direction of the magnetic field gradient. This
threshold was higher for smaller particles than larger ones. For the cases of 0.5 µm and
1.5 µm particles, these threshold magnetic field gradients were 15.0 T/m and 2.0 T/m,
respectively.
In the second step, the motions of single chains made of different numbers of monosized
particles were analysed at magnetic field gradients of 0.1 T/m and 0.7 T/m. The behaviour
was observed for single monosized chains made of 0.5 µm and 1.5 µm particles. The
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velocity of particles increased with the number of particles in the chain due to the mutual
magnetisation effect that occurs when particles are close together (Zhang & Widom,
1995; van Netten et al., 2013). Even chains made of 0.5 μm particles were able to move
under the action of the magnetic field gradient, which contrasts with the single-particle
cases where 0.5 μm particles did not respond to it. Therefore, it is clear that the effect of
mutual magnetisation is vital for 0.5 μm particles to be able to respond to a magnetic
gradient.
In the third step, an analysis of bulk particle suspensions was carried out at magnetic field
inductions of 0.0228 T and 0.1 T. The coordination number increased with magnetic field
induction. However, the actual values were slightly smaller than those presented in the
previous chapter (Chapter 3). This difference was shown to be due the presence of a
magnetic field gradient.
On the other hand, the coordination number and number of particles per cluster decreased
and the number of singlets increased with magnetic field gradient for both particle size
distributions. These three relationships clearly indicate that the level of aggregation
decreases significantly with increasing magnetic field gradient. This is probably due to
the fact that the magnetic field gradient force is proportional to particle size and makes
particles of different size move in the direction of the gradient at different velocities.
Therefore, size segregation occurred and fewer particles aggregated.
Finally, the total number of contacts per particle increased with particle size at all values
of the magnetic field gradient. Consistently, the number of singlets decreased with
increasing particle size. Only a few 1.5 µm particles were observed in the form of singlets
in any of the studied cases. This is because of magnetic dipole attraction, which is
dependent on particle volume and proportional to the product of the magnetisations of the
particles. This attraction force is 729 times stronger between 1.5 µm particles than 0.5
µm particles. In contrast, the mass of the larger particles was only 27 times greater.
There were no significant differences between the trimodal- and Gaussian-distributed
systems in terms of the contact and singlet histograms. The only exception was for the
case of 0.5 µm particles where B = 0.0228 T and under the magnetic field gradient of 0.7
T/m. In this case, the number of singlets was significantly larger than in other cases,
suggesting that a weak magnetic field only affects larger particles, which aggregate and
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are quickly moved by the action of the magnetic gradient. Consequently, ultrafine
particles remained alone in their initial locations.
In this chapter, a magnetic gradient force model was used to study the size segregation of
magnetic particles in a real system involving suspensions of different particle size
distributions. The behaviour of the system was analysed by incorporating two important
opposing effects: 1) correction of magnetisation for neighbouring particles and 2)
hydrodynamic resistance force due to an intervening liquid. This study provides a basic
framework for studying the effects of fluid flow.
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Chapter 5: Behaviour of fine magnetic
particles in the presence of fluid flow and
a high-gradient magnetic field
5.1 Introduction
Following the study of the behaviour of magnetic particle chains in the absence of fluid
flow (Chapter 4), this chapter applies fluid flow and a high magnetic field gradient
(MFG). The discrete element method (DEM) simulations were carried out for two MFG
configurations: co-current and counter-current. In addition, two types of fluid flow were
considered: plug and parabolic.
In the presence of fluid flow, magnetic particle chains may tilt, bend and break due to
shear forces (Tao, 2001; Song et al., 2014; Sharpe et al., 2015). Tao (2001) applied an
external shear force to chains perpendicular to an external magnetic field. He observed
that the chains deformed, became slanted and broke into two when the shear force
exceeded a threshold value. Song et al. (2014) studied the breakage of magnetite particle
chains due to the shear force exerted by a fluid. The chains spanned the whole width of
the channel and was somehow immobilised at the boundaries by the magnetic force. Fluid
entered the middle region of the channel and this configuration, alongside the fixing of
the chain at the top and bottom of the channel, created a shear effect able to break the
chain. Clearly, this shear effect was proportional to the pressure difference between the
inlet and outlet of the channel (Song et al. 2014). Sharpe et al. (2015) study chain breakage
by using a fluid flow that pushed chains in one direction on their top half and in the
opposite direction on their bottom half to create a shearing motion. However, based on
this literature, it is not possible to predict magnetic particle chain breakage at a given
shear rate based on channel width with a parabolic distribution of fluid flow.
Analyses of bulk suspensions of magnetic particles are very common in the literature.
Most studies have focused on the aggregation of magnetic particles (Parker & Kelland,
1982; Svoboda, 1982; Svoboda & Ẑofka, 1983; Takayasu et al., 1984; Lim & Feng, 2012;
van Netten et al., 2013; Heinrich et al., 2015; Neville & Moreno-Atanasio, 2018). Most
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studies have focused on the separation of magnetic and non-magnetic particles in the
presence of flow; either nanoparticles (Orlandi et al., 2016) or particles dozens of
micrometres in size (Inglis et al., 2004; Pamme & Manz, 2004; Zeng et al., 2013).
However, studies of size segregation of magnetic particles in microchannels in the
presence of fluid flows and high gradient magnetic fields are scarce.
The first part of this chapter analyses the motion, deformation and breakage of single
chains made of 1.5 µm diameter particles. The second part of this chapter investigates the
behaviour of bulk particle suspensions under plug and parabolic flows with co-current
and counter-current MGF configurations.

5.2

Discrete Element Method Simulations

5.2.1

Fundamental equations

Discrete element method (DEM) simulations were carried out to investigate the motion,
bending and breakage of single particle chains, as well as the process of separating
magnetic particles in the presence of fluid flow in a MFG. The details of the DEM are
provided in Chapter 3.
The force due to the plug and parabolic flows was incorporated into Equation 4.1 by
modifying the drag force Fdrag to the force Fpflow. Therefore, a modified equation of
motion can be given as:

𝑚

𝑑 𝒙
=𝑭
𝑑𝑡

+𝑭
+𝑭

+𝑭

+𝑭

+𝑭

+𝑭

+𝑭

(5.1)

+𝑭

where m is mass, x is the vector position of particles, t is time, and F is the force acting
on each particle. The subscripts elast, damp, mag, vdW, pflow, Brow, hrf and EDL refer
to elastic, damping, magnetic, gradient, van der Waals, plug/parabolic flow, Brownian,
electric double layer and hydrodynamics resistance functions, respectively. The
expressions for the elastic, damping, magnetic dipole interaction, van der Waals,
Brownian and drag forces are given in Chapter 3, Section 3.2. The expressions for the
magnetic field gradient and hydrodynamic resistance function are given in Chapter 4,
Section 4.2.

114 | P a g e

5.2.2

Plug and parabolic flows

In parabolic flows, the fluid velocity is uniform along the perpendicular direction of the
channel axis. Therefore, the fluid drag force due to the plug flow can be calculated by
simply adding the flow velocity 𝒗 to the drag force model, as below:
𝑭

(5.2)

= 6𝜋𝜇𝑅(𝒗 − 𝒗)

where v is the particle velocity vector. In parabolic flows, the fluid velocity is maximal at
the centre of the channel and decreases gradually with distance. The flow velocity 𝒗 due
to parabolic flow can be given by Equation (5.3):
6𝒗 𝑥
𝑥
(5.3)
1−
ℎ
ℎ
where x and h are the position of the particle and the channel width, respectively.
𝒗 =

Therefore, the force due to the parabolic flow can be given by:
𝑭

(5.4)

= 6𝜋𝜇𝑅(𝒗 − 𝒗)

The derivation of the force due to parabolic flow can be found in Appendix A.
5.2.3

Configurations for the plug and parabolic flows

Figure 5.1 shows a graphical demonstration of plug and parabolic flow configurations as
well as the direction of the magnetic field gradient. The direction of the magnetic field
gradient was perpendicular to the direction of external magnetic field, as was
implemented in Chapter 4 in the absence of fluid flow. An MFG was employed in two
directions: co-current (Figs. 5.1a and b) and counter-current (Figs. 5.1c and d) for both
plug (Figs. 5.1a and c) and parabolic (Figs. 5.1b and d) flow configurations. Therefore,
in all the simulations presented here, we kept the magnetic field direction pointing
towards the positive direction of the x-axis, while the direction of the fluid flow was
changed correspondingly. An alternative definition was possible as to keep fix the
direction of the fluid flow while inverting the direction of the MFG. There was no special
reason to choose the former definition. For the plug flow, the fluid velocity was assumed
to be constant across any cross-section of the channel perpendicular to its axis. For
parabolic flow configurations, the fluid velocity was maximal at the centre of the channel
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and gradually decreased with distance.
(a) Co-current & plug flow

(c) Counter-current & plug flow

(b) Co-current & parabolic flow

(d) Counter-current & parabolic flow

Magnetic field gradient
Figure 5.1 Graphical representation of (a) co-current MFG configuration and plug flow,
(b) co-current MFG configuration and parabolic flow, (c) counter- current MFG
configuration and plug flow and (d) counter-current MFG configuration and parabolic
flow in relation to the direction of a magnetic field gradient
5.2.4

Simulation conditions

5.2.4.1 Simulation parameters
The DEM simulations presented here considered different types of materials. The fluid
flow was incorporated via one-way coupling, as the suspensions were very diluted
(0.0038 v/v). The properties of the material used in this simulation can be obtained from
Chapter 4, Table 4.1. The magnetic field induction and surface potential were 0.0228 T
and −35 mV, respectively.
5.2.4.2 Simulated systems
The study in this chapter was carried out in two steps. A study of the behaviour of single
chains of monosized particles was carried out first. This helped explain the behaviour of
bulk particle suspensions in the second step. The configurations of the simulated systems
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for single chains of monosized particles and bulk particle suspensions are discussed in
the following paragraphs.
A single chain of a given number of monosized particles was created within a cubic box
with a side-length of approximately 44.0 µm. Two other cubic boxes with side-lengths of
approximately 68.0 µm and 170.0 µm were also employed to study the effects of channel
width and shear on the particle chains. Initially, particles were placed at the centre of the
cubic box. Therefore, the position of the centres of the chains was (22 µm, 22 µm, 22
µm). Individual particles were positioned aligned along the vertical direction (z-axis) and
separated by 0.2 µm to allow magnetic attraction to form particle chains quickly.
Monomodal distributions of 1.5 µm diameter particles were considered. The maximum
number of particles was 25, which corresponded to a maximum chain length of
approximately 38.0 µm, which is close to the channel width used for the bulk suspension
cases.
In order to create a bulk particle suspension, magnetite particles were randomly created
inside a cubic space with a side-length of approximately 44.0 µm that was filled with
water. The boundary walls of the simulation volume were rigid except at the left and right
boundaries, which were kept open to allow the particles to move freely either along or
opposite to the direction of the magnetic field gradient.
The study of the bulk particle suspensions was carried out for two plug and parabolic
flows. The co-current and counter-current conditions corresponded to different flow
directions in relation to the direction of the MFG. A Gaussian size distribution of particles
was considered with a mean and standard deviation of 1.0 µm and 0.35 µm, respectively.
The particle size distribution and colour coding used in the visualisations are provided in
Table 5.1.
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Table 5.1 Particles size distribution with colour coding
Size (µm)

Number of particles

Colour code

0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

23
33
45
55
62
64
62
55
45
33
23

Red
Cyan
Pale blue
Pale green
Pink
Blue
Yellow
Dark red
White
Reddish blue
Shiny green

5.3

Results and discussion

5.3.1

Single particle chain study

5.3.1.1 Influence of fluid flow on chain motion
Figure 5.2 shows the average velocities of single chains made of 1–25 1.5 µm particles
for plug (a) and parabolic (b) flows. The flow velocities ranged from ± 100 µm/s to ± 500
µm/s for both the co-current and counter-current MFG configurations. The values of
magnetic field induction and magnetic field gradient were 0.0228 T and 0.7 T/m,
respectively. Note that in the case of parabolic flow, the maximum velocity at the centre
of the channel was 1.5 times the average velocity. Therefore, for the 100, 300 and 500
µm/s cases, the maximum fluid velocities at the centre of the channel would be close to
150, 450 and 750 µm/s, respectively.
For cases with the co-current MFG configuration, the average chain velocity increased
with the number of particles in the chain for both the plug (Fig. 5.2a) and parabolic (Fig.
5.2b) flows. In addition, the chains moved faster along the direction of the MFG in the
presence of fluid flow with the co-current configuration. It was clear that fluid flow
increased the velocity of the chains in comparison with the case without fluid flow
(Chapter 4). In the absence of flow (Chapter 4, Fig. 4.5), the average velocity of a fiveparticles chain was +110 µm/s. This velocity increased to +210 µm/s in the presence of a
fluid with a velocity of +100 µm/s.
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With the counter-current MFG configuration, a threshold fluid velocity was observed
above which chains were able to move opposite to the MFG direction under both plug
(Fig. 5.2a) and parabolic (Fig. 5.2b) flows. This threshold fluid velocity was around −100
µm/s and depended on the number of particles in the chains. At this fluid velocity, if the
number of particles in the chain was > 4, the chain moved in the direction of the MFG.
This is due to the increase in the force of the magnetic field gradient which, in turn, is a
function of the number of neighbour particles in the chain. Therefore, if the fluid velocity
increases opposite to the direction of the magnetic gradient (< −100 µm/s), more particles
in the chain are needed to increase the magnetisation sufficiently to resist the fluid drag.
Given that the magnetisation increases to a maximum with approximately 10-particle
chains, beyond the threshold fluid velocity, the effect of mutual magnetisation is never
large enough to allow the chain to move in the direction of the fluid flow. Obviously, the
results presented here are also influenced by the size of the individual particles, the values
of the external magnetic field and the magnetic field gradient. The motion of chains with
different numbers of particles along and opposite to the MFG direction at a fluid flow of
−100 µm/s can be demonstrated by visualising the positions of the chains after 0.4 s, as
shown in Fig. 5.3. Figures 5.3a and b show visualisations of three- and five-particle chains
under plug flow, respectively. Figures 5.3c and d show visualisation of 15- and 20-particle
chains under parabolic flow, respectively. Particle chains were initially created in the
middle of the cubic space, as indicated by the white dashed line in Fig. 5.3.
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For the case of plug flow at −100 µm/s, chains with < 4 particles moved opposite to the
direction of the MFG (Figs. 5.2a and 5.3a and b). However, for the case of parabolic flow
at −100 µm/s, chains with ≤ 15 particles moved opposite to the MFG direction (Figs. 5.2b
and 5.3c and d). The minimum number of particles required for the chains to move in the
direction of the MFG was larger under parabolic flow. This could be because the
Fluid velocity = +500 µm/s
Fluid velocity = +300 µm/s
Fluid velocity = +100 µm/s

(a)

Fluid velocity = -500 µm/s
Fluid velocity = -300 µm/s
Fluid velocity = -100 µm/s

Average chain velocity, (µm/s)
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(b)

Fluid velocity = +500 µm/s

Fluid velocity = -500 µm/s
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Figure 5.2 Average chain velocity according to chain particle number under (a) plug and
(b) parabolic flows in co-current (+) and counter-current (-) MFG configurations.
Magnetic field induction and gradient = 0.0228 T and 0.7 T/m, respectively.
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comparison of the two flow types was based on the average fluid velocity. However, in
the parabolic flow, the velocity at the centre of the channel was much larger than at the
boundaries and, therefore, more particles were needed for the chains to move in the
direction of the magnetic field gradient (Figs. 5.2b and 5.3c).
Another important difference between plug and parabolic flows in the co-current
configuration was that the average velocity of chains in parabolic flow reached a
maximum and then started to decrease with increasing numbers of particles in the chains.
This effect was obvious at velocities > 500 µm/s. For the counter-current configuration,
the velocities of the chains became less negative as the numbers of particles in the chains
increased. However, for plug flow (Fig. 5.2a), the chain velocity increased with particle
number until reaching a plateau. The decrease in chain velocity observed under parabolic
flow may be due to the difference between the fluid velocities at the centre and near the
boundaries of the channel. Therefore, as the number of particles in the chains increased,
the particles near the boundaries moved slower than those in the middle of the channel,
producing deformation in the chains. This deformation of chains under parabolic flow is
clearly shown in Fig. 5.4, which visualises 25-particle chains under co-current (Figs. 5.4a
and b) and counter-current (Figs. 5.4c and d) MFG configurations in plug (Figs. 5.4a and
c) and parabolic (Figs. 5.4b and d) flows. The fluid velocity was ±500 µm/s.
Figure 5.4 clearly demonstrates that the chains bent in the middle under both co-current
(Fig. 5.4b) and counter-current (Fig. 5.4d) parabolic flows, as the fluid velocity was
highest at the centre of the channel. In addition, the amount of bending was observed to
be higher at higher fluid velocities (results not shown).
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Figure 5.3 Visualisations of the simulations at a fluid velocity of −100 µm/s with countercurrent (a) plug flow and a 3-particle chain, (b) plug flow and a 5-particle chain, (c)
parabolic flow and a 15-particle chain and (d) parabolic flow and a 20-particle chain.
Magnetic field induction and gradient = 0.0228 T and 0.7 T/m, respectively. The initial
positions of the chains are marked with dot-dashed lines.
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Figure 5.4 Visualisations of the simulations of 25-particle chains with fluid velocity of
±500 µm/s for (a) plug flow and co-current MFG, (b) parabolic flow and co-current MFG,
(c) plug flow and counter-current MFG and (d) parabolic flow and counter- current MFG.
Magnetic field induction and gradient = 0.0228 T and 0.7 T/m, respectively.
5.3.1.2 Influence of channel width on chain velocity
Figure 5.5 shows the average chain velocity as a function of the ratio of channel width to
chain length (L). The results are presented for a 25-particle chain at fluid velocities
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ranging from −100 to −500 µm/s (Fig. 5.5a) and for chains with various numbers of
particles at a fluid velocity of −500 µm/s (Fig. 5.5b). The behaviour of the system was
analysed for a counter-current MFG in the presence of a parabolic flow. The width of the
channels ranged between 44.0 µm and 170.0 µm, corresponding to dimensionless W/L
ratios of 1.17 and 4.53, respectively. The values of magnetic field induction and MFG
were 0.0228 T and 0.7 T/m, respectively.
The average chain velocity increased (i.e., became more negative) along the direction of
fluid flow in a counter-current MFG as the channel width increased (Fig. 5.5). Note that
the negative sign indicates that the MFG was a counter-current one. The increase in flow
velocity with channel width is because as the channel width increases, the chains become
closer to the region of the channel. Thus, as the channel width increases, the velocity of
chains approaches that of the fluid flow at the middle of the channel (1.5 times the mean
velocity). Therefore, the average velocity of the chains was approximately −600 µm/s for
the wider channel (170.0 µm) with a mean fluid velocity of −500 µm/s. In contrast, in the
case of a −100 µm/s flow, the effect of the MFG was comparable to the drag force. Thus,
as the channel width increases, the velocity never reaches −150 µm/s.
In addition, the average velocities of five-, ten- and 25-particle chains were analysed at a
fluid velocity of −500 µm/s and different W/L ratios (Fig. 5.5b). It was found that the
chain velocity increased in the opposite direction to the MFG with increasing channel
width and decreasing numbers of particles in the chain (Fig. 5.5b).
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Figure 5.5 Average velocities of (a) 25-particle chains at different fluid velocities and (b)
5-, 10- and 25-particle chains as a function of the ratio of channel width to chain length
(W/L) in a parabolic flow with a fluid velocity of −500 µm/s. Magnetic field induc tion
and gradient = 0.0228 T and 0.7 T/m, respectively.

The motion of a 25-particle chain for different channel widths at a fluid velocity of −100
µm/s can be demonstrated by visualising the positions of the chain at 0.3 s, as shown in
Fig. 5.6. Figures 5.6a and b show visualisations of a 25-particle chain in channel widths
of 44.0 µm and 170.0 µm, respectively. The chain moved in the direction of the MFG at
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a fluid velocity of −100 µm/s in the 44.0 µm width channel (Fig. 5.6a). However, this
chain moved in the opposite direction of the MFG in a 170.0 µm width channel at the
same fluid velocity (Fig. 5.6b). As the channel width increased, the chain was subjected
to the higher velocity at the centre of the channel and then started to move in the opposite
direction to the MFG.

Figure 5.6 Visualisations of simulation data for a 25-particle chain with W/L ratios of of
(a) 1.17 and (b) 4.53 in a parabolic flow with a fluid velocity of −100 µm /s. Magnetic
field induction and gradient = 0.0228 T and 0.7 T/m, respectively.
5.3.1.3 Influence of shear rate on chain breakage
An alternative method to the analysis presented in Section 5.3.1.2 is to analyse the shear
rate applied to the chains. Two methods were utilised to determine the shear rate: the first
defines the shear rate with respect to channel width and independently of chain length;
the second calculates the shear rate taking into account the chain length. In the latter case,
the influence of channel width is apparent in the actual profile of the fluid flow, which is
considered to be parabolic with zero velocity at the top and bottom boundaries. Note that
the fluid flow was varied in order to have lines of constant shear rate for a fixed number
of 25-particle chains.
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Figure 5.7 shows the average velocity of a 25-particle chain according to the ratio of
channel width to chain lengths (W/L) at various shear rates with a counter-current
parabolic flow. The shear rates were calculated with respect to channel width (Fig. 5.7a)
and chain length (Fig. 5.7b). Mathematical details of the conversion of flow velocity to
shear rate can be found in Appendix C. The values of magnetic field induction and
gradient were fixed at 0.0228 T and 0.7 T/m, respectively.
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Figure 5.7 Average velocity of 25-particle chain as a function of the ratio of channel
widths over chain lengths (W/L) for the parabolic flow with different values of shear rates
with respect to the (a) channel widths and (b) chain lengths. The values of magnetic field
induction and magnetic field gradient were equal to 0.0228 T and 0.7 T/m, respectively.
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For the case of shear rates calculated with respect to channel width (Fig. 5.7a), the average
chain velocity decreased linearly with increases in the ratio of channel width to chain
length. In other words, the velocity became more negative with respect to the magnetic
field gradient. This is due to the way in which the flow velocity was adjusted to maintain
the shear rates. Thus, when increasing the channel width by a given factor, the fluid
velocity needs to be decreased proportionally (its absolute value increases
proportionally). For example, the average chain velocity increased by approximately one
order of magnitude (from +24 µm/s to −430 µm/s) when the W/L increased from 1.17 to
4.53 at a shear rate of 5.0/s (Fig. 5.7a). The chains experienced a high fluid velocity for a
large shear rate and moved faster along the direction of fluid flow. The flow velocities
related to different shear rates with respect to channel width and chain length are
presented in Appendix B (Table B.1).
For the case of shear rates calculated with respect to chain length (Fig. 5.7b), the average
chain velocity increased non-linearly (opposite to MFG) with increases in the W/L ratio
(Fig. 5.7b). At small ratios, the particle chains experienced the greatest possible shear
rates as the boundary particles were close to the walls and, thus, subject to a zero fluid
velocity. Increasing the channel width by a given factor will chain non-linearly the shear
rate of the chain. Thus, in order to keep the shear rate constant, the fluid flow needed to
be adjusted in a non-linear way.
The importance of the definition of shear rate can be further demonstrated by visualising
the simulations, as shown in Fig. 5.8. Figures 5.8a and b show the visualisations for a
shear rate of 116.0/s, as calculated with respect to channel width and W/L ratios of 1.17
and 4.53, respectively. Figures 5.8c and d shows the corresponding visualisations for a
116/s shear rate.
At a W/L ratio of 1.17, the 25-particle chains broke for both the cases of the shear rate
with respect to the channel widths and chain lengths (Figs. 5.8a and c). In contrast, when
W/L = 4.53, the chain did not break for the case in which the shear rate was calculated
with respect to channel width, but did for the case in which the shear rate was calculated
using the chain length (Fig. 5.8d). As the definition of shear rate with respect to chain
length is a more accurate reflection of the real shear that a chain suffers, the behaviour of
the chain is different. Clearly, the definition of shear rate based on the width of the
channel, although very commonly used in the literature (Tao, 2001; Song et al., 2014;
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Sharpe et al., 2015), is unable to correctly predict the chain breakage phenomenon. It is
important to note that the breakage and bending not only depends on the strength of the
external magnetic field but also on the van der Waals, magnetic field gradient, and
hydrodynamic drag. For a higher value of the external magnetic field induction, the chain
will become more rigid. Therefore, a higher value of fluid velocity and magnetic field
gradient will be required to break the chain.

Figure 5.8 Visualisations of simulation data for 25-particle chains in a parabolic flow at
a value of shear rate of 116.0/s with respect to (a) channel width wen W/L = 1.17, (b)
channel width when W/L = 4.53, (c) chain length when W/L = 1.17 and (d) chain length
when W/L = 4.53. Magnetic field induction and gradient = 0.0228 T and 0.7 T/m,
respectively.
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In view of the results shown in Fig. 5.8 regarding the breakage of particle chains, such
breakage was quantified by using the definition of shear rate based on the length of the
chain. Thus, Fig. 5.9 shows the shear rates required to break a particle chain as a function
of particle number. The chains were made of 1.5-µm particles and were in a channel with
a width of 44.0 µm. The number of particles in the chain ranged between 5 and 25.
The shear rates required to break a chain decreased with increasing numbers of particles
in the chain (Fig. 5.9). A five-particle chain broke at a shear rate of 5811/s. However, a
25-particle chain broke at a shear rate of 116/s. Sharpe et al. (2015) studied the fluid shear
rate required to break particle chains for cases of simple shear. They found a relationship
between shear breakage and number of particles in the chain in the form of a power law
with an index of 1.8, which is close to the value observed in this current study (2.2). They
noted that the shear rate required to break a 5-particle chain was 105,000/s under magnetic
field induction of 0.2 T in the absence of a magnetic field gradient. This shear rate
(105,000/s) is very high compared to that observed in the present study (5811/s; to break
a 5-particle chain in a magnetic field of 0.0228 T). Sharpe et al. (2015) studied chain
breakage for 5.0 micron-sized iron particles at a higher magnetic field induction (0.2 T)
in the absence of a magnetic field gradient. In addition, the present study considered
electrical double layer forces, which Sharpe et al. (2015) did not. Therefore, these results
are not directly comparable with those of Sharpe et al. (2015).
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Figure 5.9 Shear rates (with respect to chain length) required to break chains with
different numbers of particles. Magnetic field induction and gradient = 0.0228 T and 0.7
T/m, respectively.
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5.3.2

Particle bulk behaviour

5.3.2.1 Influence of fluid flow on aggregation
Figure 5.10 shows the steady-state values of the coordination number (a), number of
particles per cluster (b) and normalised number of singlets (c) as a function of fluid
velocity. Figure 5.10 shows the results for the co-current and counter-current magnetic
field gradients for plug and parabolic flows. The fluid velocities ranged between ±20 µm/s
and ±500 µm/s. The values of magnetic field induction and gradient were 0.0228 T and
0.7 T/m, respectively.
The most important characteristic that can be observed in Fig. 5.10 is that the behaviour
observed in parabolic flow is very different to that in plug flow. In plug flow, the
coordination number (Fig. 5.10a), number of particles per cluster (Fig. 5.10b) and number
of singlets (Fig. 5.10c) were independent of the fluid velocity. Therefore, it is clear that
fluid velocity did not have an important role in the aggregation process under plug flow.
In contrast, the coordination number and number of particles per cluster decreased with
increases in flow velocity for both the co-current and counter-current configurations
under parabolic flow (Fig. 5.10a). Furthermore, the number of singlets increased with
fluid velocity in parabolic flow. The behaviour of these three parameters clearly indicates
that the larger the fluid velocity, the more hindered the aggregation process is.
Another important observation is that there were negligible differences in the
coordination number, number of singlets and number of particles per cluster between the
co-current and counter-current configurations at all flow velocities. Therefore, it is
possible to conclude that the magnetic field gradient (0.7 T/m) had a minor role in
hindering particle aggregation.
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Figure 5.10 (a) Coordination number, (b) number of particles per cluster and (c)
normalised number of singlets as a function of flow velocity for the co- current and
counter-current MFGs under plug and parabolic flows. Magnetic field induction and
gradient = 0.0228 T and 0.7 T/m, respectively.
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The motion and aggregation process of magnetic particles can be demonstrated by
visualising the particle positions under plug and parabolic flows with a counter-current
MFG after 0.6 s (Figs. 5.11 and 5.12. Figures 5.11a and b show visualisations of the plug
and parabolic flows, respectively, at a fluid velocity of −20 µm/s. Figures 5.12a and b
show corresponding visualisations at −500 µm/s. In Fig. 5.12, the particles moved
towards the left of the initial cubic space where they were created. Therefore, the box
representing the initial working space cannot be observed and the positions correspond to
ranges of −190 to −300 µm for plug flow and −340 to −450 µm for parabolic flow.
For the case with a fluid velocity of −20 µm/s, it is possible to see that the aggregated
particles moved in the direction of the magnetic field gradient and separated from the
singlets and small clusters (Fig. 5.11). The small clusters and singlets moved slightly in
the direction of the fluid flow, suggesting that the magnetic field gradient was not strong
enough to influence the motion of individual particles. Therefore, mutual particle
magnetisation was responsible for increasing the response to the external magnetic field.
The segregation was observed between small and large particle aggregates (Figs. 5.11
and 5.12). Furthermore, at −20 µm/s and after 0.6 s, there was no clear difference between
the plug and parabolic flows.
For the case with a fluid velocity of −500 µm/s, the motion and aggregates were
completely different in the plug and parabolic flows (Figs. 5.12a and b). The aggregated
and non-aggregated particles moved closer together under plug flow (Fig. 5.12a). The
particle furthest to the right was located approximately −190 µm from the original
working space. However, the aggregated and non-aggregated particles scattered all the
way from their initial creation space (results not shown). It is possible to see that the
lengths of the chains or clusters were larger under plug flow than parabolic flow,
indicating that fewer particles aggregated and formed clusters under parabolic flow than
under plug flow (Figs. 5.12a and b). Therefore, the coordination number (Fig. 5.10a) and
number of particles per cluster decreased (Fig. 5.10b) and the value of normalised singlets
(Fig. 5.10c) increased with respect to the −20 µm/s case.
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Comparing Fig. 5.12a and b, it can be clearly concluded that the plug flow uniformly
pushed the aggregated and non-aggregated particles in the direction of the counter-current
MFG at the higher fluid velocity (−500 µm/s). Therefore, this fluid velocity had no effect
on the aggregation process. Therefore, the coordination number (Fig. 5.10a), number of
particles per clusters (Fig. 5.10b) and normalised singlets (Fig. 5.10c) remained constant
with increases in flow velocity.

Figure 5.11 Visualisations of the particle positions for the (a) plug and (b) parabolic flows
at a fluid velocity of −20 µm/s (counter-current). Magnetic field induction and gradient =
0.0228 T and 0.7 T/m, respectively. Values in red indicate coordinates in the x-direction.
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Figure 5.12 Visualisations of particle positions for the (a) plug and (b) parabolic flows at
a fluid velocity of −500 µm/s (counter-current). Magnetic field induction and gradient =
0.0228 T and 0.7 T/m, respectively. Values in red indicate the coordinates in the xdirection.
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5.3.2.2 Influence of particle size on aggregation: contact and singlet histograms
Figure 5.13 shows a histogram of the normalised contacts as a function of particle size
for the plug and parabolic flows at different fluid velocities for a co-current (a) and
counter-current (b) MFG. The normalisation was carried out by dividing the total number
of contacts of a given particle size by the total number of particles of that size. The values
of magnetic field induction and gradient were 0.0228 T and 0.7 T/m, respectively. The
behaviour of the system was analysed at fluid velocities of ±20 µm/s and ±500 µm/s. Note
that the contacts could be between particles of the same or different size.
Figure 5.13a shows that for the co-current case, the normalised contacts of particles
increased with particle size for both plug and parabolic flows at both velocities. The
largest particles had a large magnetic dipole moment and were able to attract other
particles easily. Therefore, the number of contacts increased with size.
The contacts of particles of each size were identical at both fluid velocities for the cocurrent plug flow configuration. However, for the parabolic flow, the particle contacts
were higher at +20 µm/s than at +500 µm/s (Fig. 5.13a). This is consistent with the trends
in coordination number, number of particles per cluster and number of singlets shown in
Fig. 5.10.
For the counter-current case (Fig.5.13b), the normalised number of particle contacts also
increased with particle size under both plug and parabolic flows at fluid velocities of −20
µm/s and −500 µm/s. The contact trends of each size of particles were similar in the
counter-current and co-current configurations (Figs. 5.13a and b). This similarity
indicates that the contacts were identical under plug flow and decreased with increasing
flow velocity under parabolic flow.
There were no significant differences between the co-current and counter-current MFG
cases for plug and parabolic flows within the range of flow velocities studied here.
However, the aggregation process was hindered as the number of contacts of particles of
each size decreased with increasing parabolic flow velocities. Therefore, the coordination
number (Fig. 5.10a) and number of particles per clusters (Fig. 5.10b) decreased with
increasing parabolic flow velocity. In addition, the larger particles aggregated in chains,
which is consistent with the fact that larger particles have more contacts than smaller ones
(Figs. 5.11, 5.12 and 5.13).
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Figure 5.13 Number of contacts per particle as a function of particle size at different fluid
velocities for (a) co-current (+) and (b) counter-current (-) MFGs under plug and parabolic
flow. Magnetic field gradient and induction = 0.7 T/m and 0.0228 T, respectively.
Figure 5.14 shows the normalised singlet histogram as a function of particle size for plug
and parabolic flows with different fluid velocities for the co-current (a) and countercurrent (b) MFGs. The normalisation was carried out by dividing the total number of
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singlets of a given particle size by the total number of particles of that size. The values of
magnetic field induction and gradient were 0.0228 T and 0.7 T/m, respectively. The
behaviour of the system was analysed at fluid velocities of ±20 µm/s and ±500 µm/s for
both the plug and parabolic flows.
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Figure 5.14 Histograms of singlets as a function of particle size at different fluid
velocities with (a) co-current (+) and (b) counter-current (-) MFGs under plug and
parabolic flows. Magnetic field gradient and induction = 0.7 T/m and 0.0228 T,
respectively.
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In the co-current MFG case (Fig. 5.14a), the normalised singlets decreased with
increasing particle size for both plug and parabolic flows and different fluid velocities.
This decrease in the number of singlets with particle size is consistent with the increase
in coordination number with size shown in Fig 5.13a. The singlets of each size of particles
were identical in plug flow at the two fluid velocities (+20 and +500 µm/s). However, the
normalised singlets of each size of particle were higher at a fluid velocity of +500 µm/s
than at +20 µm/s under parabolic flow (Fig. 5.14a). More importantly, there were no 1.5
µm particles in the form of singlets for the plug and parabolic flows at different fluid
velocities. The larger particles aggregated in chains; therefore, there were more contacts
of larger particles (1.5 µm) and none in the form of singlets (Fig. 5.14). This lack of large
particles as singlets and the high number of contacts per particles suggests that the
majority of large particles aggregated into chains.
The trends of the normalised singlets for the case of counter-current MFG were similar
to the co-current case under plug and parabolic flows (Fig. 5.13b). The singlets of each
size of particle were identical for the plug flow at the two fluid velocities (−20 and −500
µm/s) for a counter-current MFG, as was found for the co-current cases (Fig. 5.14a).
There were a few 1.5 µm particles observed in the form of singlets in the −500 µm/s
parabolic flow. This clearly demonstrates that parabolic flow hindered magnetic
aggregation.
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5.3.2.3 Magnetophoretic mobility of different-sized particles in the presence of fluid
flow: Influence of the magnetic field gradient
Figure 5.15 shows the average particle velocity as a function of magnetophoretic mobility
(Section 4.2.1.3) for different-sized magnetic particles under plug and parabolic flows
with a counter-current magnetic field gradient. The horizontal axis is plotted on a log
scale. The magnetic field gradients ranged from 0.3 T/m to 2.0 T/m. The simulation data
are plotted for fluid velocities of −20 µm/s (Fig. 5.15a), −100 µm/s (Fig. 5.15b) and −300
µm/s (Fig. 5.15c). Small (0.5 µm), intermediate (1.0 µm) and large (1.5 µm) particles of
the Gaussian size distribution were considered to quantify the mobility of specific particle
sizes. The co-current results are provided in Appendix B. The magnetophoretic mobility
was varied by changing the magnetic field gradient. Note that Fig. 5.15 uses a semi-log
scale.
The first important characteristic to note is that the curves for different particle sizes do
not overlap. In addition, for any given value of magnetophoretic mobility, the average
velocity increases with particle size. The dependency of particle velocity on particle size
is better demonstrated in Fig. 5.16 for a fluid velocity of −20 µm/s and magnetic field
gradient range of 0.7 T/m to 2.0 T/m. Figure 5.16 shows that the velocity of any given
particle depends linearly on the particle size. However, the magnetophoretic mobility
contains a quadratic term on particle size. Therefore, by means of Fig. 5.15 it is possible
to conclude that the magnetophoretic mobility cannot properly capture the influence of
particle size on particle motion. The reason for this is clearly due to mutual magnetisation,
which depends on the number of particles in the chain. Thus, the larger the particle, the
larger the number of contacting particles and the greater its magnetisation.
Another important characteristic is that the particle velocities seem to be much higher
than the actual value of the magnetophoretic mobility. This is also likely due to the effect
of mutual magnetisation, which is not considered in the definition of magnetophoretic
mobility.
Furthermore, the average particle velocity increased linearly (note the semi-log scale)
with magnetophoretic mobility as should be expected according to the definition
presented in Section 4.2.1.3 (Fig. 5.15). Finally, there was no significant difference in
the average particle velocities in the plug and parabolic flows for different particle sizes
(Fig. 5.15, 5.16).
140 | P a g e

The particles moved in the direction of the MFG in the absence of fluid flow (Chapter 4,
Section 4.3.2.4). However, the particle velocities decreased in the MFG direction under
fluid flow in the counter-current MFG configuration. At a fluid velocity of −20 µm/s, the
average velocities of particles of all sizes were positive, even at the lower value of MFG
(0.3 T/m), indicating that the particles moved along the MFG. The fluid drag force was
not sufficient to overcome the magnetic field gradient force. However, when increasing
the fluid velocity to −100 µm/s, the velocities of the smallest and intermediate particles
became negative, moving in the opposite direction to the MFG at values ≤ 0.7 T/m (Fig.
5.15b). In addition, when the fluid velocity increased to −300 µm/s), all the particles
moved along the fluid flow, even at a very high MFG (2.0 T/m, Fig. 5.15c). Furthermore,
the particles moved approximately at the applied flow velocities at the lower magnetic
field gradients.
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Figure 5.15 Average velocity as a function of magnetophoretic mobility for differentsized particles at fluid velocities of (a) −20 µm/s, (b) −100 µm/s and (c) −300 µm/s with
a counter-current MFG under plug and parabolic flows. Magnetic field gradient ranged
between 0.3 T/m and 2.0 T/m at magnetic field induction of 0.0228 T. The five data points
from the left to the right in each line correspond to MFGs of 0.3, 0.5, 0.7, 1.0 and 2.0
T/m.
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Figure 5.16 Average velocity as a function of particle size at different magnetic field
gradients and fluid flow of −20.0 µm/s (counter-current). A broad Gaussian size
distribution was considered with magnetic field induction of 0.0228 T.
Figures 5.17 and 5.18 show visualisations of the simulations for the fluid velocity of −100
and −300 µm/s for the case of 2 T/m, respectively. The visualisations of the plug flow
cases are given in Figs. 5.17a and 5.18a, and the ones for the parabolic flow are in Figs.
5.17b and 5.18b. It is possible to see that all the aggregated particles moved along the
direction of the MFG, while the singlets and doublets moved in the counter-current
direction under a fluid velocity of −100 µm/s (Fig. 5.17). In addition, at this fluid velocity,
no important differences between plug and parabolic flows were observed. In contrast, at
a fluid velocity of −300 µm/s, a few particles can be seen near the top and bottom walls
of the channel under parabolic flow, as the flow velocity was highest at the centre and
decreased gradually to zero at the top and bottom boundaries (Fig. 5.18b). In fact, the
particles spread out and adopted a parabolic shape. Furthermore, some chains were
observed to tilt in the −300 µm/s parabolic flow (Fig. 5.18b, white rectangular areas).
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Figure 5.17 Visualisations of particle positions for the (a) plug and (b) parabolic flows at
fluid velocity of −100 µm/s (counter-current). Magnetic field induction and gradient =
0.0228 T and 2.0 T/m, respectively.
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Figure 5.18 Visualisations of the particle positions for the (a) plug and (b) parabolic flows
at a fluid velocity of −300 µm/s (counter-current). Magnetic field induction and gradient
= 0.0228 T and 2.0 T/m, respectively.
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5.4 Conclusion
This chapter focused on the separation behaviour of different-sized magnetic particles in
a fluid flow with a magnetic field gradient (MFG). The behaviour of the system was
analysed in co-current and counter-current MFGs and plug and parabolic flow
configurations.
In the first part of the chapter, the behaviour of single particle chains was presented. It
was shown that with a co-current MFG, single chains moved faster along the direction of
the MFG than without fluid flow (as was shown in Chapter 4). However, in a countercurrent MFG configuration, the chain speed decreased in the direction of MFG for both
types of flow. A threshold fluid velocity was observed, above which all particle chains
were able to move in the direction of fluid flow with a counter-current MFG (0.7 T/m).
This threshold fluid velocity was −100 µm/s and depended on the number of particles in
the chain. In addition, a higher number of particles in the chain was required for chains
to move in the direction of the MFG under parabolic flow than under plug flow. This is
due to the fact that, for the parabolic flow, the velocity at the centre of the channel was
much higher than at the boundaries. In addition, the velocity of the chains was
independent of the number of particles in the chains ≥ 10 for the plug flow. However,
when the number of particles in the system was > 10 and flow was parabolic, the average
velocity of chains started to decrease, and chains bent at fluid velocities > ±300 µm/s.
This is probably due to the difference in the fluid velocities at the centre and boundaries
of the channel. Therefore, as the number of particles in the chain increased, the particles
near the boundaries moved more slowly than those in the middle of the channel,
producing deformation of the chain.
It was also observed that, in the counter-current MFG configuration, the average chain
velocity increased with channel width or with decreasing numbers of particles in the
chain. This is due to the fact that, as the channel width increased or the number of particles
in the chain decreased, the chains became closer to the higher velocity region of the
channel.
The analysis of the behaviour of single chains was placed in the context of the effect of
shear on the chains. The shear rates were calculated in two ways: with respect to channel
width and with respect to chain length. For the former, the average chain velocity
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increased linearly along the MFG with increases in the ratio of channel width to chain
length. However, for the latter case, the average chain velocity increased non-linearly
along the direction of the MFG with increases in the ratio of channel width to chain length.
At low channel width/chain length ratios, the particle chains experienced the largest
possible shear rates as the boundary particles were close to the walls and, thus, subject to
a zero fluid velocity. In addition, it was observed in the data visualisations that at a larger
width channel, 25-particle chains did not break for a shear rate with respect to the channel
widths. However, these chains broke at a value equal to the shear rate for the shear rate
with respect to the chain length for the same ratio of channel width over chain length. As
the definition of shear rate with respect to chain length more accurately reflects the real
shear that chains suffer, the behaviour of the chain is different.
Analysis of the bulk particle suspensions was carried out under plug and parabolic flows.
In plug flow, the coordination number, number of particles per cluster and number of
singlets were independent of the fluid velocity. In contrast, in parabolic flow, the
coordination number and number of particles per cluster decreased while the number of
singlets increased with increasing flow velocity in both the co-current and counter-current
MFG configurations. Therefore, it is possible to conclude that the aggregation process
was hindered in parabolic flows with high fluid velocities. Furthermore, the differences
between the co-current and counter-current MFGs of 0.7 T/m in terms of coordination
number, number of singlets and number of particles per cluster at any flow velocity were
negligible.
On the other hand, the average particle velocity increased in the co-current MFG
direction. However, the particle velocities started to decrease along the direction of the
counter-current MFG under fluid flow. A threshold value of fluid velocity in a countercurrent MFG was observed, below which all aggregated particles moved in the direction
of the MFG. This threshold value of fluid velocity was −100 µm/s at an MFG of 2.0 T/m.
The data visualisations also showed that all aggregated particles moved in the MFG
direction, while singlets and doublets moved in the counter-current direction at the
threshold fluid velocity. Smaller particles were observed as singlets and doublets that
moved along the counter-current MFG. Therefore, the larger particles and aggregates
were separated from the smallest particles and singlets, demonstrating the existence of
size segregation.
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This study of the motion, bending and breakage of single particle chains in the presence
of fluid flow in an external MFG provides important information that may be useful for
future application. The motion of single particle chains was observed in a couple of ways
to realistically predict their behaviour. The breakage of chains due to shear was also
calculated and applied to the chains in a way, which comes through the actual profile of
the fluid flow. In addition, the motion of particles in the bulk particle suspensions showed
good agreement with the motion of single particle chains. In the next chapter, nonmagnetic particles will be incorporated into the system and the separation behaviour of
magnetic and non-magnetic particle mixtures will be analysed.
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Chapter 6: Segregation of magnetic
and non-magnetic materials in a
microchannel with a counter-current
magnetic field gradient
6.1 Introduction
Processes that separate micron- and nano-sized magnetic particles from non-magnetic
ones are commonly utilised in mineral processing and biomedical fields. In mineral
processing, the objective is to separate valuable magnetic ores from non-magnetic gangue
(Kelland, 1973; Oberteuffer, 1973; Trindade & Kolm, 1973; Svoboda, 2001; Zhou et al.,
2008; Nakai et al., 2011). The particle sizes range from hundreds of micrometres to
several millimetres. Biomedical applications focus on cell separation (Inglis et al., 2004;
Xia et al., 2006), the use of microfluidic devices to separate magnetic from non-magnetic
particles (Pamme & Manz, 2004) and drug delivery (Avilés et al., 2007). Typical particle
sizes in biological applications are in the colloidal range (< 30 μm).
The previous chapter studied the motion, bending and breakage of a single particle chain
in fluid flow with an external magnetic field gradient. The motion of particles with
different sizes was also observed in plug and parabolic flows and with co-current and
counter-current external magnetic field gradients. It was observed that the motion of
particles in bulk particle suspensions increased in the direction of a co-current magnetic
field gradient. However, for a counter-current gradient, a threshold fluid velocity was
observed, below which all aggregated particles were able to move in the direction of the
magnetic field gradient. Therefore, this chapter focuses on the separation of magnetic and
non-magnetic particles from fluid flowing through a microchannel with a counter-current
magnetic field gradient.
The behaviours of mixtures of magnetic and non-magnetic particles were investigated in
four steps. In the first step, the aggregation of magnetic and non-magnetic particles was
observed. Afterwards, the separation of magnetic from non-magnetic particles was
studied by monitoring the motion of their mass centres. To complement this, the velocity
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of particles in relation to their size was analysed (Step 3). Finally in the fourth step, the
separation of particles was studied by determining how many particles moved in the
direction of the magnetic field gradient. A summary of the structure of this chapter is
given in Table 6.1
Table 6.1 Structure of Chapter 6
Case

Section

Aggregation of magnetic and non-magnetic particles

6.3.1

Influence of fluid velocity

6.3.2

Influence of particle size

6.3.3

Separation of magnetic and non-magnetic particles

6.3.4

6.2 Simulation conditions
6.2.1

Simulation parameters

Table 6.2 summarises the particle properties used in simulations of the segregation of
magnetic and non-magnetic materials. A mixture of magnetite and silica particles was
considered. The properties of the particles were obtained from published papers.
Table 6.2 Properties of the simulated system
Property

Value

Reference

Particle density (kg.m-3)

5175 (Magnetite)
2200 (Silica)
0.5–1.5

Blaney (2007)
MacPherson et al. (2012)
-Shaw (1966); Svoboda
(1982)
Israelachvili (2011)
Sun et al. (1998)
Samuel et al. (2010)
---Chicot et al. (2011)
MacPherson et al. (2012)
Xia et al. (2006)
Wang et al. (2002)
--

Particle size (µm)

Hamaker constant (J)

5.0 × 10-20 (Magnetite)

0.63 × 10-20 (Silica)
−5 (Magnetite)
Surface potential (mV)
−30 (Silica)
Debye length (nm)
3.0  10-9
Magnetic induction (T)
0.0228
Magnetic field gradient (T/m) 2.0
175 (Magnetite)
Elastic modulus (GPa)
70 (Silica)
Viscosity (Pa.s)
1.0 × 10-3
Temperature (K)
298.5
Time step (s)
1.0 × 10-10

6.2.2

Simulated systems

The separation of magnetic from non-magnetic particles was studied in simulated systems
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of plug and parabolic flows with a counter-current magnetic field gradient. The cases are
given in Table 6.1. In the simulations, magnetic and non-magnetic particles were
randomly placed inside a cubic space. The configuration of the cubic space was identical
to that of the previous chapter (Chapter 5). Two Gaussian size distributions of 250
magnetic and 250 non-magnetic particles were considered. In both cases, the mean and
standard deviation of particle diameter were 1.0 µm and 0.35 µm, respectively. These
distributions correspond to the broad Gaussian distribution used in Chapters 3-5. The
particle size distribution is given in Table 6.3 with a colour coding system that is used in
the visualisations.
Table 6.3 Particle size distribution and colour coding was used in visualisations of the
simulations
Size (µm)

Number of particles

Colour code

Magnetite

Silica

Magnetite

0.5

12

12

Red

0.6

17

17

Cyan

0.7

22

22

Pale blue

0.8

27

27

Pale green

0.9

31

31

Pink

1.0

32

32

Blue

1.1

31

31

Yellow

1.2

27

27

Dark-red

1.3

22

22

White

1.4

17

17

Reddish blue

1.5

12

12

Shiny green

Silica

Purple

The simulations were initiated in a similar manner to that described in previous chapters.
Interaction forces and fluid flow put the particles in motion. The fluid velocity ranged
between 0.0 µm/s and −50 µm/s. A low fluid velocity was considered so that the magnetic
gradient force was stronger than the hydrodynamic drag, which is necessary for successful
separation of magnetic and non-magnetic particles (Svoboda & Fujita, 2003; Pamme and
Manz, 2004). The magnetic field gradient and magnetic field induction values were 2.0
T/m and 0.0228 T, respectively.
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6.3 Results and discussion
6.3.1

Analysis of aggregation of magnetic and non-magnetic particles: contacts
and singlets histograms

Before studying the separation of magnetic and non-magnetic particles, it is necessary to
understand that aggregates of non-magnetic particles, and of non-magnetic plus magnetic
particles, are formed due to the van der Waals force.
Figure 6.1 shows the contacts (a) and singlets (b) histograms for different sizes of
magnetic and non-magnetic particles in a normalised form. The normalisation was carried
out as in previous chapters by dividing the total number of contacts by the total number
of particles of the corresponding size. The behaviour of the system was analysed under
plug and parabolic flows at a mean fluid velocity of −10.0 µm/s. The values of magnetic
field gradient and magnetic field induction used were 2.0 T/m and 0.0228 T, respectively.
In addition, the values of the interparticle forces as force over reduced radius at 0.3 and
4.0 nm are provided in Table 6.4 to aid the interpretation of Fig. 6.1. Please note that the
maximum values of the interaction forces correspond to the cut-off distance, which is 0.3
nm (Table 6.4).
Table 6.4 Strengths of the van der Waals, electric double layer and total forces between
different types of 1.0 µm particles. The total force is the sum of both components, as the
van der Waals and electrical double layer forces depend linearly on particle radius.
Surface-tosurface
distance (nm)
0.3
4.0

Particle type
Silica-Silica

Forces/reduced radius (N/m)
Electric double
van der Waals
Total
layer
1.27 × 10-03
−1.04 × 10-2
−1.17 × 10-02

Silica-Magnetite

−3.29 × 10-02

2.11 × 10-04

−3.27 × 10-2

Silica-Silica

−6.56 × 10-05

5.57 × 10-04

4.91 × 10-4

Silica-Magnetite

−1.85 × 10-04

9.28 × 10-05

−9.22 × 10-5

Figure 6.1a shows that the normalised number of contacts of magnetite particles increased
with particle size. This clearly was due to the dependency of the magnetic force on the 6 th
power of particle size. In contrast, only a few silica particles aggregated, as indicated by
a low number of silica contacts (Fig. 6.1a) and by singlet ratios of slightly less than 1,
which were observed for particles > 0.7 μm (Fig. 6.1b). Obviously, there could be no
attraction or repulsion between the magnetic and non-magnetic particles due to the
magnetic force. In addition, the total maximum force between silica particles was
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attractive at 0.3 nm but repulsive at 4.0 nm (Table 6.4). In contrast, the net force between
silica and magnetite was attractive, even at 4.0 nm. Therefore, the most likely scenario is
that the presence of contacts of silica particles was due to these particles joining individual
or chains of magnetite particles. Consequently, some minor degree of entrainment was
present.
Finally, it is important to note that there were no significant differences in the normalised
number of contacts and number of singlets between the plug and parabolic flows for both
magnetic and non-magnetic particles.
2.5
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Figure 6.1 (a) contacts and (b) singlets histograms as a function of particle size for
magnetite and silica particles under plug and parabolic flows at a counter-current equal
to −10.0 µm/s. Magnetic field induction and gradient = 0.0228 T and 2.0 T/m,
respectively.
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6.3.2

Influence of fluid velocity on the separation of magnetic and non-magnetic
particles

Once we observed that entrainment was minor, the separation of magnetic and nonmagnetic particles was analysed. To do this, the positions of the mass centres of the
particles were monitored. Later, the velocity of the particles as a function of their size
was analysed. Finally, the number of particles that moved in the direction of the magnetic
field gradient was quantified.
Figure 6.2 shows the x-coordinates of the mass centres of the 0.5 µm (smallest) and 1.5
µm (largest) particles as a function of time under plug and parabolic flows with a countercurrent magnetic field gradient (MFG). The behaviour of the system was analysed at fluid
velocities of 0.0 µm/s (Fig. 6.2a), −10.0 µm/s (Fig. 6.2b) and −50 µm/s (Fig. 6.2c) in the
presence of a MFG of 2.0 T/m. The external magnetic field induction was 0.0228 T. A
black dotted line passing through the origin was added to observe the changes of the xcoordinates of the mass centres with respect to the co-current direction (+) and countercurrent direction (−) of the magnetic field gradient. Note that the centre of the cubic space
where the particles were initially created was at a distance of 22.0 µm in each of the x, y
and z directions. The influence of higher fluid velocities (−100 µm/s and −300 µm/s) was
tested and the results are shown in Appendix B. At time t = 0.0 s, the positions of the
mass centres of the particles were close to the centre of the cubic space.
In the absence of fluid flow (Fig. 6.2a) the positions of the mass centres of the magnetic
particles increased with time for both particle sizes, indicating that these particles moved
along the direction of the external magnetic field gradient. The change in the mass centre
position was more pronounced for the larger particles than the smaller ones (Fig. 6.2a).
This was due to the magnetic field gradient force, which depends on particle magnetic
moments and, thus, was stronger for larger particles than smaller ones. This difference in
magnetic force with size produced a clear segregation between the largest and smallest
magnetic particles. In addition, as expected, in the absence of fluid flow, the positions of
the mass centres of non-magnetic particles did not change with time. The centre of mass
of the non-magnetic particles remained near their initial position (~22.0 µm).
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Figure 6.2 Mass centre position along the x-direction as a function of time for different
sizes of magnetite and silica particles in plug and parabolic flows of velocity (a) 0.0 µm/s,
(b) −10.0 µm/s and (c) −50.0 µm/s. Magnetic field induction and gradient = 0.0228 T and
2.0 T/m, respectively.
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As the fluid velocity decreased to −10 µm/s (Fig. 6.2b) the non-magnetic particles (silica)
moved towards the left, as indicated by the decrease in the position of the mass centre
with time (in the direction of the flow and opposite to the magnetic field gradient).
However, all the magnetic particles moved towards the right due to the magnetic field
gradient. Therefore, it is clear that segregation of magnetic and non-magnetic particles
was taking place and increased with time. At −10 µm/s, the differences between plug and
parabolic flows were not significant for either type of particle.
At the value of −50 µm/s, the mass centres of all particles decreased with time, indicating
that even magnetic particles moved in the fluid flow direction. Some differences between
the parabolic and plug flows were evident. Under plug flow, at t = 1.0 s, the positions of
the mass centres of the 0.5 μm particles had changed from positive to negative (Fig. 6.2c),
while the mass centres of the magnetite particles in the parabolic flow slowly approached
zero. In contrast, the silica particles moved faster towards the left in plug flow than in
parabolic flow.
The mass centres and motions of the magnetic and non-magnetic particles under different
fluid velocities can be demonstrated by visualising the positions of particles after 0.9 s,
as shown in Figs. 6.3 and 6.4. Figures 6.3a, b and c show the visualisations in the absence
of fluid flow (a), and for plug (b) and parabolic (c) fluid flows of −10.0 µm/s. The initial
region of particle creation is indicated by the wired cube. Figures 6.4a and b show the
visualisations for the plug and parabolic flows, respectively, at a fluid velocity −50.0
µm/s. The external magnetic field gradient was 2.0 T/m in all cases (Figs. 6.3 and 6.4).
The magnetic particles aggregated and moved along the direction of the external magnetic
field gradient under zero and low-velocity fluid flows (Figs. 6.3a-c). However, the nonmagnetic particles did not appreciably aggregate and remained near their initial positions
in the absence of fluid flow (Fig. 6.3a). Only a few non-magnetic particles (coloured
purple) seem to have joined the magnetite chains, which corroborates the analysis of silica
particle contacts presented in Fig. 6.1.
For a fluid velocity of −10.0 µm/s, the speed at which the magnetic particles moved along
the direction of the magnetic field gradient decreased, while the non-magnetic particles
started to move in the direction of fluid flow (Figs. 6.3b and c). At a fluid velocity of
−50.0 µm/s (Figs. 6.4a and b), all the magnetic and non-magnetic particles moved
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opposite to the counter-current magnetic field gradient direction, which agrees with the
mass centre positions plotted in Fig. 6.2c.

Figure 6.3 Visualisations of the simulations (a) in the absence of fluid flow, (b) at plug
flow of velocity = −10.0 µm/s and (c) for a parabolic flow of velocity = −10.0 µm/s.
Magnetic field induction and gradient = 0.0228 T and 2.0 T/m, respectively.
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The influence of the type of flow, i.e., plug or parabolic, was clearly observed in the
parabolic distribution of particles at −50.0 μm/s presented in Fig. 6.4b. It can be seen in
Fig. 6.2c that the mass centres of the magnetite particles moved faster towards the left in
the parabolic than in the plug flow, while the silica particles moved faster towards the left
in the plug than in the parabolic flow. As the magnetic particles aggregated into chains,
they moved to the centre of the channel (Figs. 6.4b and c). Since the maximum fluid
velocity of the parabolic flow was about 1.5 times the mean fluid velocity and occurred
in the centre of the channel, magnetic aggregates had faster velocities towards the left in
the parabolic flow than in the plug flow. In contrast, in the parabolic flow, many silica
particles remained near their initial positions if they were close to the walls, thus
decreasing the average velocity at which they moved towards the left.
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Figure 6.4 Visualisations of simulations for the (a) plug and (b) parabolic flows at a fluid
velocity = −50.0 µm/s. Magnetic field induction and gradient = 0.0228 T and 2.0 T/m,
respectively
6.3.3

Influence of particle size on the velocity of magnetic and non-magnetic
particles

In order to complement the information presented in the previous section, the velocities
of the mass centres of particles of given sizes are plotted in Fig. 6.5. The results are
presented for plug and parabolic flows at 0.0 µm/s (Fig. 6.5a), −10.0 µm/s (Fig. 6.5b) and
−50.0 µm/s (Fig. 6.5c). The external magnetic field gradient and magnetic field induction
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were 2.0 T/m and 0.0228 T, respectively.
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Figure 6.5 Average velocity as a function of particle size at counter-current values of (a)
0.0 µm/s, (b) −10.0 µm/s and (c) −50.0 µm/s in plug and parabolic flows for magnetite
and silica particles. Magnetic field induction and gradient = 0.0228 T and 2.0 T/m,
respectively.
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The most important feature shown in Fig 6.5 is the difference in the velocities of the
magnetic and non-magnetic particles. The second important aspect is that the presence of
fluid flow clearly decreased the average velocity of any given sized particle type, i.e., the
velocities became more negative, indicating an influence of fluid drag on particle motion.
More importantly, at fluid velocities > −10.0 µm/s, the fluid flow was able to drag the
magnetite particles against a magnetic field gradient of 2.0 T/m and, therefore, their
velocities were negative (Fig. 6.5c). The third important aspect is that the average velocity
of the magnetite particles was roughly constant for particles < 1.0 µm, slightly higher for
1.0–1.4 µm particles and was clearly larger for the 1.5 µm particles. This insensitivity to
particle size may be due to the fact that most of the magnetite particles aggregated into
chains of different-sized particles and, therefore, they moved at the velocity of the
aggregate. The difference in velocity between aggregates with smaller and larger
magnetic particles was quite clear in Chapter 5 (Section 5.3.2.3). This was probably due
to the number of magnetic particles in the system, which was double that used in this
chapter. However, this aspect needs further investigation. In addition, the average
velocity of different-sized magnetic and non-magnetic particles as a function of
magnetophoretic mobility is shown in Appendix B.
In Fig. 6.5a, the silica particles have low average velocities close to zero, probably due to
the presence of Brownian forces. In the presence of fluid flow, the average velocity of the
non-magnetic particles increased along the direction of the flow (Figs. 6.5b and c). In
contrast, all the magnetic and non-magnetic particles moved along the direction of fluid
flow at a fluid velocity of −50.0 µm/s (Fig. 6.5c) although the velocities of the magnetite
particles were less negative than those of the silica particles. Therefore, segregation may
take place downstream. Furthermore, the only differences observed between the plug and
parabolic flows occurred at −50 μm/s, as discussed in Section 6.3.2 (Fig. 6.5c).
6.3.4

Segregation of magnetic and non-magnetic particles

In order to quantify the potential to use microchannels as separators, the normalised
number of particles that passed across the right boundary (direction of the magnetic field
gradient) of the initial cubic space is plotted in Fig. 6.6. The magnetic field induction and
gradient were 0.0228 T and 2.0 T/m, respectively. The normalisation of particle number
was carried out by dividing the number of particles that passed the length of cubic volume
(+44.0 µm) by the total number of particles of a specific size. The results are shown after
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0.9 s of real time for fluid velocities of 0.0 μm/s (Fig. 6.6a), −10.0 μm/s (Fig. 6.6b) and
−50.0 (Fig. 6.6c) μm/s.
In the absence of fluid flow (Fig. 6.6a), the number of magnetic particles passing the right
boundary seems to have had a minimum at around 0.7–0.8 μm. However, for larger sizes,
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Figure 6.6 Normalised numbers of particles as a function of particle size at fluid
velocities of (a) 0.0 µm/s, b) −10 µm/s and (c) −50.0 µm/s. Magnetic field induction and
gradient = 0.0228 T and 2.0 T/m, respectively.
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presence of that minimum could be due to statistical reasons as there were only a small
number of small or large particles, as shown in Table 6.3. In the absence of fluid flow,
the non-magnetic particles remained around their initial position. Figure 6.6a shows that
there were some non-magnetic particles that moved along the direction of the magnetic
field gradient and were able to pass the right boundary of the system. This result, in
conjunction with the small number of contacts shown in Fig. 6.6a, clearly indicates minor
level of aggregation between silica and magnetite particles. As explained in Section 6.3.1,
this level of aggregation was probably due to the fact that the net force between silica and
magnetite is attractive, even at large distances.
At a fluid velocity of −10.0 μm/s (Fig. 6.6b) the number of magnetite and silica particles
that crossed the right boundary was smaller than in the absence of fluid flow, as the fluid
would have dragged many particles in the opposite direction. In addition, the trend in
particle size was clear. The larger the size, the greater the number of magnetite particles
that passed across the right boundary. This result clearly suggests that the smallest
particles were probably dragged with the flow, while the largest particles (with higher
magnetic moments) were able to aggregate and move along the direction of the magnetic
field gradient. This result is consistent with the experimental data of Pamme and Manz
(2004), who found that the magnetic particles with larger size and susceptibility were
deflected further from the flow along the direction of magnetic field gradient than the
smaller particles at lower susceptibilities. They also observed that the agglomerates
moved faster along the direction of the magnetic field than the single particles. They
reasoned that the magnetic force is approximately 3 times higher for the larger particles
(4.0 µm) than smaller particles (2.0 µm).
Most of the work published in the literature has focused on the separation of magnetic
and non-magnetic particles for which the magnetic field gradient was generated by
placing the magnet on the top, bottom, or adjacent to the microfluidic chamber. Pamme
and Manz (2004) demonstrated a technique for separating magnetic particles with
different susceptibilities, and for separating magnetic from non-magnetic particles in a
continuous flow on a microfluidic chip. The central component of the chip had a
rectangular flat separation chamber over which a laminar flow was generated by a number
of inlet and outlet channels. A magnetic field gradient was generated by applying an
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inhomogeneous magnetic field on top of the separation chamber. The direction of fluid
flow was perpendicular to the applied magnetic field. Magnetic and non-magnetic
particles and their mixtures were introduced into the microfluidic separation chamber.
The deflection of these particles was studied under a microscope. They studied the
behaviour of the system at flow rates of 50–200 µL h-1, corresponding to fluid velocities
of 100–400 µm/s. These fluid velocities are a slightly larger than the fluid velocities
considered (10 – 50 µm/s) in the study of this thesis. The sizes of the magnetic particles
were 2.0 µm and 4.5 µm, which is close to the particle sizes considered in this thesis. The
results obtained in this thesis are not directly comparable with the experimental
investigations of Pamme and Manz (2004) since these two systems have different
configurations. However, the observed phenomenon such as the effect of fluid flow and
magnetic field gradient on the separation of magnetic and non-magnetic particles are quite
similar with the investigation of Pamme and Manz (2004) (please see also Chapter 2,
section 2.3.2.2).
Furthermore, none of the particles passed the right boundary of the cubic space at a fluid
flow of −50.0 μm/s. This result is consistent with the negative velocity of the magnetite
and silica particles shown in Fig. 6.5c and demonstrates that a magnetic field gradient of
2.0 T/m was not sufficient to overcome the drag force caused by a fluid flow of −50.0
µm/s (Fig. 6.6b). In addition, the segregation of these two types of particles was tested at
a higher magnetic field gradient (5.0 T/m) and fluid velocity of −50.0 µm/s (Appendix
B). It was observed that magnetite particles passed the right boundary of the system when
the magnetic field gradient was increased from 2.0 T/m to 5.0 T/m, even with a similar
fluid velocity of −50.0 µm/s (Appendix B).

6.4 Conclusion
This chapter investigated the separation of magnetic and non-magnetic particles in a fluid
flowing in a microchannel under a counter-current magnetic field gradient. The properties
of magnetite and silica particles were simulated as models of magnetic and non-magnetic
particles, respectively. A Gaussian size distribution with a mean and standard deviation
particle diameter of 1.0 µm and 0.35 µm, respectively, was used to observe the separation
behaviour of 500 magnetic and non-magnetic particles. The fluid velocity ranged between
0.0 µm/s and −50 µm/s. The magnetic field gradient and induction were 2.0 T/m and
0.0228 T, respectively.
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In the first step, particle aggregation was analysed by plotting contact and singlet
histograms of different-sized magnetic and non-magnetic particles. It was found that the
normalised number of contacts of magnetic particles increased with particle size due to
the dependency of the magnetic force on the 6th power of particle diameter. However,
only a few non-magnetic particles aggregated, as indicated by the lower number of
contacts in the system. This level of aggregation was probably due to the net force
between silica and magnetite, which was attractive even at distances of 4 nm.
In the second step, the mass centres of particles of a given size and material were
monitored at different fluid velocities. In the absence of fluid flow, the position of the
mass centre of the magnetic particles increased with time for both particle sizes,
indicating that these particles moved along the direction of the external magnetic field
gradient. The change in the position of the mass centre was more pronounced for larger
particles than smaller ones. This was due to the action of the magnetic field gradient force,
which was stronger for larger particles than smaller ones. In addition, in the absence of
fluid flow, as expected, the position of the mass centre of the non-magnetic particles did
not change with time. The centre of mass of the non-magnetic particles was around its
initial creation position (22.0 µm). In contrast, the non-magnetic particles (silica) moved
towards the left at a velocity independent of particle size (in the direction of the flow and
opposite to the magnetic field gradient) at a fluid velocity of −10 µm/s. However, all the
magnetic particles moved towards the right, increasing the segregation between magnetic
and non-magnetic particles, as indicated by the increase in the difference of the mass
centre positions with time. There were no significant differences observed between plug
and parabolic flows for both types of particles. At a fluid velocity of −50.0 μm/s, the mass
centre of all particles decreased with time, suggesting that even the magnetic particles
moved in the direction of the flow. At this fluid velocity (−50 µm/s), a few differences
between the parabolic and plug flows were observed. These differences were attributed
to the aggregation of magnetic particles towards the centre of the channel, where the fluid
velocity under parabolic flow was 1.5 times the mean fluid velocity.
The analysis of the velocity of the mass centre of the particles clearly demonstrates that
both types of particles moved at different velocities. The second important aspect is that
at fluid velocities greater than −10.0 µm/s, the fluid flow was able to drag the magnetic
particles against the magnetic field gradient of 2.0 T/m. The third important aspect is that
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the average velocity was roughly constant for particles < 1.0 µm, slightly increased in the
range 1.0–1.4 µm and clearly larger for the 1.5 µm particles. This was probably due to
the fact that most of the magnetite particles aggregated into chains of particles with
different sizes, thus increasing their magnetisation, and moved at the aggregate velocity.
However, further investigation of this aspect is needed. At the fluid velocity of −50.0
µm/s, all the magnetic and non-magnetic particles moved in the direction of fluid flow,
although at different velocities. Therefore, segregation may take place downstream.
Finally, in the final step, the normalised number of particles that passed across the right
boundary (direction of the magnetic field gradient) of the initial cubic space was studied
in order to quantify the possibility of using microchannels as separators. The number of
magnetic particles passing the right boundary increased with particle size in the absence
of fluid flow for particles > 0.7 μm. The magnetic particles aggregated and separated from
the non-magnetic particles due to the action of magnetic forces. It is concluded that some
of the non-magnetic particles joined the magnetic particle chains and passed the right
boundary. Finally, none of the particles passed across the right boundary at a fluid
velocity of −50 µm/s and low magnetic field gradient (2.0 T/m). This suggests that a
magnetic field gradient of 2.0 T/m is not sufficient to overcome the drag force caused by
a fluid flow of −50.0 µm/s.
The study presented in this chapter is an important step in the modelling of magnetic
systems, as it incorporated fluid flows with a counter-current MFG configuration. Such a
configuration has never been presented in the literature before. Another novel important
aspect is the analysis of uniform (plug) and non-uniform (parabolic) fluid flows.
Furthermore, the analysis was carried out for micron-sized particles, which are
infrequently used in research. It was observed that a fluid flow with a counter-current
magnetic field gradient can be employed to separate magnetic from non-magnetic
particles if the external magnetic field gradient is properly tuned. An experimental
investigation is required before implementing this phenomenon in real-life systems.
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Chapter 7:
Works

Conclusions and Future

7.1 Conclusions
The main objective of this PhD study was to analyse the separation behaviour of micron
sized magnetic and non-magnetic materials in a microchannel in the presence of an
external magnetic field. To this aim, a computer code based on discrete element method
(DEM) was developed. The study was carried out by a systematic analysis in four
different steps. The behaviour of the system was analysed for particle sizes ranging
between 0.5 µm and 1.5 µm in the presence of an external magnetic field gradient. The
values of magnetic field gradient ranged from 0.1 to 2.0 T/m.
This study was carried out by firstly analysing the aggregation of magnetic particles in
the absence of a magnetic field gradient and fluid flow. Later, the study of the influence
of the magnetic field gradient on aggregation and size segregation in the absence and
presence of fluid flow was performed. Finally, the segregation of magnetic and nonmagnetic particles was investigated.
In order to ascertain the importance of the different interparticle forces on the aggregation
of magnetic particles, the chain formation process of magnetic particles was analysed by
switching on/off the van der Waals and Brownian forces. This process was carried out in
the presence of an external magnetic field in the absence of a magnetic field gradient. The
comparative analysis of the relative forces showed that the van der Waals force was
stronger than the magnetic force when particles were very close to each other. However,
this force decayed more rapidly than the magnetic force with the distance between particle
surfaces. The Brownian force was stronger for a lower value of Hamaker constant
(5.6210-22 J) and external magnetic field (0.0228 T). The magnetic force brought
particles closer together, aligning them parallel to the direction of this force. In addition,
the van der Waals force helped the particles to stick to one another. Particle-particle
contact fluctuations were observed when the Brownian force was stronger (2.80 10-10
N).
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Four different particle size distributions and three different types of particles were utilised
in the presence of an electrical double layer: a monomodal, two Gaussians with σ = 0.15
µm and 0.35 µm and a trimodal. Particles aggregated in their secondary minimum when
the surface potential was larger than -35 mV. The aggregation process was studied by
analysing the value of coordination number in the system for different values of surface
potential. Furthermore, the coordination number decreased by following the order
monomodal>narrower Gaussian >broader Gaussian>trimodal. This sequence depended
on the number of fine particles in the system. More importantly, particle density did not
influence the aggregation process.
In order to study the aggregation process in the presence of a magnetic field gradient, the
mutual magnetisation between particles and the hydrodynamic resistance due to the
intervening liquid were incorporated into the computer code. It was shown that for a
magnetic gradient of less than 15 T/m single particle behaviour clearly depended on
particle size. For the 0.5 µm particles, the Brownian forces dominated over the magnetic
gradient force and the particles moved randomly. However, two-particle chains made of
0.5 µm particles moved along the direction of the magnetic gradient for values of
magnetic field gradient larger than 0.3 T/m, clearly indicating the importance of mutual
magnetisation. In addition, when the particle size increased to 1.5 µm, individual particles
only needed a magnetic field gradient of 2.0 T/m to be able to move along the direction
of the magnetic field.
For the bulk particle suspensions, a trimodal and a Gaussian size distribution with σ=0.35
µm were considered. The coordination number was observed to increase with magnetic
field induction. However, the value of coordination number and number of particles per
cluster decreased and the number of singlets increased with magnetic field gradient for
both particle size distributions. The aggregation of particles significantly decreased in the
presence of a magnetic field gradient. This was probably due to the action of the magnetic
field gradient force, which is proportional to particle size and makes particles of different
sizes move along the direction of the magnetic field gradient at different velocities.
Therefore, size segregation of particles was observed and fewer numbers of particles
aggregated.
In the third step, plug and parabolic flows in the range between ±20 and ±500 µm/s were
utilised. When the magnetic field gradient was aligned with the direction of the flow (co168 | P a g e

current configuration) the velocity of the single chains was the result of the addition of
the fluid velocity and the velocity due to the MFG. However, for a counter-current MFG
configuration, a threshold fluid velocity was observed below which particles did not
follow the fluid direction but moved along the direction of MFG. This threshold velocity
depended on the number of particles in the chain due to the effect of mutual
magnetisation, which increased the response to the magnetic gradient. More importantly,
it was observed that the particle chains broke for the case of parabolic flow due to the
shear effect of the fluid.
Regarding the analysis of bulk particle suspensions, it was observed that the larger
particles aggregated, however, the smaller particles remained in the form of singlets or
doublets. The aggregation process was partially hindered in the presence of a parabolic
flow. This was probably due to the fact that, the particles near the walls moved more
slowly than particles at the centre of the channel. In addition, similarly to the single chain
cases and for the counter-current configurations, a threshold fluid velocity was observed
below which the aggregated particles moved along the direction of the MFG. In contrast,
the singlets and doublets moved along the direction of the fluid flow. Therefore, as the
larger particles have higher magnetic moments, they aggregated easily and the mutual
magnetisation increased further their response to the magnetic gradient. Consequently,
size segregation was observed.
In the fourth and final step, the aggregation and separation of magnetic from nonmagnetic materials in a microchannel was analysed in the presence of plug and parabolic
flows in a counter-current configuration of magnetic field gradient (MFG). Magnetite and
silica were considered in the simulations as the magnetic and non-magnetic particles,
respectively. The study was carried out for fluid velocities ranging between 0.0 µm/s and
-50.0 µm/s.
The analysis of bulk particle suspensions of a mixture of equal numbers of magnetic and
non-magnetic particles showed that there was a level of entrainment of the non-magnetic
(silica) particles with the chains of the magnetic (magnetite) ones. This level of
entrainment was clearly observed by visualising the simulations. The visualisations also
demonstrated that most of the non-magnetic particles, as well as individual magnetic
particles, moved in the direction of the flow.
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The velocity of the mass centre of the magnetic and non-magnetic particles of a given
size as a function of size was monitored for different fluid velocities. It was observed that,
for a fluid velocity of -10.0 µm/s (counter current configuration), the magnetic particles
moved in the direction of the magnetic field gradient while the non-magnetic particles
moved with the fluid flow. However, for a fluid velocity of -50.0 µm/s all the particles
moved in the direction of the flow. This change in the velocity of the mass centre of the
particles with fluid flow clearly indicates the possibility of using microchannels as
separators.
Complementary to the conclusions presented above it is important to note that
magnetophoretic mobility has been used to analyse particle velocities of single chains and
bulk particle suspensions in the presence and absence of fluid flow. In all cases, it was
shown that when particle velocities were plotted as a function of magnetophoretic
mobility curves corresponding to different particle sizes were not unified.
In summary, this thesis has shown that it is possible to control the aggregation and
segregation of particles using magnetic field gradients and that fluid flow can aid in the
efficient separation of magnetic from non-magnetic particles. Recommendations for
future work are given below.

7.2 Future work
In the current study, the separation process of magnetic from non-magnetic materials was
analysed for the first time with the mathematical model for different configurations of
fluid flow and magnetic field gradient. These configurations have significant advantages,
as the efficient separation of magnetic from non-magnetic particles was observed.
However, a full validation with experimental work and comparison with the literature is
required in future. Furthermore, a considerable amount of work can also be undertaken in
this area. Some of the recommendations for future work are given below:


The low value of packing fraction (0.0038) could ease the influence of the
Brownian forces due to a small number of neighbours with whom the magnetic
interactions are important. If the packing fraction is increased the number of
neighbours that a given particle has will increase quadratically. Thus, the
fluctuations produced by the Brownian forces could be significantly damped by
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the total strength of the magnetic force. This aspect should be analysed in future.


Only symmetrical size distributions have been utilised in this thesis. However,
real particle size distributions could also be skewed. Therefore, this aspect could
be of the utmost importance in real applications as the number of fine particles
could significantly be larger than the number of large particles. Therefore, a
skewed size distribution could be considered in the modelling to analyse the
aggregation and segregation behaviour of different size particles in future work.



Drag corrections for moving aggregates in the liquid could also be the subject of
future studies. This aspect could be quite challenging as drag corrections will need
the continuously monitoring of aggregate sizes and shape. Thus, making the
simulations extremely slow.



Most of the research presented in this thesis has focused on the influence of
magnetic field gradients in the presence of weakly magnetic field induction.
However, it could be important to consider larger values of the magnetic field
induction. In addition, such a study should be carried out by considering the full
magnetisation curve and hysteresis of the magnetic material.



The lack of unification of the different curves of particle velocities as a function
of magnetophoretic

mobility clearly suggests that the definition of

magnetophoretic mobility needs to be modified. In addition, for monosized
particle chains, the slopes of particle velocity for single chains made of monosized
particles were lower for smaller than for the larger particles. However, these
slopes were larger for the smaller than the larger particles for the cases of bulk
particle suspensions. The reason for this apparent contradiction needs to be
investigated.


The average velocity of magnetic particles was roughly constant for particles of
less than 1.0 µm, slightly increased in the range between 1.0 and 1.4 µm in size
and was larger for 1.5 µm particles. This was probably due to the fact that most
of the magnetic particles aggregated, forming chains made of different sized
particles and moved with aggregate velocity. This aspect needs further study.



In future, an expression that provides the level of degree of mixing of a specific
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particle type should be developed and tested against the computer simulation
results.


In addition, it is also important to analyse the behaviour of bulk particle
suspensions using other geometries such as junctions and bends in the future.



Finally, a microfluidic device can be developed in future for a 100% separation
of magnetic from non-magnetic materials, which is a cutting-edge demand in the
area of medical sciences research. However, this work could potentially ease the
design of magnetic separation of ores directly in pipes as this work has shown that
separation was achieved even for plug flows and high fluid velocity values.
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Appendix A
Derivation of force models

A.1

Magnetic dipole-dipole interaction force

Magnetic particles orientate their magnetic moment along the direction of the externally
applied field. There is also a net attraction 𝑭

between two particles with magnetic

moments 𝐦 and 𝐦 separated by a distance 𝐫 can be given by

𝑭

=

3𝜇
4𝜋𝑟

(𝐦 ∙ 𝐫)𝐦 + 𝐦 ∙ 𝐫 𝐦 + 𝐦 ∙ 𝐦 𝐫

−

𝟓(𝐦 ∙ 𝐫) 𝐦 ∙ 𝐫
𝐫
𝑟𝟐

(A.1.1)

where, µ0 is the vacuum permeability and 𝐫 is the vector that joins the centre of particle i
with the centre of particle j, which can be given by
𝐫 = 𝑥 −𝑥 𝐢+ 𝑦 −𝑦 𝐣+ 𝑧 −𝑧 𝐤 = 𝑟 𝐢+𝑟 𝐣+𝑟 𝐤

(A.1.2)

where (xi, yi, zi) and (xj, yj, zj) are the position coordinates of particles i and j respectively,
r1, r2 and r3 are the relative positions along the x, y and z directions of particle i relative
to particle j, and r is the modulus or magnitude of 𝐫. Since the external magnetic field is
considered to be given in the z-direction,
𝐦 = 𝐦 = 𝑚𝒆

(A.1.3)

Therefore, the terms on the right hand side of equation (A.1.1) separated by addition or
subtraction can be simplified to
𝐦 ∙ 𝐫 = (0 ∙ 𝒊 + 0 ∙ 𝒋 + 𝑚 ∙ 𝒌) ∙ (𝑟 𝒊 + 𝑟 𝒋 + 𝑟 𝒌) = 𝑚𝑟

186 | P a g e

(A.1.4)

∴ (𝐦 ∙ 𝐫)𝐦 = 𝑚𝑟 (0 ∙ 𝒊 + 0 ∙ 𝒋 + 𝑚 ∙ 𝒌) = (0,0, 𝑚 𝑟 )

Similarly,
𝐦 ∙ 𝐫 𝐦 = 𝑚𝑟 (0 ∙ 𝒊 + 0 ∙ 𝒋 + 𝑚 ∙ 𝒌) = (0,0, 𝑚 𝑟 )

(A.1.5)

𝐦 ∙ 𝐦 𝐫 = 𝑚 𝐫 = 𝑚 (𝑟 𝒊 + 𝑟 𝒋 + 𝑟 𝒌) = (𝑚 𝑟 , 𝑚 𝑟 , 𝑚 𝑟 )

(A.1.6)

Finally,
5(𝐦 ∙ 𝐫) 𝐦 ∙ 𝐫
5(𝑚𝑟 ∙ 𝑚𝑟 )
5(𝑚 𝑟 )
(𝑟 , 𝑟 , 𝑟 )
𝐫=
𝐫=
𝑟
𝑟
𝑟
⇒

5(𝐦 ∙ 𝐫) 𝐦 ∙ 𝐫
5𝑚
5𝑚
5𝑚
𝐫=
𝑟𝑟 ,
𝑟𝑟 ,
𝑟
𝑟
𝑟
𝑟
𝑟

(A.1.7)

Now by replacing all values from equation (A.1.4) to (A.1.7) to equation (A.1.1) could
provide the simplified relation below
𝑭 𝐫, 𝐦 , 𝐦

=

3𝜇
4𝜋𝑟

−

=

(𝐦 ∙ 𝐫)𝐦 + 𝐦 ∙ 𝐫 𝐦 + 𝐦 ∙ 𝐦 𝐫

5(𝐦 ∙ 𝐫) 𝐦 ∙ 𝐫
𝐫
𝑟

3𝜇
4𝜋𝑟

(0,0, 𝑚 𝑟 ) + (0,0, 𝑚 𝑟 ) + (𝑚 𝑟 , 𝑚 𝑟 , 𝑚 𝑟 )

−

5(𝑚 𝑟 )
(𝑟 , 𝑟 , 𝑟 )
𝑟

=

3𝜇
4𝜋𝑟

−

5(𝑚 𝑟 )
(𝑟 , 𝑟 , 𝑟 )
𝑟

⇒ 𝑭 𝐫, 𝐦 , 𝐦
2(0,0, 𝑚 𝑟 ) + (𝑚 𝑟 , 𝑚 𝑟 , 𝑚 𝑟 )

(A.1.8)

By equating the coefficients of i, j and k from equation (A.1.8), the x, y and z components
of magnetic force, Fmagx, Fmagy and Fmagz can be obtained in the form below:

𝐹

=

3𝜇
4𝜋𝑟

0+𝑚 𝑟 −

5𝑚
𝑟𝑟
𝑟

=

3𝜇 𝑚
5
𝑟 1− 𝑟
4𝜋𝑟
𝑟
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𝐹

=

3𝜇
4𝜋𝑟

0+𝑚 𝑟 −

5𝑚
𝑟𝑟
𝑟

𝐹

=

3𝜇
4𝜋𝑟

2𝑚 𝑟 + 𝑚 𝑟 −

5𝑚
𝑟
𝑟

=

3𝜇 𝑚
5
𝑟 1− 𝑟
4𝜋𝑟
𝑟

=

3𝜇 𝑚
𝑟
4𝜋𝑟

3−

5
𝑟
𝑟
(A.1.9)

The magnetic force was attractive along the z-direction. Therefore, the maximum
attraction of this force along the z-direction can be obtained by setting x, y components to
zero as:
(A.1.10)

𝑟 = 𝑟 = 0 and 𝐹 = 𝐹 = 0
𝑟=

𝑟 +𝑟 +𝑟 =

0+0+𝑟 =

𝑟 =𝑟

(A.1.11)

Therefore, the maximum attraction of magnetic force can be given by the following
relation by replacing the values from equations (A.1.10) and (A.1.11) to equation (A.1.9)

𝐹

⇒𝐹

A.2

=

3𝜇 𝑚
5
𝑟 3− 𝑟
4𝜋𝑟
𝑟
=

3𝜇 𝑚
5
𝑟 3− 𝑟
4𝜋𝑟
𝑟

=

3𝜇 𝑚
3𝜇 𝑚
𝑟(3 − 5) = −
4𝜋𝑟
2𝜋𝑟

(A.1.12)

Magnetic field gradient force

The magnetic force of a magnetic particle located in a non-magnetic fluid in the direction
of a magnetic field gradient is given by

𝑭

= 𝑴𝑉

𝑑𝑩
𝑑𝑥

(A.2.1)

where, M is the total magnetisation of the particles and dB/dx is the magnetic field
gradient. The total magnetisation depends on the external magnetic field and the mutual
magnetisation of the particles. Therefore, the final particle velocity and acceleration will
be influenced by the mutual magnetisation of the particles, the magnetisation due to the
external magnetic field and the magnetic field gradient.
The total magnetisation is also a function of the effective magnetic susceptibility of the
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particle material eff , the external magnetic field B as

𝑴=𝝌

𝑩
𝜇

(A.2.2)

Where µ0 is the permeability of the free space. The effective magnetic susceptibility
depends on the material properties as well as the contribution of the neighbouring
particles. Therefore, a correction can be introduced due to the influence of other particles
as

𝝌

=1+

𝑯
𝐻

(A.2.3)

Where, He and Hi are the external magnetic field and induction due to the contribution of
the neighbouring particles in the system, in which Hi can be expressed as (Reitz et al.,
2008)

𝑯 =

1
4𝜋

3(𝐦 ∙ 𝐫 )𝒓
𝐦
−
𝑟
𝑟

(A.2.4)

Where, the vector r is the distance between dipoles and m is the magnetic moment. The
simplified form of equation (A.2.4) can be given by
𝐦 ∙𝐫 = 𝑚 𝑟 +𝑚 𝑟 +𝑚 𝑟

⇒ (𝐦 ∙ 𝐫 )𝐫 = (𝑚 𝑟 + 𝑚 𝑟 + 𝑚 𝑟 )(𝒊𝑟 + 𝒋𝑟 + 𝒌𝑟 )
⇒ (𝐦 ∙ 𝐫 )𝐫 = 𝒊(𝑚 𝑟 + 𝑚 𝑟 𝑟 + 𝑚 𝑟 𝑟 )
+ 𝒋(𝑚 𝑟 𝑟 + 𝑚 𝑟 + 𝑚 𝑟 𝑟 )
+ 𝒌(𝑚 𝑟 𝑟 + 𝑚 𝑟 𝑟 + 𝑚 𝑟 )

(A.2.5)

⇒ (𝐦 ∙ 𝐫 )𝐫 = 𝑚 (𝒊𝑟 𝑟 + 𝒋𝑟 𝑟 + 𝒌𝑟 )

The

magnetic

diapole

moment

is

activated

along

z-direction.

Therefore,

𝑚 = 𝑚 = 0 and 𝑚 = 𝑚 ; 𝑟 = 𝑟 = 0 and 𝑟 = 𝑟 , where rz is the relative distance
between two dipoles. The equation (A.2.5) can be simplified to
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⇒ (𝐦 ∙ 𝐫 )𝐫 = 𝑘𝑚 𝑟

(A.2.6)

𝑚
𝑚 𝑘
=
𝑟
𝑟

(A.2.7)

and

Replacing all the values from equation (A.2.5) to (A.2.7) into equation (A.2.4) then the
mutual induction along z-direction, Hi,z can be given by

𝐻, = 𝐻

,

=

1 3𝑚 𝑟
𝑚
−
4𝜋 𝑟
𝑟

=

1 𝑚 3𝑟
−1
4𝜋 𝑟 𝑟

(A.2.8)

Therefore, by replacing the value of Hi,z from equation (A.2.8) into the equation (A.2.2)
will provide the mutual magnetisation M as below:
𝑴= 1+

𝑯 𝑩
𝑩
1 1 𝑚 3𝑟
=
1+
−1
𝐻 𝜇
𝜇
𝐻 4𝜋 𝑟 𝑟

(A.2.9)

The magnetic field gradient force due to the mutual magnetisation of neighbouring
particles can be given by substituting the value of M from equation (A.2.9) into equation
(A.2.1)
𝑭

A.3

= 𝑴𝑉

𝑑𝑩 𝑩
1 1 𝑚 3𝑟
=
1+
−1
𝑑𝑥 𝜇
𝐻 4𝜋 𝑟 𝑟

𝑑𝑩
𝑑𝑥

(A.2.10)

Drag force due to the parabolic flow

The fluid flow follows the shape of a parabola according to the equation of parabola
below:
𝑦 = 𝑎𝑥 + 𝑏𝑥 + 𝑐

(A.3.1)

The flow velocity is maximum at the centre of the channel and decrease gradually in flow
velocity for the points farther away from the centre of the channel. Therefore, the
boundary conditions for the parabolic flow will be
𝑦 = 0, at 𝑥 = 0; 𝑦 = 0 at 𝑥 = ℎ
𝑦 = 𝑣 at 𝑥 = ℎ/2

(A.3.2)

Where, x and y are positions coordinate, v and h are the velocity and channel height
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respectively. Now for the boundary conditions x = 0, y = 0 the constant c = 0. For the
boundary condition x = h, y = 0, the parabolic equation will get the form:
𝑦 = 𝑎ℎ + 𝑏ℎ + 𝑐 = 0 ⇒ 𝑎ℎ + 𝑏ℎ = 0, as 𝑐 = 0
𝑏
(A.3.3)
⇒ 𝑎ℎ = −𝑏 ⇒ ℎ = − , etc.
𝑎
Finally, for the boundary condition x = h/2, y = v, the following form of equation (A.3.1)

can be obtained
ℎ
ℎ
+𝑏 +0=𝑣
4
2
𝑎ℎ. ℎ 𝑏ℎ
𝑏ℎ 𝑏ℎ
⇒𝑣=
+
=− +
, from relation (A. 3.3)
4
2
4
2
𝑦=𝑎

1
𝑏ℎ
4
Now by replacing the values of a, b and c into the equation (1) then
⇒𝑣=

(A.3.4)

𝑏
𝑥
4𝑣𝑥
𝑥
𝑦 = 𝑎𝑥 + 𝑏𝑥 + 𝑐 = − 𝑥 + 𝑏𝑥 = 𝑏𝑥 1 − =
1−
ℎ
ℎ
ℎ
ℎ
4𝑣𝑥
𝑥
(A.3.5)
1−
ℎ
ℎ
Which represents the velocity for the parabolic flow model. Now for interpreting the
⇒𝑦=

velocity in terms of the mean velocity 𝑣 , integrate equation (A.3.5) over the channel
width (h) between the limit 0 to h with respect to x will provide

𝑣 =

1
ℎ

⇒𝑣 =

4𝑣𝑥
𝑥
4𝑣
1 − 𝑑𝑥 =
ℎ
ℎ
ℎ

𝑥−

𝑥
4𝑣 𝑥
𝑥
𝑑𝑥 =
−
ℎ
ℎ 2 3ℎ

4𝑣 ℎ
2
= 𝑣
ℎ 6
3

3
(A.3.6)
𝑣
2
Therefore, the velocity 𝑣 (𝑦 = 𝑣 ) according to the model of the parabolic flow is
⇒𝑣=

6𝑣 𝑥
𝑥
1−
ℎ
ℎ
The force due to the parabolic flow is therefore can be given by:
⇒𝑣 =

(A.3.7)
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𝑭

= 6𝜋𝜇𝑅(𝑣 − 𝒗)

(A.3.8)
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Appendix B
Complementary data related to research chapters

B.1

Complementary data for research Chapter 4

B.1.1 Visualisations of simulation for a higher value of magnetic field gradient (2.0
T/m)
Figure B.1 shows the visualisations of simulation data at 1.07 s for the segregated or
isolated particles for the Gaussian (Fig. B.1a) and trimodal (Fig. B.1b) size distributions.
The value of the magnetic field induction and magnetic field gradient were equal to
0.0228 T and 2.0 T/m, respectively.
When comparing Fig. B.1 with 4.14a and c, it is clearly observed that the number of
isolated particles increased with increasing value of the magnetic field gradient for both
particle size distributions (Fig. 4.14a, c & Fig. B.1.a and b). In addition, there are
differences regarding the size of the particles that remain unchained in the initial creation
space. For example, it is possible to see some of the largest size particles (1.5 µm, green
colour code) in Fig. B.1b when no particles of this size were observed in Fig. 4.14c. For
the case of Gaussian size distribution, the isolated or non-aggregated particles were a
mixture of different sized particles (different coloured particles, Fig. 4.14a, & Fig. 4.14b).
In addition, the isolated particles were higher for the trimodal than for the Gaussian size
distribution (Fig. 4.14a and c & Fig. B.1a and b).
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Figure B.1 Visualisations of simulation data at 1.07 s for the value of magnetic field
induction and magnetic field gradient equal to 0.0228 T and 2.0 T/m respectively with
the segregated particles for the (a) Gaussian size distribution (GSD) and (b) Trimodal
size distribution (TSD).
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B.2 Complementary data for research Chapter 5
B.2.1 Fluid velocity correspond to shear rate with respect to the channel widths
and chain lengths
Table B.1 Fluid velocity correspond to shear rate with respect to channel width and
particle chain length
Channel Fluid velocity (mm/s) for shear rates Fluid velocity (mm/s) for shear rates
widths (/s) with respect to channel width
(/s) with respect to chain length
(m)

=5.0

=14.0

=23.0

=116.0

=9.0

=26.0

=44.0

=116.0

44.0

0.10

0.30

0.50

2.55

0.10

0.30

0.50

2.0

68.0

0.16

0.46

0.77

3.94

0.22

0.72

1.20

4.78

170.0

0.39

1.20

1.93

9.86

1.49

4.48

7.46

30.0

B.2.2 Average velocity of particles for a co-current configuration of magnetic field
gradient
Figure B.2 shows the average velocity of particles as a function of magnetic field gradient
(MFG) for different fluid velocities with a co-current configuration of MFG. The
behaviour of the system was analysed for the plug and parabolic fluid flows. Fig. B.2a, b
and c shows the average velocity of particles for the fluid of 20 µm/s, 100 µm/s and 0.3
µm/s, respectively. The value of magnetic field induction was constant and equal to
0.0228 T, while the value of magnetic field gradient ranged between 0.3 T/m and 0.7 T/m.
The velocity increased linearly with MFG for both plug and parabolic flow for all particle
sizes. For this co-current configuration, the particle velocity is the addition of the fluid
flow and the velocity due to the MFG. Therefore, for increasing the value of fluid
velocity, all the particles move faster along the direction of MFG. There is no significant
difference of particle velocity observed between the plug and parabolic flow.
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Figure B.2 Average velocity of particles as a function of magnetic field gradient for a
co-current configuration with fluid velocity equal to (a) 20 µm/s (b) 100 µm/s and (c)
300 µm/s. The value of magnetic field induction and magnetic field gradient was equal
to 0.0228 T and 0.7 T/m, respectively.
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Figure B.3 shows the average velocity of particles as a function of magnetic field gradient
for different fluid velocities with counter-current configurations for the plug and
parabolic flows. Fig. B.3a, b and c shows the average velocity for the fluid velocity equal
to 0.02 mm/s, 0.1 mm/s and 0.3 mm/s respectively. The value of magnetic field induction
was constant and equal to 0.0228 T, while the value of magnetic field gradient ranged
between 0.3 T/m and 0.7 T/m.
For the counter-current configuration, the velocity of particle change direction from the
MFG to fluid flow. For the case of -20 µm/s, the magnetic field gradient was able to drag
the particles along its direction. However, for increasing fluid velocity to -100 µm/s, the
smaller particles moved along the direction of fluid flow and the larger particles moved
to the direction of MFG (Fig. B.3b). In addition, for increasing the fluid flow to -300
µm/s, all the particles moved to the direction of fluid flow. The magnetic gradient force
was not sufficient to overcome the fluid drag force when the fluid velocity was very high
(-300 µm/s).
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Figure B.3 Average particle velocity as a function of magnetic field gradient for a
counter-current configuration of MFG with the value of fluid flow equal to (a) -20
µm/s (b) -100 µm/s and (c) -300 µm/s. The value of magnetic field induction and
magnetic field gradient was equal to 0.0228 T and 0.7 T/m, respectively.
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B.3 Complementary data for research Chapter 6
B.3.1 Influence of higher fluid velocity on mass centre changes for different sized
magnetic and non-magnetic particles
Fig. B.4 shows the mass centre of different particle sizes as a function of time for the plug
and parabolic flow configuration with counter-current. The effect of fluid flow was
analysed for two different sized magnetite and silica particles: 0.5 µm (smallest) and 1.5
µm (largest). The data plotted in the presence of external magnetic field gradient with the
value of fluid velocity equal to -100.0 µm/s (Fig. B.4a) and -300 µm/s (Fig. B.4b) at 0.01s
to 0.9s of real time. The value of external magnetic field induction and magnetic field
gradient was equal to 0.0228 T and 2.0 T/m respectively. A black dotted line passed
through the origin was added to observe the changes of particle positions from the
direction of magnetic field gradient (+) to the counter-current (-).
The mass centre of all the magnetic and non-magnetic particles decreased with time for
both the particle sizes with the plug and parabolic flow configurations. The value of mass
centre increased along the direction of fluid flow for increasing the value of fluid velocity
(Fig. B.4). The influence of external magnetic field gradient was negligible for the higher
values of fluid flow as all the particles washed out opposite to the direction of magnetic
field gradient. The behaviour of magnetic and non-magnetic particles with low fluid
velocity was presented in chapter 6.
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Figure B.4 Mass centre as a function of time for different sized magnetite and silica
particles for a counter-current configurations with the fluid velocity equal to (a) -100.0
µm/s and (b) -300.0 µm/s. The value of magnetic field induction and magnetic field
gradient equal to 0.0228 T and 2.0 T/m respectively.
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B.3.2 Motion of magnetic and non-magnetic particles due to higher fluid velocity
Fig. B.5 shows average velocity of magnetic and non-magnetic particles as a function of
particle sizes for the plug and parabolic flow configurations with a high value of fluid
velocities. The fluid velocities were -100.0 µm/s (Fig. B.5a) and -300.0 µm/s (Fig. B.5b).
The values of external magnetic field gradient and magnetic field induction equal to 2.0
T/m and 0.0228 T respectively. The average velocity was obtained by calculating
simulation data from 0.6s to 0.9s of real time.
The average particle velocity increased along the direction of fluid flow for increasing
the fluid velocity. It has been shown in Chapter 6 that all the magnetic and non-magnetic
particles moved opposite to the direction of magnetic field gradient for the fluid velocities
greater than the threshold value of fluid velocity (Fig. 6.4). It is more clear here that the
particles motion is independent on the magnetic field gradient for the higher values of the
fluid velocities.
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Figure B.5 Average velocity as a function of particle sizes for magnetite and silica
particles for a counter-current configurations with the fluid velocity equal to (a) -100.0
µm/s and (b) -300.0 µm/s. The value of magnetic field induction and magnetic field
gradient were equal to 0.0228 T and 2.0 T/m, respectively.
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B.3.3 Magnetophoretic mobility of different sized magnetic and non-magnetic
particles
Fig. B.6 shows the average velocity of different sized particles as a function of
magnetophoretic mobility for the value of fluid velocity equal to -10.0 µm/s (Fig. B.6a)
and -50.0 µm/s (Fig. B.6b). The magnetophoretic mobility (MPM) was calculated using
Eq. 4.9, It is noted that MPM increases with particle size and magnetic field gradient as
described in Chapter 4, equation 4.9. Therefore, a value of zero MPM implies that there
is no magnetic field gradient. The behaviour of the system was analysed for the smallest
(0.5 µm), intermediate (1.0 µm) and largest (1.5 µm) particles with the values of magnetic
field gradient ranging between 0.7 T/m and 5.0 T/m.
For the case of magnetic particles, the average velocity of different sized particles
increased with increasing magnetophoretic mobility. However, this increase was nonlinear. The average velocity of the larger particles was higher than the fines for all values
of MPM (Fig. B.6). For a higher value of magnetic field gradient and thus higher MPM,
all the particles moved faster along the direction of the magnetic field gradient. In
contrast, the particles moved around their initial creation position for a lower value of
magnetic field gradient (small MPM) with a fluid velocity equal to -10.0 µm/s (Fig. B.6a).
At a value of fluid velocity equal to -50.0 µm/s, the particles below the mean size (1.0
µm) moved opposite to the direction of magnetic field gradient with a very high value of
magnetic field gradient (5.0 T/m) for both the plug and parabolic flows (Fig. B.6b). In
addition, the particles moved in the direction of fluid flow with a higher velocity for the
parabolic flow than for the plug flow (Fig. B.6b).
On the other hand, the average velocity of non-magnetic particles was presented as
function of MPM by artificially assigning them of the MPM of the similar sized magnetic
particles. The velocity non-magnetic particles were independent on the magnetophoretic
mobility, which is expected (Fig. B.6) as they do not respond to the external magnetic
field gradient and they are only influenced by the fluid velocity. There was no significant
difference observed between the plug and parabolic flow configurations for all the cases
of a low to high fluid velocities.
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Figure B.6 Average velocity of particles as a function of magnetophoretic mobility for
different sized particles with the values of fluid velocity equal to (a) -10.0 µm/s and
(b) -50 µm/s. The values of magnetic field gradient ranged between 0.7 T/m and 5.0
T/m with the magnetic field induction of 0.0228 T.
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B.3.4 Segregation of magnetic and non-magnetic particles for a higher
Figure B.7 shows the normalised number of particles that passed across the right
boundary of the initial creation space for a value of magnetic field gradient equal to 5
T/m. Fig. B.7a and b show the normalised number of particles in the absence of fluid flow
and for a fluid velocity of -50 µm/s.
The number of particles passed the right boundary of the system increased with increasing
the value of magnetic field gradient for both the fluid velocities. It is possible to compare
the results for a lower value of MFG with similar fluid velocities (2.0 T/m, Chapter 6,
Fig. 6.6). It was observed that not any particles passed the right boundary of the system
for a fluid velocity of -50 µm/s with a magnetic gradient of 2 T/m. However, when the
value of magnetic field gradient increased from 2.0 T/m to 5.0 T/m, the magnetic particles
passed the right boundary of the system even for a higher fluid velocity (Fig. B.7b). It is
better shown in the Fig. B.8, which demonstrated the visualisations of the simulations for
different fluid velocities with different values of magnetic field gradient at 0.9s. Fig. B.8a
shows the visualisation in the absence of fluid flow with the value of magnetic field
gradient equal to 5.0 T/m. Fig. B.8b and c show the visualisations for the values of
magnetic field gradient equal to 2.0 T/m and 5.0 T/m, respectively, with the fluid velocity
of -50.0 µm/s for the parabolic flow. The non-magnetic and magnetic particles are
coloured in white and red, respectively, for this case.
It is clearly visible from Fig. B.8a that, the magnetic particles aggregated and separated
from non-magnetic particles in the absence of fluid flow. In addition, a few non-magnetic
particles (white coloured) aggregated with the magnetic particles (red coloured) and
moved with the magnetic particles along the direction of magnetic field gradient (Fig.
B.8).
When the fluid velocity decreased to -50 µm/s all the particles moved opposite to the
direction of magnetic field gradient of 2.0 T/m (Fig. B.8b). However, when the value of
the magnetic field gradient increased from 2.0 T/m to 5.0 T/m, the magnetic particles
moved along the direction of magnetic field gradient even for a fluid velocity of -50.0
µm/s (Fig. B.8c).
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Figure B.7 Normalised number of particles as a function of particle sizes for the fluid
velocity of (a) 0.0 µm/s and b) -50.0 µm/s. The value of magnetic field induction and
magnetic field gradient were equal to 0.0228 T and 5.0 T/m, respectively.
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Figure B.8 Visualisations of simulation for the parabolic flow configuration in the (a)
absence of fluid flow & α = 5.0 T/m (b) fluid velocity = -50.0 µm/s & α = 2.0 T/m (c)
fluid velocity = -50.0 µm/s & α = 5.0 T/m. The value of magnetic field induction was
equal to 0.0228 T.
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Appendix C
Conversion of units

C.1

Flow velocity to shear rate

Shear rate () with respect to channel widths (W) can be given by the following relation

𝛾=

𝑉
𝑊/2

(C.1.1)

Where, Vflow is the flow velocity. The shear rate with respect to the chain lengths can be
obtained by the relation below
𝑣 −𝑉
(C.1.2)
𝑁
×𝑑
2
where, 𝑣 and 𝑉 are the maximum velocity and velocity due to the parabolic flow,
𝛾=

respectively, N is the number of particles in the chain and dp is the diameter of the particle.
For the channel widths W and particle positions Xp, the velocity V0 can be given by
6𝑣 𝑋
𝑋
1−
𝑊
𝑊
where, the particle positions Xp are
𝑉 =

𝑊 𝑁
− ×𝑑
2
2
Now, from the above relations, (𝑣 − 𝑉 ), can be obtained as
𝑋 =

(C.1.3)

(C.1.4)

6𝑣 𝑋
𝑋
6𝑋
𝑋
(C.1.5)
1−
= 𝑣 1.5 −
1−
𝑊
𝑊
𝑊
𝑤
Therefore, the shear rate with respect to the chain lengths can be calculated by equation
𝑣 − 𝑉 = 1.5𝑣 −

(C.1.6) below
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𝛾=

C.2

𝑣
𝑁
×𝑑
2

1.5 −

6𝑋
𝑊

1−

𝑋
𝑊

(C.1.6)

Fluid velocity to flow rates

Conversion of fluid velocity (Vflow) to the flow rates can be done by the formula bellow
𝑄
(C.2.1)
𝐴
where, Q is the flow rates and A is the area of the channel. For example, the flow rate due
𝑉

=

to the employed fluid velocity equal to 0.5 mm/s in a square channel of widths 44.0 µm
used in this work would be
Area of the channel, A
𝐴 = 𝑊 × 𝐻 = 44 × 44 = 1936 𝑠𝑞. 𝜇𝑚 = 1936 × 10

(C.2.2)

m

where, W and H are the width and height of the channel. Therefore, the equivalent flow
rate due to the velocity of 0.5 mm/s will be
𝑄 =𝐴×𝑉

= 1936 × 10

× 0.5 × 10

m ∙ m/s

ltr
s
ltr
μl
= 968 × 10
= 968 × 10
× 10
= 968 × 10
s
s
μl
968
𝜇𝑙
=
× 10
= 968 × 10
2.8 × 10 hrs 2.8
ℎ
𝜇𝑙
𝜇𝑙
= 345.7 × 10
= 3.46
ℎ
ℎ
= 968 × 10

= 968 × 1000 × 10

⇒ 𝑄 = 345.7 × 10

𝜇𝑙
𝜇𝑙
= 3.46
ℎ
ℎ

μl
s

(C.2.3)
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