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Abstract
Theoretical, numerical and computational modelling of the interdiffusion analysis is the
major part of the diffusion and diffusion-related fields of research. In this study, general
approaches for the analysis of the interdiffusion composition profiles as well as
interdiffusion coefficients are investigated for solid metallic alloy systems where the
number of atomic components 𝑛 ≥ 3. The main focusing of the present dissertation is to
analyse the interdiffusion phenomenon for ternary, quaternary and quinary (high entropy
alloys) metallic systems making use of numerically and analytically for the closed form
solutions. For the ternary and quaternary metallic system composition independent
interdiffusion coefficients are used mainly for the detailed study of diffusion behaviour.
In quinary metallic system composition dependent (as well as composition independent)
interdiffusion matrices are used for the detailed study of CoCrFeMnNi HEAs. MATLAB
programming language is used as the main tool for investigating the interdiffusion
phenomenon in the different metallic system. Finally, the results obtained are compared
with the available experimental data.
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Chapter 1
Introduction
1.1 Motivation and Problem Statement
Diffusion in solids is an important topic of solid-state physics, physical chemistry and
materials science and engineering. Every property of the solid materials depends directly
or indirectly on the movement of atoms which is the result of diffusion. For example,
microstructural changes of solid materials, diffusive phase transformations, precipitation,
oxidation, recrystallization, swelling, creep, electronic packaging and so on [5, 6] occur
due to diffusion.
Knowledge of self (or tracer) diffusion and interdiffusion is especially important in the
field of metallic alloys (binary, ternary, quaternary, quinary and so on) and their design.
The self-diffusion (or tracer-diffusion) coefficient, D*, is related to a scaled mean-squared
displacement of every atom (separately from each other) of a certain element in an alloy.
Self-diffusion is usually measured experimentally from the depth of penetration of a
tracer species from a very thin source that has diffused into a metal or alloy. The number
of self-diffusion coefficients is equal to the number of atomic components. In contrast,
interdiffusion is a collective phenomenon that deals with diffusion of atoms of one metal
species into another metal (or alloy), usually in a thick diffusion couple arrangement. In
෩𝑖𝑗 constitute a square
n-component alloys with n > 1, the interdiffusion coefficients 𝐷
matrix of rank n 1. Each element of the interdiffusion matrix is a linear combination of
the Onsager phenomenological coefficients Lkl. The diagonal phenomenological
coefficients Lkk can be shown to be related to the scaled mean-squared displacement of
all k atoms collectively whereas the off-diagonal coefficients Lkl are related to the scaled
mean scalar product of the collective displacements of all k atoms and all l atoms
collectively.
The present research is focussed mainly on the investigation of interdiffusion phenomena
in ternary and higher component alloys. Numerical and analytical (using closed form
solutions) approaches are used to solve stated diffusion problems. In the numerical
approach (where the interdiffusion matrix is dependent on composition), the main
computational scheme used is the explicit finite difference approximation (EFDA) to
generate composition profiles for ternary, quaternary and so on, metallic systems.
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Alternatively, using the closed form solution (where the interdiffusion matrix is
independent of composition) the diffusion problems can be solved analytically.
At the beginning of the study of diffusion, investigations of general interdiffusion
phenomena, as well as interdiffusion coefficients, started with studies of binary [7-14]
alloys. There, only one interdiffusion coefficient is necessary. The Boltzmann-Matano
method for analysing experimental interdiffusion profiles was developed as the result of
these studies. In binary alloys, it can then be easily shown that the interdiffusion
coefficient can be uniquely obtained as a function of composition from the experimental
profiles, provided they are very accurately measured. Experimental studies on binary
alloy systems such as Ti-Mo, Ti-Nb, Mo-Nb, Ti-V, Cu-Pt, Co-Pt, Ni-Al, Ti-Al, Nb-Si,
V-Si, U-Mo, U-Fe and many, many more [15-24] are conducted as examples of
determination of the composition dependence of the interdiffusion coefficient using the
Boltzmann-Matano (BM) method. Later, several methods, such as Sauer and Freise (SF)
method [10], Hall method (HM) [25], extended Hall method (EHM) [26] and Wagner
method [27], based on the BM pioneering approach, were developed as well. For the
extension of the BM approach to an n-component system, where n > 2, it is well-known
and can be easily shown, that profiles from n1 interdiffusion couples should be
investigated simultaneously. The resulting matrix of interdiffusion coefficients can then
be obtained at a single composition where the diffusion paths of all couples are all
intersecting. In general, this is an extremely difficult task for the experimentalist,
especially for quaternary and higher component systems. However, if the interdiffusion
matrix is assumed to be independent of composition in the composition domain that
covers diffusion zones of all couples, then a unique value of the interdiffusion matrix is
obviously guaranteed after the analysis of all n1 couples (again, subject to the
experimental profiles being very accurately measured).
Beyond the binary alloy, Fujita and Gosting [28, 29] developed an analytical treatment of
interdiffusion profiles measured in a single diffusion couple in a ternary metallic system
under the assumption that the interdiffusion coefficients are constant, independent of
composition. This assumption allows the use of the closed form solution for analysing the
interdiffusion profiles in multicomponent alloys. As the result of this straightforward
development, first, fitting parameters to the two error functions closed form solution must
be obtained, second, the inverse of the interdiffusion matrix can be calculated and, third,
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the inverse of that matrix should be taken. The resulting expressions, even for the ternary
alloys, algebraically are relatively complex. Next, again using a closed form solution
(with interdiffusion coefficients being independent of composition) and very similar to
the analysis of Fujita and Gosting [28], Kim [30, 31] developed an analytical treatment
for the quaternary system that can be applied to investigate the composition profiles
measured in a single interdiffusion couple. In the quaternary systems, the closed form
solution will contain three error functions.
In our present study, the composition profiles obtained from one, two and, three
interdiffusion couples are investigated in ternary, quaternary and higher component
systems. The curve fitting tool (Cftool in Matlab), Origin and a newly developed method
that use custom written Matlab fitting program are used, first, to perform the fitting of the
closed form solution into the profiles, and then, using the obtained fitting parameters to
calculate the interdiffusion matrix. It is found that even for the case of constant
interdiffusion coefficients, a single interdiffusion couple does not provide enough
information to obtain a reliable interdiffusion matrix, especially in the cases of quaternary
and higher component systems. Comparison of the square root diffusivity (SQRD)
method and the fitting into the closed form solution has been made as well.
Following the quaternary case, our detailed study is also focused on the investigation of
interdiffusion in high entropy alloys (HEAs) where a suitable random alloy model can be
used. In addition, the research is focused on the investigation and comparison of several
methods for analysing experimentally obtained composition profiles (including HEAs) in
order to find the method that gives the most correct interdiffusion matrix.
The topics of the research are:
i)

Investigation of composition profiles for the ternary, quaternary and quinary
alloys.

ii)

Calculate the interdiffusion coefficients for ternary and multicomponent
alloys using several methods. Perform comparisons of the methods.

iii)

Use available experimental data for ternary and multicomponent alloys to
calculate the interdiffusion matrix and to confirm computational results.

iv)

Apply results of the investigation to the HEA (CoCrFeMnNi) and compare
with the available experimental results.
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Accordingly, the present research involves theoretical and computational investigations
of the composition profiles as well as the interdiffusion coefficients for ternary and
multicomponent alloys. Matlab is used as the main computational tool of this study. The
results obtained in this research are compared with previously published simulations and
experimental results.

1.2 Research Objectives and Research Significance
The objectives of the present work are as follows:
i)

To investigate the composition profiles and to calculate the inverse
interdiffusion matrix for the ternary metallic system (the obtained
interdiffusion matrix are used in the back test) using several different
procedures: square root diffusivity method (SQRD), a fitting method (using a
closed-form solution (two-error functions solution) in combination with
Cftool and Origin). At the same time, a newly developed method that uses
custom written Matlab fitting program is designed to calculate the
interdiffusion matrix directly, without calculation of the inverse matrix. This
method is applicable in a straightforward way to the ternary and higher
component metallic systems. (All assuming that the interdiffusion coefficients
are independent of composition.)

ii)

To test different solutions of the interdiffusion problem for quaternary and
higher component alloys (assuming that the interdiffusion coefficients are
independent of composition.)

iii)

To develop knowledge of the interdiffusion phenomenon in the HEAs
numerically using the Darken approximation [32-34] as well as the Manning
approximation [34-37] for composition-dependent interdiffusion coefficients.

iv)

To calculate the interdiffusion matrix for the quinary CoCrFeMnNi metallic
system using different methods.

v)

Finally, the obtained simulation results (mainly in HEAs) should be compared
with available experimental data.
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The significance of the present study can be summarized as follows:
i)

The main focus of the research is to analyse interdiffusion phenomena for
ternary and multicomponent alloys using various methods.

ii)

The outcome of this research will improve the detailed understanding of
methods used in the analysis of experimentally obtained composition profiles.

iii)

Using the theoretical and computational methods developed in this research,
analysis of the experimental interdiffusion profiles in the multicomponent
alloys can be reliably performed. Investigation of the accuracy of the obtained
interdiffusion matrices is given as well.

1.3 Thesis Structure
In this thesis, different analytical and numerical methods are used to investigate the
composition profiles in order to obtain reliable interdiffusion matrices for ternary and
multicomponent alloys in the solid phase. First, the studies are applied for ternary and
quaternary metallic system within the framework of the closed form solution. Then the
quinary system (CoCrFeMnNi alloy) is investigated using the numerical analysis. For this
purpose, the thesis begins with the present introductory chapter (Chapter 1). Then a
synopsis of the topics covered by the thesis can be given as follows.
Chapter 2 begins with the brief discussions of fundamental concepts of diffusion in
metallic alloys. It includes the Onsager flux relations, Fick’s laws, interdiffusion
coefficients, tracer diffusion coefficients, interdiffusion and tracer diffusion experiments.
In the following on sections of the second chapter, reviews of the random alloy
approximations

(Darken

[32-34], Manning

[34-37]

and

MAA

[32,

38-40]

approximations) are given. Then an overview of previous work on binary alloy
experiments as well as the ternary and multicomponent alloys is presented. Other
important topics such as the Matano-plane, closed form solution, SQRD method (and, to
some extent, BM, SF and HM) are discussed there as well.
In Chapter 3, three component alloy systems are studied using the closed-form solution.
The main purpose of this chapter is to investigate the composition profiles and calculate
the composition independent interdiffusion matrix using fitting (into the closed-form
solution) and SQRD methods. In addition, the diffusion paths for the diffusion couples
are investigated making use of the ternary phase diagram.
33

Chapter 4 again deals with the interdiffusion experiments for a ternary metallic system.
Fitting methods are used with Matlab curve fitting tool (Cftool) and Origin to retrieve the
(independent on composition) interdiffusion matrix. In addition, a newly developed
method for determining of the ternary interdiffusion matrix is described. The new method
uses custom written Matlab fitting program for the simultaneous fitting into multiple
profiles. In addition, the newly developed analysis of retrieving the interdiffusion matrix
is interlinked with composition vectors, eigenvalues and eigenvectors.
In Chapter 5, the analysis of the interdiffusion matrix for the multicomponent alloys
(mainly quaternary as well as quinary) are studied with the aim to be used in the
experimental applications. A custom Matlab fitting program to fit simultaneously all the
composition profiles (from all available interdiffusion couples) is used in this Chapter for
the quaternary alloy. The obtained fitting parameters are used to calculate the
interdiffusion matrix. Another important result of this chapter is in the correct calculation
of the interdiffusion matrix for the CoCrFeMnNi alloy using the newly developed fitting
method. In addition, investigation of the interdiffusion coefficients is performed at a
chosen temperature 1273K making use of the results for the quasi-binary couples Cr-Mn,
Fe-Co and Fe-Ni according to Table 1 of paper [2].
Chapter 6 describes the interdiffusion phenomenon for HEAs with the applications of the
random alloy model. Two composition dependent interdiffusion matrices are used for the
comprehensive study of diffusion behaviour in CoCrFeMnNi HEAs. These matrices are
obtained according to the Darken and Manning approximations. In addition, the
interdiffusion problem of CoCrFeMnNi HEAs is addressed by considering constant
interdiffusion coefficients. All the investigations are performed making use of several
quasi-binary and non-quasi-binary diffusion couples.
Finally, in Chapter 7, the important outcomes of the whole study and a number of
directions for future work are presented and discussed.
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Chapter 2
Background and Brief Literature Review
2.1 Fundamental Concepts of Diffusion in Alloys
Diffusion is a physical process that refers to the movement of atoms or molecules usually
from an area of their high composition to an area of their low composition. Diffusion is
relatively fast in the gas phase, much slower in the liquid phase and generally very slow
in the solid phase [5].
There are two ways of introducing the concept of diffusion. One is a phenomenological
approach described with the use of Fick’s first law of diffusion (or, more generally, the
Onsager flux relations). The other is an atomistic approach that, in general, can be
described by random walks of the diffusing particles. In the phenomenological approach,
the Fick’s first law states that the diffusion flux is proportional to the negative gradient of
composition. It is consistent with the main description of diffusion: particles go from a
region of their high composition to a region of their low composition.
In modern science, the first systematic experimental studies of diffusion were
accomplished by Graham in 1831-1833 [41]. In 1855, the major enhancement in the part
of diffusion understanding came from the work by Fick [42]. He proposed his laws of
diffusion based on Graham’s research. Next, in 1858, Maxwell developed the first
atomistic theory of transport processes in gases. The modern atomistic background of
diffusion and Brownian motion was established by Einstein [13].
Primarily, there are two types of solid solutions, these are named: substitutional and
interstitial. In substitutional solutions, the atoms of different types are usually similar in
size where one type of atom can be easily replaced by the other type of atom, see Fig. 2.1
(a). In a substitutional solution the vacancy diffusion mechanism is usually operating. The
diffusion rate for this mechanism depends on the concentration of vacancies and the
activation energy to exchange an atom with a vacancy. Moreover, the arrangement of the
solute atoms may be ordered and random (or sometimes clustered). For example, Cu-Au
is an ordered substitutional solid solution, whereas Cu-Ni is a random substitutional solid
solution. On the other hand, in an interstitial solid solution, the solute atoms occupy the
interstitial positions (interstices), see Fig. 2.1 (b). In general, interstitial atoms are smaller
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in size compared with the atoms of substitutional solid solutions. The interstitial atoms
need not depend on the vacancy at the neighbouring positions. For an atom the interstitial
diffusion mechanism is usually much quicker than the vacancy diffusion mechanism.
Elements that are commonly behave as interstices to form this type of solid solutions
involve H, Li, Na, N, C and O.

Solvent Atom
Solute Atom
Interstitial Atom
Vacant Site

(a)

(b)

Figure 2.1: Schematic representation of two types of solid solutions: (a) Substitutional
solid solution; (b) Interstitial solid solutions.

There are three basic crystallographic structures that occur in pure metals: (i) Face centred
cubic (fcc) (ii) Body centred cubic (bcc) and (iii) Hexagonal close packed (hcp) structure.
In the fcc structure, see Fig. 2.2 (a), the unit cell is a cube and the atoms are more densely
packed than in the bcc, and the same as in the hcp. It has a packing efficiency (PE) of
74%. In this structure, atoms touch each other along face diagonal. Aluminium, copper,
nickel, gold, silver are some examples of the fcc metals. In the bcc structure, the atoms
touch along the body diagonal, see Fig. 2.2 (b), and its packing efficiency is 68%.
Molybdenum, niobium, sodium, vanadium, potassium, chromium, tungsten, lithium,
ferrite steel, iron at low temperatures may show the bcc structure. Metals which have the
bcc structure are usually harder than those taking the fcc structure. Finally, the third, hcp
structure is not cubic but has a rhombic prism unit cell, see Fig. 2.2 (c). Its structure is, in
general, anisotropic and is very densely packed similar to the fcc with the PE of 74%.
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(a)

(b)

(c)

Figure 2.2: Schematic representation of different crystal structures: (a) fcc structure; (b)
bcc structure; (c) hcp structure.
An alloy is a single phase homogeneous mixture of different metals. Alloys are
characterized by metallic bonding [43], which is the origin of their strength and resistance
to corrosion. A conventional alloy is formed by starting with one metal, usually called the
primary, base or host metal. Typically, other constituents in small amounts are added to
produce the desired properties. Alloys are classified by the number of the atomic
components as binary, ternary, quaternary, quinary and so on. The main focus of the
present study is ternary, quaternary and high entropy alloys (HEAs). The latter have five
or more atomic components but all at roughly comparable compositions.
A ternary alloy is an alloy with three different metallic components. The state of the
ternary system at a constant temperature and pressure is defined by three composition
variables: 𝐶1 , 𝐶2 and 𝐶3 (note that only two are independent). In general, in a ternary
system, four composition-dependent interdiffusion coefficients are required to describe
the mass transport process. The solution to the diffusion differential equations for the
ternary system with constant interdiffusion coefficients was developed first by Gupta and
Cooper [44] and Krishtal et al. [45] and the application of this solution to the
interdiffusion profiles was derived by Fujita and Gosting in 1956 [28].
Quaternary alloys have attracted attention in materials science and engineering due to
their excellent mechanical and corrosion properties in some cases. In quaternary alloys,
nine interdiffusion coefficients are required, of which three are diagonal and six are offdiagonal. The basic solution to the diffusion differential equations with constant
interdiffusion coefficients in quaternary alloys was developed by Kim [46] in 1966. The
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derivation was similar to that by Fujita and Gosting [28] for the ternary system and based
on the finding of fitting parameters into the profiles from only one interdiffusion couple
and then calculating the inverse interdiffusion matrix. The resulting system of equations
is essentially non-linear.
High-entropy alloys (HEAs) are multicomponent alloys of five or more metallic elements
each of which has a composition range from 5 to 35 at.%. Due to their potentially
desirable properties, HEAs have attracted significant worldwide attention in materials
science and engineering technology. The initial novel concept of the HEAs was
introduced by Yeh et al. in 1995 [47]. In a general way, when an alloy contains a large
number of principal elements of comparable composition it has a greater tendency to
produce a single phase solid solution and not intermetallic phases of some of the
constituents [48]. This is the main ground rule for the design of HEAs.

2.2 Onsager Flux Relations
The Onsager flux relations of irreversible processes provide a general formalism in the
lattice reference frame through the postulates of linear relations between the fluxes and
the driving forces, and can be written as:
𝑛

𝐽𝑖 = ∑ 𝐿𝑖𝑗 𝑋𝑗 , 𝑖 = 1,2, … , 𝑛

(2.2.1)

𝑗=1

where 𝑛 is the number of the atomic components in the alloy, 𝐿𝑖𝑗 are the Onsager
phenomenological transport coefficients, 𝑋𝑗 are the driving forces. The most important
assumption is that the 𝐿𝑖𝑗 are independent of 𝑋𝑗 . The coefficients of the matrix L are
symmetric in the case when there is no magnetic field imposed. This is known as the
reciprocity condition [49, 50], and defined as:
𝐿𝑖𝑗 = 𝐿𝑗𝑖

(2.2.2)

For example, in the case of a ternary solid alloy system the Onsager flux equations can
be written as:
𝐽1 = 𝐿11 𝑋1 + 𝐿12 𝑋2 + 𝐿13 𝑋3

(2.2.3)
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𝐽2 = 𝐿12 𝑋1 + 𝐿22 𝑋2 + 𝐿23 𝑋3

(2.2.4)

𝐽3 = 𝐿13 𝑋1 + 𝐿23 𝑋2 + 𝐿33 𝑋3

(2.2.5)

In 1982, Allnatt [51] described the basis of linear response theory for isothermal matter
transport for diffusion in the solid state where the phenomenological coefficients are
represented in a way similar to the atomistic Einstein equation [52]:
𝐿𝑖𝑗 =

〈∆𝑅𝑖 . ∆𝑅𝑗 〉
6𝑉𝑘𝑇𝑡

(2.2.6)

Here, ∆𝑅𝑖(𝑗) is the collective displacement or displacement of the center of mass of
species 𝑖(𝑗) in time 𝑡, 𝑉 is the volume, 𝑘 is the Boltzmann constant and 𝑇 is the absolute
temperature. If species 𝑖 and 𝑗 do not interfere (for example, do not compete for the same
defects to move) then the corresponding off-diagonal coefficient should be zero, i.e.
𝐿𝑖𝑗 = 0. However, in general, for most cases in solid state diffusion the off-diagonal
coefficients are non-zero and can be positive or negative.
As was mentioned above, Allnatt’s (1982) relations for the 𝐿𝑖𝑗 are a generalization of the
Einstein equation (1905) for the tracer or self-diffusion coefficients, 𝐷 ∗ :
𝐷∗ =

〈𝑟 2 〉
6𝑡

(2.2.7)

where 𝑟 is the mean square displacement of a particle (an atom or a molecule in diffusion
terms) during time 𝑡. Equation (2.2.7) is possibly one of the most important equations in
the theory of diffusion.

2.3 Fick’s First Law
Fick’s first law can be derived from the Onsager flux relations for a binary alloy and it
postulates that in the laboratory reference frame, the flux of a component goes from a
region of high composition to a region of low composition, with a magnitude that is
proportional to the composition gradient [42]. Schematically, this is presented in Fig. 2.3.
Fick’s first law for an isotropic isothermal medium can be written as:
෩
𝐽 = −𝑁𝐷

𝜕𝐶
𝜕𝑥

(2.3.1)

39

෩ is the interdiffusion coefficient, 𝐶 is the composition
where 𝐽 is the diffusion flux, 𝐷
(atomic fraction) and N is the number of lattice sites per unit volume. (Note that in the
binary alloy in the laboratory reference frame the atomic fluxes are linearly dependent,
𝐽1 = −𝐽2 , as well as the atomic compositions, 𝐶1 + 𝐶2 = 1, which means that only one
diffusion equation, Equation (2.3.1), should be used.) The negative sign in the above
equation indicates the reverse directions of the composition gradient and the flux. The
𝐿2

෩ has the units [ ] , commonly reported as [𝑚2 /𝑠].
diffusivity 𝐷
𝑇

Δ𝐶

Composition 𝐶

෩ Δ𝐶/Δ𝑥
𝐽𝑥 = −𝑁𝐷

Δ𝑥
𝐽𝑥
Distance 𝑥

Figure 2.3: Schematic representation of the Fick’s 1st law.
෩ → 𝐷∗ .
Fick’s first law is very useful for tracer or self-diffusion measurements where 𝐷
In addition, Fick’s first law is mathematically equivalent to the Fourier heat flow equation
[5].

2.4 Fick’s Second Law
In the diffusion processes, in the laboratory reference frame, the number of diffusing
particles is conserved. This can be stated by the equation of continuity that is expressed
mathematically as [53]:
𝑁

𝜕𝐶
= −∇. 𝐽
𝜕𝑡

(2.4.1)

Combining Equation (2.4.1) with Fick’s first law Equation (2.3.1) gives Fick’s second
law (often called the diffusion equation) assuming that 𝑁 is a constant independent of
composition:
𝜕𝐶
෩ ∇𝐶)
= ∇. (𝐷
𝜕𝑡

(2.4.2)
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෩ is a constant, Equation (2.4.2) can be converted to the linear form of Fick’s second
If 𝐷
law:
𝜕𝐶
෩ (∇2 𝐶)
=𝐷
𝜕𝑡

(2.4.3)

It is also known as the linear diffusion equation.
In general, Fick’s second law is valid for any coordinate system. In the Cartesian
coordinate system (𝑥, 𝑦, 𝑧), the nabla operator (∇), can be extended and the diffusion
Equation (2.4.2) is represented as [53]:
𝜕𝐶
𝜕
𝜕𝐶
𝜕
𝜕𝐶
𝜕
𝜕𝐶
෩ (𝐶) ) +
෩ (𝐶) ) + (𝐷
෩ (𝐶) )
=
(𝐷
(𝐷
𝜕𝑡 𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦
𝜕𝑧
𝜕𝑧

(2.4.4)

To solve the diffusion equation, the 3-dimensional expansion of the diffusion equation
should be a starting point. However, in experimental diffusion studies the diffusion
process is generally constructed to occur in one direction only. Considering onedimensional diffusion Equation (2.4.4) can obviously be modified as:
𝜕𝐶
𝜕
𝜕𝐶
෩ (𝐶) )
=
(𝐷
𝜕𝑡 𝜕𝑥
𝜕𝑥

(2.4.5)

where 𝐶 is the function of position 𝑥 and time 𝑡. In the case when the interdiffusion
coefficients are independent of composition, the diffusion equation (2.4.5) can be further
changed to:
𝜕𝐶
𝜕 2𝐶
෩
=𝐷
𝜕𝑡
𝜕𝑥 2

(2.4.6)

In the present study, the diffusion behaviour of multicomponent alloys where the number
of components 𝑛 ≥ 3 is mostly considered.
In the binary alloy, the error function solution for Equation (2.4.6) can be written as [54]:
𝑥
𝐶(𝑥, 𝑡) = 𝐶0 erfc (
)
෩𝑡
2√𝐷

(2.4.7)

where the complementary error function is defined as:
erfc(𝑧) = 1 − erf(𝑧)

(2.4.8)
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erf(𝑧) =

2
√𝜋

𝑧

∫ exp(−𝑢2 ) 𝑑𝑢

(2.4.9)

0

These complementary error functions appear frequently in solutions of linear diffusion
problems involving infinite and semi-infinite problems.

2.5 Interdiffusion and Tracer Diffusion Experiments
An interdiffusion experiment is set up in the form of the diffusion couple consisting of
two metals/alloys at different composition that are brought into good contact and annealed
at an elevated temperature for a specific diffusion time, t. A tracer diffusion experiment,
on the other hand, consists of a sample having a very thin layer of tracer atoms
(radioisotopes) on one side. Again, after the preparation, the sample is annealed for a
specific diffusion time, t. Both interdiffusion and tracer diffusion experiments result in a
composition profile(s). The profile(s) are analysed according to the nature of the
experiment and the corresponding diffusion coefficient(s) are extracted.
For the interdiffusion experiment, a binary alloy consisting of the metals Cu and Ni is
considered. During the diffusion anneal (at increased temperature) the Cu atoms begin to
enter into the Ni region and vice versa, see Fig. 2.4.
Initially

After some time + temperature

Figure 2.4: Example of the interdiffusion experiment in a binary system: Cu-Ni couple.
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The mixing process of the atoms continues until the system arrives at its equilibrium state.
The interdiffusion coefficients can be used to measure this rate of mixing. The
෩ , is usually the composition dependent quantity:
interdiffusion coefficient, 𝐷
෩=𝐷
෩ (𝐶)
𝐷

(2.5.1)

In the metallic system, it is usually assumed that the vacancies are maintained at an
equilibrium composition during interdiffusion. Then the interdiffusion coefficients have
the following form [52]:
෩=
𝐷

𝑘𝑇𝜑 𝐶𝐵
𝐶𝐴
{ 𝐿𝐴𝐴 + 𝐿𝐵𝐵 − 2𝐿𝐴𝐵 }
𝑁 𝐶𝐴
𝐶𝐵

(2.5.2)

𝜕 𝑙𝑛 𝛾

where 𝜑 is the thermodynamic factor given by (1 + 𝜕 𝑙𝑛 𝑐 ) and 𝛾 is the activity of the
coefficients of 𝐴 and 𝐵. 𝑁 is the number of lattice sites per unit volume and 𝐶𝐴 and 𝐶𝐵
are the compositions of 𝐴 and 𝐵.
Tracer diffusion is concerned with the displacements of the individual atoms and it is a
process when the displacement of them in an alloy is traced (monitored). Tracer diffusion
is usually referred to as a spontaneous movements of atoms which takes place in the
absence of a composition gradient and under equilibrium conditions. However, in an
experimental tracer diffusion study, a composition gradient of the tracer element is
required. The total amount of tracers can be kept small enough that the overall
composition of the sample during the investigations practically does not change. From an
atomistic point of view, this suggests that a tracer atom does not interfere with other tracer
atoms [5]. In practice, radioactive isotopes (or stable isotopes and SIMS) are usually used
to determine the tracer diffusion coefficients [5, 55]. The tracer diffusion coefficients is
denoted by 𝐷𝑖∗ for atoms of type 𝑖 and it is directly related to the mean square
displacements (MSD), 〈𝑟 2 〉, of atom of type 𝑖 in time 𝑡 [9, 13], defined by the Einstein
Equation (2.2.7).

2.6 Interdiffusion Coefficients
In the case of concentrated multicomponent systems, the composition profiles cannot be
processed by means of a binary system analysis. In general, for a 𝑛-component system,
one requires (𝑛 − 1)2 composition-dependent or constant interdiffusion coefficients
43

(components of the corresponding interdiffusion matrix) [56]. Therefore, for a ternary
system, four interdiffusion coefficients are necessary, for the quaternary system nine
interdiffusion coefficients are needed, and so on.
The general expressions for the interdiffusion coefficients in the 𝑛-component metallic
system can be derived as follows [57]. Starting with the general Onsager flux relations in
the crystal reference frame (Equation 2.2.1) and assuming that the vacancy diffusion
mechanism is operating, the atomic fluxes alone are not conserved and the vacancy flux
must be taken into account:
𝑛

∑ 𝐽𝑖 + 𝐽𝑉 = 0

(2.6.1)

𝑖=1

In the interdiffusion experiment, the composition profiles are measured in the laboratory
reference frame that is usually pinned to one of the ends of the interdiffusion couple. In
the laboratory reference frame, the atomic fluxes, 𝐽𝑖0 , are conserved and then:
𝑛

∑ 𝐽𝑖0 = 0

(2.6.2)

𝑖=1

To perform the transformation between the reference frames, the following relations
should be used:
𝐽𝑖0 = 𝐽𝑖 + 𝐶𝑖 𝑁𝑣

(2.6.3)

where 𝑣 is the velocity of the laboratory reference frame relative to the crystal reference
frame. Then, it can be shown that:
𝑛

𝑁𝑣 = − ∑ 𝐽𝑖

(2.6.4)

𝑖=1

and:
𝑛

𝐽𝑖0

= 𝐽𝑖 − 𝐶𝑖 ∑ 𝐽𝑖

(2.6.5)

𝑖=1

The Gibbs-Duhem relation [58, 59] states that:
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𝑛

∑ 𝐶𝑖 𝑋𝑖 = 0

(2.6.6)

𝑖=1

where, in this study, the atomic forces, 𝑋𝑖 , [58, 59] are assumed to have only a
thermodynamic contribution:
𝑋𝑖 = −∇𝜇𝑖

(2.6.7)

where the chemical potential 𝜇𝑖 of atoms i is defined as [5]:
𝜇𝑖 = 𝜇𝑖0 + 𝑘𝑇𝑙𝑛(𝐶𝑖 𝛾𝑖 )

(2.6.8)

Now, using the Onsager flux equations, Equation (2.6.3), and Equations (2.6.4)-(2.6.8),
the following expression for the matrix of the interdiffusion coefficients can be derived:
෩ = d̃ P
𝐷

(2.6.9)

where P is the matrix of the thermodynamic factors with elements:
𝑃𝑖𝑗 =

𝐶𝑖 𝜕𝜇𝑖
, 𝑖, 𝑗 = 1, … , 𝑛 − 1
𝑘𝑇 𝜕𝐶𝑖

(2.6.10)

and d̃ is the matrix of the kinetic parts of the interdiffusion coefficients with elements:
𝑑̃𝑖𝑗 = 𝑘𝑇 {

𝐿𝑖𝑗 − 𝐶𝑖 𝐿𝑗 𝐿𝑖𝑛 − 𝐶𝑖 𝐿𝑛
−
} , 𝑖, 𝑗 = 1, … , 𝑛 − 1
𝐶𝑗
𝐶𝑛

(2.6.11)

𝑛

𝐿𝑗 = ∑ 𝐿𝑖𝑗 ,

𝑗 = 1, … , 𝑛

(2.6.12)

𝑖=1

where 𝐿𝑖𝑗 (= 𝐿𝑗𝑖 ) are the Onsager phenomenological transport coefficients.

2.7 The Random Alloy Approximation
To obtain a full understanding of the interdiffusion coefficients in the multicomponent
alloys, it is imperative to consider the random alloy approximation. Manning first
introduced the random alloy model in 1968 [35]. A random alloy is defined as a
homogeneous alloy where there are no energetically preferred sites for vacancies or atoms
of a particular species. This means that in a random alloy model there is zero vacancy
binding with atoms and there is no atom ordering or clustering. In addition, in the random
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alloy approximation, it is supposed that all atoms are crystallographically equivalent and
jumps of the atoms are geometrically the same.
The following are general expressions for 𝐿𝑖𝑗 that can be derived using a classical
statistical approach [60]:
𝑁 𝑟2

(𝑖)

𝑁 𝑟2

(𝑖)

𝑖
𝑖
𝐿𝑖𝑖 = 𝐿𝑖𝑖 (𝑜) 𝑓𝑖𝑖 = 6𝑉𝑘𝑇𝑡
𝑓𝑖𝑖 ; 𝐿𝑖𝑗 = 𝐿𝑖𝑖 (𝑜) 𝑓𝑖𝑗 = 6𝑉𝑘𝑇𝑡
𝑓𝑖𝑗 ,

𝑖, 𝑗 = 1, … , 𝑛

(2.7.1)

where 𝑉 is the volume, 𝑟 is the jump distance and 𝑁𝑖 is the total number of jumps
(average) of atoms i in time 𝑡. For an ideal alloy with the vacancy mechanism operating,
𝑁𝑖 can be calculated as the product 𝑧𝑁𝐶𝑖 𝐶𝑉 𝑤𝑖 𝑡, with 𝑧 being the coordination number, 𝑁
is the number of lattice sites, 𝐶𝑉 is the vacancy composition and 𝑤𝑖 is an exchange
(𝑖)

frequency of an atom i with a vacancy. The quantities 𝑓𝑖𝑖 and 𝑓𝑖𝑗 are known as the
collective diagonal and off-diagonal correlation factors. They are associated with
correlation effects for the phenomenological (collective in nature) coefficients and their
calculation always requires knowledge of the diffusion mechanism and corresponding
diffusion kinetics.
In addition, similar expressions for the self- (or tracer) diffusion coefficients 𝐷𝑖∗ are
considered:
𝐷𝑖 ∗ = 𝐷𝑖 ∗(0) 𝑓𝑖 =

𝑧 2
𝑟 𝐶𝑉 𝑤𝑖 𝑓𝑖
6

(2.7.2)

where 𝑓𝑖 is the tracer correlation factor which is associated with the diffusion of an
individual atom of type i.
Collective and tracer correlation factors are usually the focus of the random alloy models.
If 𝑤 is the vacancy exchange frequency of atoms in a pure crystal and 𝐻0 is the effective
escape frequency in a pure crystal, (which is usually known as the basic escape frequency)
then the geometric tracer correlation factor 𝑓0 (or tracer correlation factor in a pure metal)
can be defined as [61]:
𝑓0 =

𝐻0
(2𝑤 + 𝐻0 )

(2.7.3)

To analyse the random alloy model three approximations are addressed. These are the
Darken approximation, the Manning approximation and the Moleko, Allnatt and Allnatt
(MAA) approximation, and they have different levels of accuracy.
46

2.7.1 The Darken Approximation
According to the Darken approximation for the random alloy, the phenomenological and,
therefore, the interdiffusion coefficients can be expressed in terms of composition and the
self-diffusion coefficients 𝐷𝑖∗ . The Darken form of the kinetic part of the interdiffusion
coefficients for the diagonal and off-diagonal terms can then be represented as (with the
atomic component number n chosen to be the reference component):
𝑑̃𝑖𝑖 = (1 − 𝐶𝑖 )𝐷𝑖∗ + 𝐶𝑖 𝐷𝑛∗ ; 𝑖 = 1, … , 𝑛 − 1

(2.7.4)

𝑑̃𝑖𝑗 = −𝐶𝑖 𝐷𝑗∗ + 𝐶𝑖 𝐷𝑛∗ ; 𝑖 ≠ 𝑗; 𝑖, 𝑗 = 1, … , 𝑛 − 1

(2.7.5)

(𝑛)
Strictly, 𝑑̃𝑖𝑗 should be treated as 𝑑̃𝑖𝑗 reflecting the fact that the component number n is

the reference one. The simplified notation, 𝑑̃𝑖𝑗 , will be used throughout the remaining
discussion. Usually, in the application of the Darken formalism, (Equations (2.7.4),
(2.7.5)), to the interdiffusion analysis, it is assumed that the self-diffusion coefficients are
constant and independent of composition. Then, this formalism results in the simplest
possible composition dependent matrix of the interdiffusion coefficients.
As an example of application of the Darken formalism to multicomponent alloys, the
quinary HEA alloy CoCrFeMnNi can be considered. In this case, the Darken analysis of
the experimentally measured interdiffusion coefficients yields
coefficients 𝐷𝑖∗

∗
(scaled to the experimental value 𝐷𝑀𝑛
= 7.338x

estimated at T = 1273K) as [2]:
0.4291;

∗
𝐷𝑁𝑖
∗
𝐷𝑀𝑛

the tracer diffusion

∗
𝐷𝑀𝑛
∗
𝐷𝑀𝑛

= 1.0;

∗
𝐷𝐶𝑜
∗
𝐷𝑀𝑛

= 0.2766;

∗
𝐷𝐶𝑟
∗
𝐷𝑀𝑛

10−16 m2
𝑠

can be
𝐷∗

= 0.6462; 𝐷∗𝐹𝑒 =
𝑀𝑛

= 0.1792.

The above-mentioned scaled values of the tracer diffusion coefficients will be used in
Chapter 6 of the thesis for the application of the Darken formalism to further investigate
the composition profiles in CoCrFeMnNi HEAs. It should also be mentioned that this
HEA is assumed to be thermodynamically ideal. Therefore, the P matrix in Equations
(2.6.9) and (2.6.10) is simply the unity one.
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2.7.2 The Manning Approximation
Manning developed the random alloy diffusion kinetic formalism where the diffusion
coefficients, along with the tracer and collective correlation factors [35, 61], are given in
closed-form relations. According to this formalism, the interdiffusion coefficients can be
expressed in terms of the compositions and average jump frequencies, 𝑤𝑖 (with tracer
correlation factors, 𝑓𝑖 being algebraic functions of these variables). In the quinary system,
(n=5), the diagonal and off-diagonal terms of the interdiffusion matrix are then
represented as [33, 36, 37]:

where 𝐴 =

𝑧𝑟 2
6

𝑑̃𝑖𝑖 = 𝐴𝑓𝑖 /𝑓0 [𝑤𝑖 𝑓0 − 𝐶𝑖 𝑤𝑖 𝑓𝑖 + 𝐶𝑖 𝑤5 𝑓5 ]

(2.7.6)

𝑑̃𝑖𝑗 = 𝐴𝑓𝑖 /𝑓0 [−𝐶𝑖 𝑤𝑗 𝑓𝑗 + 𝐶𝑖 𝑤5 𝑓5 ]; 𝑖 ≠ 𝑗

(2.7.7)

𝐶𝑉 , 𝑧 is the coordination number (for the fcc lattice 𝑧 = 12), 𝑓0 is the

geometric tracer correlation factor (for the fcc lattice 𝑓0 = 0.7815) and 𝑓𝑖 are the tracer
correlation factors:
𝑓𝑖 =

𝐻
𝐻 + 2𝑤𝑖

(2.7.8)

where 𝐻 is called the vacancy-escape frequency and is dependent of composition. The H
function is a positive solution to the equation:
5

∑
𝑖=1

𝐶𝑖 𝑤𝑖
1 − 𝑓0
=
;
𝐻 + 2𝑤𝑖
2

(2.7.9)

In addition, it can be shown that the 𝐻 function is bounded between 0 and 2/(1 − 𝑓0 ). In
application of the Manning formalism, (Equations (2.7.6)-(2.7.9)) to the analysis of
interdiffusion experiments it is assumed that all the 𝑤𝑖 are independent of composition,
but 𝑓𝑖 are composition dependent. This formalism then will result in a more sophisticated
composition-dependent interdiffusion matrix than in the Darken formalism.
Similar to the Darken approximation an example of application of the Manning
approximations to multicomponent alloys, CoCrFeMnNi HEA alloy can be considered.
For the case of computational purposes, the average jump frequencies 𝑤𝑖 (scaled to
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experimental value 𝑤𝑀𝑛 = 7.34 x

10−16 m2
𝑠

at T = 1273K ) can be estimated as follows

[2]:
𝑤1 (= 𝑤𝑀𝑛 /𝑤𝑀𝑛 ) = 1.0; 𝑤2 (= 𝑤𝐶𝑟 /𝑤𝑀𝑛 ) = 0.4762; 𝑤3 (= 𝑤𝐹𝑒 /𝑤𝑀𝑛 ) =
0.2792; 𝑤4 (= 𝑤𝐶𝑜 /𝑤𝑀𝑛 ) = 0.1624; 𝑤5 (= 𝑤𝑁𝑖 /𝑤𝑀𝑛 ) = 0.0931.
The above mentioned scaled values of the average jump frequency will be used in Chapter
6 for the application of the Manning approximations to further investigate the
composition profiles in CoCrFeMnNi HEAs.

`2.7.3 The Moleko, Allnatt and Allnatt (MAA) Approximation
The most accurate random alloy diffusion kinetics formalism was derived by Moleko,
Allnatt and Allnatt (MAA). It is based on the self-consistent theory of matter transport in
the multicomponent alloys and is usually known as the MAA approximation [38, 39].
Belova and Murch [40, 62] have conducted extensive computational studies using the
MAA approximation in the random alloy model. From an application point of view, MAA
has a high level of complexity and recently, to overcome this problem, a ‘lighter’ version
of MAA has been developed [36]. The MAA expressions for the tracer correlation factors
can be written generally as [52]:
𝑓𝑖 =

𝐻𝑖
,
𝐻𝑖 + 2𝑤𝑖

𝑖 = 1, … , 𝑛

(2.7.10)

where 𝐻𝑖 are vacancy escape frequencies from the atomic component 𝑖 where they are
functions of atom-vacancy exchange rate, 𝑤𝑖 and composition. The general expression
for the interdiffusion coefficient in binary alloy, AB, using MAA can be expressed as
[52]:
෩
𝐷
𝑤
̅𝐻
=
𝜑 𝐻 + 2𝑤
̅

(2.7.11)

where 𝜑 is the thermodynamic factor and 𝑤
̅ = 𝐶𝐴 𝑤𝐵 + 𝐶𝐵 𝑤𝐴 . Similar expressions can
be derived for the application of MAA in the multicomponent alloy.
It is noted that, for the purpose of the study of CoCrFeMnNi alloy in Chapter 6, this
formalism is very complicated and difficult to handle even computationally.
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2.8 Overview of Previous Work on Interdiffusion Experiments: Analysis of
Interdiffusion Experiments in Binary Alloys
Accurate knowledge of the self-diffusion and interdiffusion is important in the field of
metallic alloys. As was already pointed out in Section 2.5 above, self-diffusion is a
process of movement of each atom of a certain element. On the other hand, interdiffusion
is diffusion of atoms of one metal into another metal or a combination of other metals.
Diffusion-related problems are central in most studies of the transport phenomena.
Initially, Boltzmann [7] calculated the (single) interdiffusion coefficient analytically for
a binary alloy in 1894. Then in 1933, Matano [8] extended Boltzmann’s concept by
introducing a plane named as the “Matano plane”. This became known as the BoltzmannMatano (BM) method.
Then, Sauer and Freise [10] investigated the interdiffusion coefficients for the binary
alloy using the interrelations between the atomic fluxes in such a way that the position of
the Matano plane was not needed. The method presented in [10] is the modification of
the BM method and it is known as Sauer-Freise (SF) method. Then Hall [25] modified
the BM method and suggested that it gives more accurate results than the BM and SF
method at the ends of the composition profiles where the accuracy of the BM method
becomes low. The method introduced by Hall is known as the Hall method (HM). Many
authors worked on the BM, SF and HM methods from different points of view [21, 6365] in the field of binary interdiffusion study. For example, Zhang and Zhoa [66], Kass
and Keeffe [67], Mittemeijer and Rozendaal [68], Garcia et al. [69] and many other
researcher investigated the interdiffusion phenomenon in the binary alloys and calculated
the interdiffusion coefficients (constant as well as composition dependent) using various
methods. In 2013, Belova et al. [70] studied interdiffusion and tracer diffusion
coefficients computationally for the binary alloys by means of the analysing composition
profiles. Further, in 2015, Ahmed et al. [26, 71] investigated interdiffusion coefficients
for the binary alloys using the explicit finite difference method (EFDM). In their study,
they used BM, SF, HM and a newly developed method treated as the extended Hall
method (EHM) to calculate the interdiffusion coefficients. It was found that the original
HM does not improve the accuracy of the interdiffusion coefficients at the ends of the
composition profiles.
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2.8.1 Matano-Plane
The Matano plane position (MPP) is of theoretical and practical importance in
interdiffusion problems in binary, as well as in multicomponent alloys. The accurate
interdiffusion coefficients as well as the interdiffusion flux [72] can be estimated with
correct knowledge of the MPP. As was already mentioned above, the concept of the
Matano plane interface was first introduced by Matano [8] in 1933 using the Boltzmann
transformation of Fick’s second law [7]. The Matano plane is a plane (𝑥𝑀 ) across which
equal amounts of atoms diffuse to the left and right side of the plane [53]. The
composition profiles are used to calculate the corresponding Matano plane position and
mathematically it is determined through the mass conservation law. If the composition of
the left and right ends are 𝐶 = 𝐶𝐿 for 𝑥 < 0 and 𝐶 = 𝐶𝑅 for 𝑥 > 0 respectively, then the
location of the MPP, 𝑥𝑀 , is expressed by equating the two integrals using the conservation
law as [53]:

Figure 2.5: Matano plane geometric presentation for a diffusion couple.

𝑥𝑀

∫
−∞

∞

[𝐶𝐿 − 𝐶(𝑥)]𝑑𝑥 = ∫ [𝐶(𝑥) − 𝐶𝑅 ]𝑑𝑥

(2.8.1)

𝑥𝑀

Applying the Matano boundary conditions and some basic integration, the relation of the
Equation (2.8.1) can be converted to
𝐶𝑀

(𝐶𝐿 − 𝐶𝑅 )𝑥𝑀 + ∫
𝐶𝐿

𝐶𝑅

𝑥𝑑𝐶 + ∫ 𝑥𝑑𝐶 = 0

(2.8.2)

𝐶𝑀
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If the Matano plane position 𝑥𝑀 is chosen as the origin of the 𝑥-axis, then the first term
in Equation (2.8.2) will vanish and the equation will be simplified as:
𝐶𝑀

∫

𝐶𝑅

𝑥𝑑𝐶 + ∫ 𝑥𝑑𝐶 = 0

𝐶𝐿

(2.8.3)

𝐶𝑀

2.8.2 Boltzmann-Matano (BM) Method for the Binary Alloy
The Boltzmann-Matano (BM) method is a method based on the transformation of the
partial differential diffusion equation to the ordinary differential equation. Then it is easy
to calculate the composition-dependent interdiffusion matrix from the composition
profiles. The expression for the composition-dependent interdiffusion coefficient using
the BM method is derived as [5]:
𝐶∗

1 ∫0 (𝑥 − 𝑥𝑀 )𝑑𝐶
෩ (𝐶 ∗ ) = −
𝐷
𝑑𝐶
2𝑡
( ) ∗
𝑑𝑥 𝐶

(2.8.4)

where 𝑥𝑀 can be determined using Equation (2.8.2). The relation presented in Equation
(2.8.4) is known as the Boltzmann-Matano equation. Using the Boltzmann-Matano
equation, Eversol developed a new equation for calculating the interdiffusion coefficients
as [73]:
+∞

෩ (𝐶 ∗ )

𝐷

1 (𝑥 ∗ − 𝑥𝑀 )𝐶 ∗ + ∫𝑥 ∗ 𝐶𝑑𝑥
=−
𝑑𝐶
2𝑡
( ) ∗
𝑑𝑥 𝐶

(2.8.5)

2.8.3 Sauer-Freise (SF) Method for the Binary Alloy
To modify the Boltzmann-Matano equation, Sauer-Freise introduced a normalised
composition variable that is defined as [10]:
𝑌=

𝐶 − 𝐶 +∞
𝐶 −∞ − 𝐶 +∞

(2.8.6)

Then combining the expression Equation (2.8.6) with the BM expression Equation
(2.8.4), Sauer-Freise [10] derived a new equation for calculating the interdiffusion
coefficients as:
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∗

෩ (𝐶 ∗ )

𝐷

𝑥
+∞
1 𝑑𝑥
= − ( ) [𝐶 ∗ ∫ (1 − 𝐶)𝑑𝑥 + (1 − 𝐶 ∗ ) ∫ 𝐶𝑑𝑥]
2𝑡 𝑑𝐶 𝐶 ∗
−∞
𝑥∗

(2.8.7)

Equation (2.8.7) is known as the Sauer-Freise equation for determining the interdiffusion
coefficients dependent on alloy composition. From Equation (2.8.7), it is easy to see that
the SF method does not need the position of the Matano plane (𝑥𝑀 ) explicitly. Therefore,
the Sauer-Freise method is more useful for the calculation of the interdiffusion
coefficients than the BM method. Another significance of this method is that it can be
applied for a single phase as well as for multiple phases [27].

2.8.4 Hall Method (HM) for the Binary Alloy
In the Hall method (HM), the diffusion equation is solved making use of the BoltzmannMatano Equation (2.8.4) by applying supplementary transforms [25]:
First consider the composition profile:
𝐶 = 𝑒𝑟𝑓𝑐(𝑢)
1

where 𝑒𝑟𝑓𝑐(𝑢) = 2 (1 + erf(𝑢)); 𝑢 = ℎ𝜆 + 𝑘 and 𝜆 =

(2.8.8)
𝑥−𝑥𝑀
√𝑡

.

Then it can be shown that:
𝑑𝐶
1 𝑑𝐶
1 ℎ
=
=
exp(−𝑢2 )
𝑑𝑋 √𝑡 𝑑𝜆 √𝑡 √𝜋
𝐶∗

(2.8.9)

𝐶∗

1
𝑘𝐶
∫ (𝑥 − 𝑥𝑀 )𝑑𝐶 = √𝑡 ∫ 𝜆𝑑𝐶 = −√𝑡 (
exp(−𝑢2 ) + )
ℎ
2ℎ√𝜋
0
0

(2.8.10)

Using these relations in Equation (2.8.4), the final expression for the interdiffusion
coefficient in the Hall method is given as:
෩ (𝐶 ∗ ) =
𝐷

1
𝑘 √𝜋
+
𝐶𝑒𝑥𝑝(𝑢2 )
2
2
4ℎ
2ℎ

(2.8.11)
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2.9 Overview of Previous Work on Interdiffusion Experiments: Analysis of
Interdiffusion Experiments in Ternary, Quaternary and Quinary Alloys
Metallic alloys of practical importance often consist of three or more components. Fujita
and Gosting [28, 74, 75] investigated diffusion in both binary and ternary metallic systems
in 1956-1959. In the ternary system, they considered an exact solution of two
simultaneous differential equations for diffusion (first presented in Gupta and Cooper
[44] and Krishtal et al. [45]) and then they derived a direct exact analysis for extracting
the four interdiffusion coefficients from the parameters of fitting of the closed form
solution into the experimentally obtained interdiffusion profiles. This analysis consists of
obtaining the elements of the inverse interdiffusion matrix and then taking the inverse of
this matrix. Resulting equations consist of a set of the second order polynomial equations.
The problem with this approach that it is difficult to be extended to the quaternary alloys
and almost impossible for the quinary and higher alloys.
Many authors studied the ternary systems to investigate the interdiffusion matrix. In 1965,
Dayanada and Grace [76] worked on ternary diffusion in Cu-Zn-Mn alloys whereas
Ziebold [77] worked on Cu-Ag-Au metallic alloys. In 1985, Malik and Beregner [6]
studied an interdiffusion experiment of the ternary system and calculated the constant
interdiffusion matrix using different methods. In 2002, Bouchet and Mevrel [78]
introduced a numerical inverse method for extracting the composition-dependent ternary
interdiffusion coefficients from a single diffusion couple. In the last few years, Belova et
al. ([40, 79-82]) have done a great deal of work on the interdiffusion phenomenon which
is mostly concerned with binary and ternary alloys. In addition, very recently, an article
[83] shows a comparison of two different methods (the fitting method and modified
square root diffusivity (MSQRD) method) to calculate the constant inverse interdiffusion
matrix.
In 1966-1969, Kim [30, 46] studied interdiffusion in the four-component system by
extending the work of Fujita and Gosting [28, 29]. They derived a solution to the
differential equations using a similar method as used in [28] and obtained the general
solution for the quaternary system that is applicable to both liquid and solid phases. Using
mathematical expressions for the quaternary system presented in [30, 46], several
numerical procedures were developed for calculating nine components of the
corresponding interdiffusion matrix from the obtained interdiffusion profiles [46]. Using
the expression from [46], Kim [30] investigated the combined use of the various
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experimental techniques in biological systems for the determination of the constant
interdiffusion matrix in the quaternary system. Kim [31] studied gravitational stability of
diffusion in a liquid in the four-component system using previously derived mathematical
expressions. Following that, different authors have studied [84, 85] four-component
interdiffusion from different perspectives. In 1992, Stalker et al. [86] applied the square
root diffusivity method to calculate the constant interdiffusion matrix for Ni-Cr-Al-Mo
quaternary alloys. In 2006-2007, Kulkarni et al. [87, 88], studied a general approach for
quaternary alloys for the case of Cu-Ni-Zn-Mn couples. They used the transfer matrix
method (TMM) for calculating the constant interdiffusion coefficients within the
composition range of the diffusion zone. The obtained interdiffusion matrix was then used
for the generation of composition profiles by TMM with subsequent comparison with the
original profiles. In 2020, Verma et al. [4] studied the quaternary metallic system
experimentally for the Fe-Ni-Co-Cr alloy using a body diagonal diffusion couple. They
investigated the composition profiles experimentally and evaluated the nine components
of the constant interdiffusion matrix for Fe-Ni-Co-Cr alloys.
Going outside conventional thinking and designing alloys not from one or two base
elements, but from multiple base elements altogether, the new concept of high entropy
alloys (HEAs) was first introduced in 1995 [47]. The primary objective of the study of
HEAs is to develop a new way of manufacturing innovative materials with distinctive
properties which cannot be attained by conventional alloy systems [89]. HEAs are a class
of multicomponent alloys fabricated with equal or near equal quantities of five or more
principal elements. At present, the study of HEAs has attracted worldwide substantial
attention due to their numerous promising properties such as high hardness, excellent
high-temperature strength, outstanding wear resistance, high-temperature stability, good
oxidation and corrosion resistance [90-96]. HEAs are conventionally described as having
four core effects: high entropy, sluggish diffusion, severe lattice distortion and cocktail
effects [97, 98]. Among these four core effects, sluggish diffusion makes HEAs very
competitive for high-temperature strength, impressive high-temperature structural
stability, and the formation of beneficial nanostructures.
Tsai et al. [2] studied diffusion phenomena of

HEAs for the first time for the

CoCrFeMnNi alloy. A quasi-binary approach was used to investigate the composition
profiles. All self-diffusion coefficients for each atomic component have been determined
from different quasi-binary diffusion couples. Zhang et al. [99] investigated sluggish
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diffusion in AlCoCrFeNi and CoCrFeMnNi alloys using the CALPHAD approach. Later
Beke and Erdelyi [100] analysed the composition dependent interdiffusion coefficients
of CoCrFeMnNi alloys using semi-empirical rules. In [3] interdiffusion in the fcc
structured Al-Co-Cr-Fe-Ni high entropy alloy was studied for several diffusion couples
experimentally as well as numerically. In that study, tracer diffusion coefficients were
determined using the obtained composition profiles from the interdiffusion experiments
and fitting method, and results were compared with the data of [2]. Very recently, Paul et
al.[33] investigated the diffusion kinetics behaviour of CoCrFeMnNi HEAs. In that study,
random alloy models using three different approximations named as Darken, combined
Manning and Holdsworth and Elliot (HE) and Moleko, Allnatt and Allnatt (MAA) (light
version) were used. Results for all three approaches showed good agreement with the
experimental study when used for the analysis of self-diffusion coefficients. Moreover,
Afikuzzaman et al. [34] investigated CoCrFeMnNi HEAs numerically using constant as
well as a composition-dependent interdiffusion matrix for several diffusion couples
mainly quasi-binary and quasi-ternary. The composition-dependent interdiffusion matrix
was calculated using the Darken and Manning formalisms. The obtained composition
profiles showed good agreement with the composition profiles obtained experimentally
in the previous studies [2, 3].

2.9.1 Closed-Form Solution
An expression is said to be in closed-form if it is expressed analytically in terms of a finite
number of certain well-known functions. A closed-form solution in interdiffusion is
important and becomes desirable because it gives a solution to the inverse diffusion
problem (processing of interdiffusion composition profiles to extract interdiffusion
matrix components) efficiently. In the study of inverse diffusion problems, both
numerical and closed-form solutions are vital for a proper investigation. The main
difference between a closed-form and numerical solution is that a closed-form solution
gives the exact result whereas a numerical solution gives approximate results with
numerical uncertainties that can be well-estimated using basic approaches used in
computational methods.
For example, for the diffusion equation in the ternary system, the closed-form solution is
given by the following two equations:
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𝐶1 = 𝐶1 + 𝐾1+ erf(√σ+ 𝑦) + 𝐾1− erf(√σ− 𝑦)

(2.9.1)

𝐶2 = 𝐶2 + 𝐾2+ erf(√σ+ 𝑦) + 𝐾2− erfΦ(√σ− 𝑦)

(2.9.2)

where the error function erf is given by Equation (2.4.9) and the detailed expressions of
the other parameters are given in Chapter 3.
Similar expressions can be derived for quaternary and higher components systems.

2.9.2 The Square Root Diffusivity Method
Square root diffusivity (SQRD) analysis can be applied to calculate the interdiffusion
coefficients that are independent of composition, and can be applied to ternary as well as
higher metallic component systems [101, 102]. It is usually appreciated that interdiffusion
phenomena in a multicomponent system when described analytically becomes vastly
complicated with an increase in the number of components [103, 104]. However,
computational analysis of the interdiffusion experiment can be simplified with the help
of the equations associated with the square root diffusivity method.
෩ ] is replaced by the matrix of the square root diffusivity,
In this method, the diffusivity [𝐷
[𝑟] in an obvious way [45, 101]:
෩ ] = [𝑟][𝑟]
[𝐷

(2.9.3)

Equation (2.9.3) can be applied for any number of alloy elements. The matrix of
෩𝑖𝑗 and its square root with components 𝑟𝑖𝑗 are calculated in a
interdiffusion coefficients 𝐷
straight-forward matrix multiplication. For example, in the case of the ternary metallic
෩ (3) can be defined as [101]:
system, each of the 𝐷
𝑖𝑗
(3)
෩11
𝐷
= 𝑟211 + 𝑟12 𝑟21

(2.9.4)

(3)
෩12
𝐷
= 𝑟12 (𝑟11 + 𝑟22 )

(2.9.5)

(3)
෩21
𝐷
= 𝑟21 (𝑟11 + 𝑟22 )

(2.9.6)

(3)
෩22
𝐷
= 𝑟222 + 𝑟12 𝑟21

(2.9.7)

The amount of 𝑖 atoms, 𝑆𝑖 , that passes through the Matano plane at 𝑥 = 0 in time 𝑡 can
be calculated as:
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+∞

(𝐶𝑖 − (𝐶𝑖 )𝐵 )𝑑𝑥

𝑆𝑖 = ∫

(2.9.8)

0

where (𝐶𝑖 )𝐵 is the composition of component 𝑖 at 𝑥 = +∞ .
The square root diffusivity analysis is based on the solution to a system of linear
equations. The first two of them have the following form:
𝑡
𝑆𝑖 = −√ (𝑟𝑖1 Δ𝐶10 + 𝑟𝑖2 Δ𝐶20 )
𝜋

(2.9.9)

where 𝑟𝑖𝑗 is an element of [𝑟].
In matrix notation, Equations (2.9.9) can be written as:
𝑡
[𝑆] = −√ [𝑟][Δ𝐶]
𝜋

(2.9.10)

where [𝑆] is the vector with components 𝑆1 and 𝑆2 , [Δ𝐶] is the vector with components
Δ𝐶10 and Δ𝐶20 and t is the diffusion time. Equation (2.9.9) provides two equations to be
used for the calculation of the elements of [𝑟]. Another two equations can be derived from
the multicomponent generalization of the Boltzmann–Matano analysis as [105]:
2

𝐶𝑖 ( 𝑥 ′ )

∫
(𝐶𝑖 )∞

෩ (3)
𝑥𝑑𝐶𝑖 = −2𝑡 ∑ 𝐷
𝑖𝑗
𝑗=1

𝜕𝐶𝑗
|
𝜕𝑥

(2.9.11)
𝑥′

Evaluating Equation (2.9.11) at 𝑥 ′ = 0, the equation is reduced to:
2
(3)

෩ 𝑖𝑗 ∇𝐶𝑗0
𝑆𝑖 = −2𝑡 ∑ 𝐷

(2.9.12)

𝑗=1

or
෩ ][∇𝐶 0 ]
[𝑆] = −2𝑡[𝐷

(2.9.13)

where ∇𝐶 0 is treated as the composition gradient of component 𝑗 at 𝑥 = 0. Combining
Equations (2.9.3), (2.9.10) and (2.9.13) to extract [𝑆] and [𝐷] gives:
[∆𝐶]
2√𝜋𝑡

= [𝑟][∇𝐶 0 ]

(2.9.14)
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Equation (2.9.14) gives another two linear equations at 𝑥 = 0. The preferred method
depends on whether 𝑆𝑖 or ∇𝐶𝑖0 has the lowest experimental error.
The modified square root diffusivity (MSQRD) method combines Equation (2.9.9) from
the SQRD method with a similar equation from the alternate method that involves ∆𝐶𝑖0
and ∇𝐶𝑖0 . That provides four equations to calculate the four elements of [𝑟] from one
diffusion couple. Therefore, the MSQRD method requires the composition vector,
composition gradients, and atoms that have crossed the Matano plane, whereas, the fitting
methods require both the composition profiles to get the fitting parameters.
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Chapter 3
Interdiffusion Analysis in Ternary Systems to Process
Composition Profiles and Obtain Constant Interdiffusion
Coefficients Using One Couple
3.1 Introduction
As was already mentioned in Chapter 1, investigation of interdiffusion problems
commenced with binary alloys by Boltzmann [7]. Next, many authors [8, 10, 21, 26, 71]
have worked on binary metallic systems and, using different methods, they analysed the
extraction of the interdiffusion coefficient from experimentally obtained composition
profiles. However, technology often needs alloys containing three or more components
and they need to be addressed. In the study of a multicomponent system, the composition
profiles cannot be accurately analysed (to extract information on the interdiffusion
coefficients) by means of a binary alloy analysis. That is why various different approaches
have been developed to investigate interdiffusion in multicomponent systems. In that
perspective, Fujita and Gosting investigated interdiffusion in both binary and ternary
systems [28, 74]. In the ternary system, they investigated application of an exact solution
of two simultaneous differential diffusion equations with the interdiffusion matrix being
independent of composition [44, 45]. As the result of that, they developed a new
procedure [29] for calculating the four interdiffusion coefficients for the three-component
system. They used the Gouy diffusiometer for measuring the composition profiles
experimentally from a single couple with subsequent analysis of the new procedure.
A significant application of combined information on both self- and interdiffusion
coefficients that is very effective for providing the means of determining thermodynamic
data in binary, ternary and higher component systems was developed by Malik and
Bergner in [6]. They mainly focused on six different methods for determining the
diffusion coefficients in ternary alloys. Dayananda and Grace [76] worked specifically on
ternary diffusion in Cu-Zn-Mn alloys with the use of one diffusion couple. They
considered a vapor-solid diffusion couple that can be effectively studied in ternary
interdiffusion experiments. Then a Cu-Ag-Au ternary metallic alloy was investigated in
[77]. Further, a theoretical overview of ternary diffusion was developed by Vrentas and
Vrentas [106]. A new method for the calculation of the constant interdiffusion coefficients
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in three-component system was proposed by Dayananda and Sohn [1]. In this study the
authors used experimentally obtained composition profiles to determine the interdiffusion
coefficients using a single diffusion couple for Cu-Ni-Zn and Fe-Ni-Al alloys but two
couples for the Ni-Cr-Al alloy. For comparison, in [16], composition-independent
interdiffusion coefficients were determined from composition profiles using several other
techniques. In [107] Day, Mohan and Dayananda analysed various properties of the
ternary metallic systems using a single diffusion couple directly from the composition
profiles with the MultiDiFlux software that was developed for calculating ternary
interdiffusion coefficients. In general, MultiDiFlux software is used to aid the analysis of
a single ternary diffusion couple and, possibly, for two couples. Recently, Dayananda
[108] investigated interdiffusion coefficients using a single couple in ternary diffusion
from diffusion constraints at the Matano plane.
The square root diffusivity (SQRD) method [101] can be directly applied to calculate the
ternary interdiffusion coefficients from the experimentally measured composition
profiles. First, Thompson et al. [109] investigated the applications of the SQRD method
in ternary (Ni-Al-Cr) alloys for two diffusion couples. The SQRD equations for
determining ternary interdiffusion coefficients from a single couple were also studied by
Jaques and LaCombe [110] in 2012. Extraction of the multicomponent interdiffusion
coefficients using one diffusion couple or two diffusion couples were analysed in [111,
112] from different perspectives. Further, application of different available methods
(together with the SQRD method) for the interdiffusion problem in the ternary systems
were investigated in [113-116] for the use of a single as well as two diffusion couples.
There, the composition profiles are analysed by employing several programs such as
MultiDiFlux, VisiMat and a graphical user interface (GUI).
The objective of the present chapter on ternary interdiffusion is first of all to produce
composition profiles using the closed form solution. The next step is to investigate the
interdiffusion problem using two new methods: fitting into the closed form solution
method (using Cftool and Origin software) and the SQRD method (a full description of
the SQRD method is given in Chapter 2). The accuracy of the considered methods is
determined by comparing the profiles using the back test.

61

3.2 Mathematical Formulation and Analysis
The basic governing equations for diffusion in the ternary metallic system with constant
interdiffusion coefficients can be written as:
2
𝜕𝐶1
𝜕 2 𝐶1
(3) 𝜕 𝐶2
෩ (3)
෩
=𝐷
+
𝐷
11
12
𝜕𝑡
𝜕𝑥 2
𝜕𝑥 2

(3.2.1)

2
𝜕𝐶2
𝜕 2 𝐶1
(3) 𝜕 𝐶2
෩ (3)
෩
=𝐷
+
𝐷
21
22
𝜕𝑡
𝜕𝑥 2
𝜕𝑥 2

(3.2.2)

where 𝐶1 and 𝐶2 are compositions that can be functions of distance 𝑥 and time 𝑡 and 𝐶3 =
(3) ෩ (3) ෩ (3)
(3)
෩11
෩22
1 − 𝐶1 − 𝐶2 . 𝐷
, 𝐷12 , 𝐷21 and 𝐷
are the four interdiffusion coefficients that are

assumed to be constant, independent of composition. 𝐶3 is treated as the reference atomic
component. The initial conditions are:
𝐶𝑖 = 𝐶𝑖 +
𝐶𝑖 = 𝐶𝑖 −

∆𝐶𝑖
2
∆𝐶𝑖
2

; for 𝑥 > 0, 𝑡 = 0

(3.2.3)

; for 𝑥 < 0, 𝑡 = 0

(3.2.4)

and the boundary conditions are:
𝐶𝑖 → 𝐶𝑖 +
𝐶𝑖 → 𝐶𝑖 −

∆𝐶𝑖
2
∆𝐶𝑖
2

; for 𝑥 → ∞, 𝑡 > 0

(3.2.5)

; for 𝑥 → −∞, 𝑡 > 0

(3.2.6)

where
𝐶𝑖 = [(𝐶𝑖 )−∞ + (𝐶𝑖 )∞ ]/2

(3.2.7)

∆𝐶𝑖 = (𝐶𝑖 )∞ − (𝐶𝑖 )−∞

(3.2.8)

In Equations (3.2.7) and (3.2.8), (𝐶𝑖 )−∞ = 𝐶𝑖 (𝑥 → −∞) and (𝐶𝑖 )∞ = 𝐶𝑖 (𝑥 → ∞) are the
two end (terminal) compositions of component 𝑖. According to the definition of the
composition vector [𝛥𝐶] is then defined as:
[𝛥𝐶] = [∆𝐶1 , ∆𝐶2 ]

(3.2.9)

The diffusion Equations (3.2.1) and (3.2.2) are to be solved with the initial and boundary
conditions presented in Equations (3.2.3)-(3.2.8).
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As was mentioned in Chapter 2, the exact solution for the compositions 𝐶1 and 𝐶2 can be
presented in the following closed form [28, 44, 45]:
σ1
σ2
𝑥) + 𝐾1− erf (√ 𝑥)
4𝑡
4𝑡

(3.2.10)

σ1
σ2
𝑥) + 𝐾2− erf (√ 𝑥)
4𝑡
4𝑡

(3.2.11)

𝐶1 = 𝐶1 + 𝐾1+ erf (√

𝐶2 = 𝐶2 + 𝐾2+ erf (√

in which the error function erf is given by:
2

𝑞

2

erf(𝑞) = √𝜋 ∫0 𝑒 −𝑞 𝑑𝑞

(3.2.12)

and
𝐾1+ =

(𝜎1 − 𝐸)Δ𝐶1 − 𝐹Δ𝐶2
2(𝜎1 − σ2 )

(3.2.13)

𝐾1− =

(𝜎2 − 𝐸)Δ𝐶1 − 𝐹Δ𝐶2
2(𝜎2 − 𝜎1 )

(3.2.14)

𝐾2+ =

(𝜎1 − 𝐻)Δ𝐶2 − 𝐺Δ𝐶1
2(𝜎1 − 𝜎2 )

(3.2.15)

𝐾2− =

(𝜎2 − 𝐻)Δ𝐶2 − 𝐺Δ𝐶1
2(𝜎2 − 𝜎1 )

(3.2.16)

and
(3)

𝐸=

෩ 11
𝐷

(3)

෩ 𝑖𝑗 |
|𝐷

(3)

,𝐹 =

෩ 12
𝐷

(3)

෩ 𝑖𝑗 |
|𝐷

(3)

,𝐺 =

෩ 21
𝐷

(3)

෩ 𝑖𝑗 |
|𝐷

(3)

,𝐻 =

෩ 22
𝐷

(3)

෩ 𝑖𝑗 |
|𝐷

(3.2.17)

𝜎1 =

1
1
{𝐻 + 𝐸 + [(𝐻 − 𝐸)2 + 4𝐹𝐺]2 }
2

(3.2.18)

𝜎2 =

1
1
{𝐻 + 𝐸 − [(𝐻 − 𝐸)2 + 4𝐹𝐺]2 }
2

(3.2.19)

For the inverse part of the problem, the fitting functions that will be used for the two
composition profiles are:
𝐶1 = 𝐶1 + 𝑎11 erf(𝑎 𝑥) + 𝑎12 erf(𝑏 𝑥)

(3.2.20)

𝐶2 = 𝐶2 + 𝑎21 erf(𝑎 𝑥) + 𝑎22 erf(𝑏 𝑥)

(3.2.21)
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Here, 𝑎11 , 𝑎22 , 𝑎12 , 𝑎21 , 𝑎 and 𝑏 are fitting parameters. It is easy to show that if 𝑎 and 𝑏
are assumed to be both positive, 𝑎, 𝑏 > 0 then there are relations between
𝑎11 , 𝑎22 , 𝑎12 , 𝑎21: 𝑎12 =

Δ𝐶1
2

− 𝑎11 ; and 𝑎21 =

Δ𝐶2
2

− 𝑎22 . To avoid imposing restrictions

on parameters 𝑎 and 𝑏 the general fitting functions, Equations (3.2.20), (3.2.21) will be
used.
It is known that when the composition vector [𝛥𝐶] is aligned with the direction of an
eigenvector of the interdiffusion matrix, the coefficients of one error function in equations
(3.2.20) and (3.2.21) will be zero and the full analysis of the composition profiles will be
impossible [117]. In the plane (𝐶1 , 𝐶2 ) the angle 𝜙𝑐 of the composition vector is defined
as tan𝜙𝑐 = ∆𝐶2 /∆𝐶1. The corresponding angles of the major and minor eigenvectors, 𝜙1
and 𝜙2 , can then be defined as tan𝜙1 = (𝜎1 − 𝐸)/𝐹 and tan𝜙2 = (𝜎2 − 𝐸)/𝐹 [117].
In this chapter the closed form solution given by Equations (3.2.10) – (3.2.11) is used for
the generation of the composition profiles for each test simulations.

(3)

෩ 𝑖𝑗 Using the Fitting Method
3.2.1 Calculations to Recover 𝐷
To calculate the interdiffusion matrix in this method [28, 29], the first step is to calculate
the inverse interdiffusion matrix {𝐸, 𝐹; 𝐺, 𝐻}. Once {𝐸, 𝐹; 𝐺, 𝐻} is obtained, one then
calculates

1

(3)

𝐸𝐻−𝐹𝐺

(3)

(3)

(3)

෩ 11 , 𝐷
෩ 12 ; 𝐷
෩ 21 , 𝐷
෩ 22 } can be found by
= det[𝑑] and the matrix {𝐷

multiplying {𝐻, −𝐹; −𝐺, 𝐸} by det[𝑑]. The components of the matrix {𝐸, 𝐹; 𝐺, 𝐻} can be
calculated as follows [28, 29]:
𝐸=

(𝑠1 (Δ𝐶1 − 2𝑎11 )(Δ𝐶2 − 2𝑎22 ) − 4𝑠2 𝑎11 𝑎22 )
(−2Δ𝐶2 𝑎11 + Δ𝐶1 (Δ𝐶2 − 2𝑎22 ))

(3.2.22)

𝐻 = 𝑠1 + 𝑠2 − 𝐸

(3.2.23)

𝐹 = 6𝑎11 (𝑠1 − 𝑠2 ) − 𝑠1 + 𝐸

(3.2.24)

𝐺 = 6𝑎22 (𝑠1 − 𝑠2 ) + 𝑠1 − 𝐸

(3.2.25)

Here, 𝑠1 and 𝑠2 are two constant values related to the fitting parameters 𝑎, 𝑏 and diffusion
time 𝑡𝑓 as:
𝑠1 = 4𝑡𝑓 𝑎2 and 𝑠2 = 4𝑡𝑓 𝑏 2

(3.2.26)
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Note that in this present study the computational diffusion time 𝑡𝑓 = 20 units.
3.3 Analysis of Diffusion Paths Using the Ternary Phase Diagram
For the current study, three diffusion couples were chosen and information on the end
compositions of these couples together with the composition vectors are presented in
Table 3.1. It is clear that the diffusion couple with BC-1 is designed as a quasi-binary
diffusion couple whereas diffusion couples with the BC-2 and BC-3 are designed as nonquasi-binary couples.
Table 3.1: The end compositions (in molar fractions) and corresponding composition
vectors for three chosen diffusion couples.
Diffusion

(𝐶1 )𝐵

(𝐶2 )𝐵

(𝐶1 )𝐴

(𝐶2 )𝐴

[ΔC]

Couple
BC-1

0.67

0.0

0.33

0.33

[0.33, -0.33]

BC-2

0.50

0.0

0.33

0.33

[0.18, -0.33]

BC-3

0.50

0.17

0.25

0.08

[0.25, -0.08]

In this present ternary interdiffusion analysis, four different sets of interdiffusion matrices
with the same diagonal terms but different off-diagonal ones were chosen. The four
(3)
෩11
interdiffusion matrices (scaled to the highest component 𝐷
) are given in Table 3.2

together with their eigenvalues {𝜆1 , 𝜆2 } and eigenvectors [𝑣1 ] and [𝑣2 ].
Table 3.2: Interdiffusion matrices, their eigenvalues and corresponding eigenvectors for
four considered cases.
Case

[𝑣1 ]

(3)
෩ (3) /𝐷
෩11
𝐷
𝑖𝑗

{𝜆1 , 𝜆2 }

1.0 0.5
]
0.1 0.5

{1.08, 0.41}

[0.98, 0.17]

[-0.65, 0.76]

Case-ii

1.0 −0.1
[
]
0.1 0.5

{0.98, 0.52}

[0.98, 0.20]

[0.20, 0.98]

Case-iii

1.0 0.5
[
]
−0.1 0.5

{0.86, 0.64}

[0.96, -0.27]

[-0.81, 0.59]

1.0 −0.1
]
−0.1 0.5

{0.48, 1.02}

[-0.19, -0.98]

[-0.98, 0.19]

Case-i

Case-iv

[

[

[𝑣2 ]
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The diffusion path investigation is one of the standard steps in the analysis (experimental
or computational) of the interdiffusion problem in ternary system. The obtained diffusion
paths for three chosen diffusion couples and four cases of the interdiffusion matrices are
presented in the ternary phase diagrams in Figures 3.1(a, b).
(a)

(b)

Figure 3.1: (a) Comparison of diffusion paths for BC-1 and BC-2; (b) Comparison of
diffusion paths for BC-2 and BC-3. (Cases i and iii are represented by solid red and dashed
green lines whereas the dashed blue and solid green lines represent Cases ii and iv
correspondingly).
From Figures 3.1, it is clear that in general, as it should be, the diffusion paths are not
straight. The interdiffusion matrix and the composition vector are the main factors that
influence the shape of the diffusion path [117]. In agreement with the conclusions
presented in [117] it can be seen that for the couples BC-1 and BC-2 the shape of the
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diffusion paths are nearly straight lines for the diffusion matrices in the Case-i and Caseiii (directions of the composition vectors are close to the minor eigenvalue directions).
Moreover, it is interesting to observe that the diffusion path in the BC-3 couple does
follow somewhat nearly (but not exactly!) a straight line for all four matrices despite the
fact that BC-3 composition vector is not aligned with the corresponding eigenvectors for
all four Cases. This is, of course, not in contradiction with the prediction in [117] because
each composition vector must have some maximum deviation from the straight diffusion
path (for a given interdiffusion matrix). For BC-3 this maximum deviation is clearly very
small.
In Figures 3.2 (a)-(d), the minor and major eigenvector directions are presented together
with three composition vector directions for the Cases-i to iv. It is clear that for the Casei and Case-iii the composition vectors of the BC-1 and (to some extent) BC-2 are near the
directions of the minor eigenvectors. For Case-ii and iv, the composition vector of the
BC-3 is near the directions of the minor eigenvectors.
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(a)

(b)

Case-i

Case-ii
1.0

1.0

BC-2

0.8

BC-2

0.8
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minor eigenvector
0.6
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BC-3
major eigenvector

0.4

0.2

0

0.2

0.4

0.6

major eigenvector

0.4

0.2

BC-1
0

BC-3

c2

0.6

0.8

0

1.0

BC-1
0

0.2

0.4

0.6

0.8

1.0

c1

c1

(c)

(d)

Case-iii

Case-iv

1.0

1.0

BC-2

0.8

BC-2

0.8

0.6

minor eigenvector

0.6

c2

c2

BC-3

BC-3

0.4

major eigenvector

0.4

major eigenvector
0.2

BC-1
0

0

0.2

0.4

0.2

BC-1

minor eigenvector

0.6

c1

0.8

1.0

0

0

0.2

0.4

0.6

0.8

1.0

c1

Figure 3.2: Minor and major eigenvalues shown together with three composition vectors
for the diffusion couples BC-1, BC-2 and BC-3 for the (a) Case-i ; (b) Case-ii; (c) Caseiii; and, (d) Case-iv.
3.4 Results and Discussion
The present chapter is carried out for the purposes of comparing two methods (Fitting and
SQRD methods) for determination of the interdiffusion coefficients using composition
profiles measured in a single couple. Another purpose is to determine whether or not the
use of only one diffusion couple can give reliable results for the matrix of the
interdiffusion coefficients [D], given that its eigenvectors are unknown before doing the
experiments. As is described above, four different interdiffusion matrices and three
diffusion couples with different boundary conditions are chosen for the testing. Closed
form solutions are used to get the composition profiles. The obtained composition profiles
are used to analyse the Fitting and SQRD methods. These obtained profiles are discretised
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at a convenient step in space that corresponds to a standard experimental resolution of 23 microns. After that, the Fitting and SQRD methods are applied to the recovery of the
matrix of interdiffusion coefficients. For the application of the Fitting Method there are
two main procedures available: first, using specialized software e.g. Origin-2017, 2018,
2019 or 2020. In the Origin the global fitting is used for the simultaneous fitting of two
related functions into two sets of data. This procedure is based on the non-linear least
square fitting method. Then the present global fitting is developed with sharing the
parameters across the fits. Second, the manual iterative manipulation of the fitting
functions are performed using MATLAB software (Cftool computational box). Cftool
provides the best fit to a specific curve on the available dataset using the custom fitting
function. The accuracy of the fitting is given in a standard form through the values of Rsquare and adjusted R-Square. Results of these two approaches are referred to as Origin
and Cftool respectively. The obtained fitted parameters from these two methods permit
the determination of the ternary interdiffusion matrix straightaway using Equations
(3.2.22) - (3.2.26).
For describing the application of the SQRD method, it is necessary to calculate the
position of the Matano plane, 𝑥𝑀 , the gradient of compositions at this plane, ∇𝐶𝑖0 , and the
amounts of atoms (atomic fluxes), 𝑆𝑖 , moved through the Matano plane. In general, the
location of the Matano plane is calculated on the basis of the mass equilibrium for
individual atomic components using the trapezoidal rule and is determined from the
conservation condition:
𝑥𝑀

+∞

∫ (1 − 𝐶(𝑥))𝑑𝑥 = ∫ 𝐶(𝑥)𝑑𝑥
−∞

(3.4.1)

𝑥𝑀

In the study of closed form solutions presented by Equations (3.2.10) to (3.2.11), the
Matano plane must be located at the average composition point, 𝑥𝐴 where 𝐶1 (𝑥𝐴 ) = 𝐶1 ,
𝐶2 (𝑥𝐴 ) = 𝐶2 , 𝐶3 (𝑥𝐴 ) = 𝐶3 . The (possible) deviation of the 𝑥𝑀 from 𝑥𝐴 can then be treated
as the indication of the accuracy of the constant interdiffusion matrix approximation. In
the present study, for the simulated composition profiles this deviation is of the order of
the computational error (14 decimal places as a default in Matlab) and can be neglected.
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The composition gradients at the Matano plane are calculated by using the fourth order
finite difference approximation. The calculated interdiffusion coefficients are shown in
Table 3.3 for the quasi-binary diffusion couple BC-1.
In Figures (3.3)-(3.6), the original composition profiles (using initial interdiffusion
matrices) and the composition profiles calculated using the obtained matrices from Table
3.3 are presented for each case. From results in Table 3.3 it can be seen that in Cases-i to
iv, the SQRD method gives the highest deviation from the diagonal terms as well as the
off-diagonal ones. This is due to the almost perfect quasi-binary nature of the resulting
diffusion paths with almost constant composition 𝐶3 as can be seen in the corresponding
Figures (3.3)-(3.6). This result is obvious as the system of equations in the SQRD method
becomes singular under these conditions. The possible reasons for this will be discussed
later. With respect to the application of the Fitting Method, the Origin implementation
gives, on average, the best outcome for this couple for all cases considered. The general
conclusion for the use of the single quasi-binary diffusion couple analysis is to apply
some other methods (for example, the methods outlined in [115]) and the Fitting Method
for consistency.
From Figures (3.3)-(3.6), it is obvious that despite the differences in the matrices
(especially results for the application of the SQRD method for all cases) the back-test of
the composition profiles are all surprisingly close to the original ones. The maximum
deviations are for the 𝐶1 and 𝐶3 profiles and it is only up to 0.009 atomic fractions. In
[78], a different fitting method was found to give a consistently good accuracy for a
similar single diffusion couple applications. There, the accuracy of the fitting procedure
was set to an exceptionally high level, up to 10-14 order. Together with the present results,
this provides indirect evidence that to be able to use a single diffusion couple for a reliable
interdiffusion analysis, the experimental data must be obtained with a very high level of
accuracy (which is, of course, impossible in a real experiment). This effect may explain
inconsistency in the application of the SQRD method for the BC-1 (quasi-binary diffusion
couple). The use of two non-quasi-binary diffusion couples should be treated as the best
option for the application of the SQRD method [111, 112] to the experimental data.

70

Table 3.3: Interdiffusion coefficients calculated using several approaches from the
original profiles obtained from closed form solution with the couple BC-1. The
percentage of the relative error is given in the brackets next to each number. The
exclamation sign is used if the sign was not correctly reproduced (relative error is over
100% then).
(3)
෩11
𝐷

(3)
෩12
𝐷

(3)
෩21
𝐷

(3)
෩22
𝐷

Case-i

1.0

0.5

0.1

0.5

Cftool

0.9974(0.26)

0.4981(0.38)

0.1080(8)

0.5076(1.52)

Origin

1.0001(0)

0.5001(0)

0.0999(0.1)

0.4999(0.2)

SQRD

1.3653(36.5)

0.8556(71)

0.1136(13.6)

0.5136(2.7)

Case-ii

1.0

-0.1

0.1

0.5

Cftool

0.9998(0)

-0.0998(0.2)

0.1001(0.1)

0.5003(0)

Origin

1.0000(0)

-0.1000(0)

0.1000(0)

0.5000(0)

SQRD

0.5854(41.5)

-0.4206(320.6)

0.0637(36.3)

0.4703(5.94)

Case-iii

1.0

0.5

-0.1

0.5

Cftool

1.0013(0.13)

0.5006(0.12)

-0.1017(1.7)

0.4983(0.34)

Origin

0.9998(0)

0.4998(0)

-0.0998(0.2)

0.5002(0.4)

SQRD

16.2995(1530)

15.9100(2982)

-1.1450(1045)

-0.5505(!)

Case-iv

1.0

-0.1

-0.1

0.5

Cftool

1.009(0.9)

-0.0989(1.1)

-0.1006(0.6)

0.4995(0.1)

Origin

1.000(0)

-0.1000(0)

-0.1000(0)

0.5000(0)

SQRD

0.6993(30)

-0.3503(250.3)

-0.0762(23.8)

0.5207(4.14)
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𝐶1

𝐶3

𝐶2

Figure 3.3: Comparison of composition profiles of the Case-i for BC-1. The composition
profile for 𝐶3 is shown for completeness.

𝐶1

𝐶3

𝐶2

Figure 3.4: Comparison of composition profiles of the Case-ii for BC-1. The composition
profile for 𝐶3 is shown for completeness.
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𝐶1

𝐶3

𝐶2

Figure 3.5: Comparison of composition profiles of the Case-iii for BC-1. The
composition profile for 𝐶3 is shown for completeness.

𝐶1

𝐶3

𝐶2

Figure 3.6: Comparison of composition profiles of the Case-iv for BC-1. The
composition profile for 𝐶3 is shown for completeness.
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Next, the non-quasi-binary boundary couple BC-2 is considered. Results of the analysis
for this couple are presented in Table 3.4.
Table 3.4: Interdiffusion coefficients calculated using several approaches from the
original profiles obtained from the closed form solution with the couple BC-2. The
percentage of the relative error is given in brackets next to each number. The exclamation
sign is used if the sign was not correctly reproduced (relative error is over 100% then).

(3)
෩11
𝐷

(3)
෩12
𝐷

(3)
෩21
𝐷

(3)
෩22
𝐷

Case-i

1.0

0.5

0.1

0.5

Cftool

1.0525(5.2)

0.4949(1)

0.0532(46.8)

0.4753(4.9)

Origin

0.9435(5.6)

0.4314(13.7)

0.0494(50.6)

0.4718(5.6)

SQRD

0.9401(6)

0.4605(7.9)

0.1101(10)

0.5001(0)

Case-ii

1.0

-0.1

0.1

0.5

Cftool

1.0104(1)

-0.0903(9.7)

0.0524(47.6)

0.5069(1.4)

Origin

1.0066(0.6)

-0.0913(8.7)

0.0505(49.5)

0.5055(1.1)

SQRD

0.9949(0.5)

-0.1014(1.4)

0.0830(17)

0.4937(1.26)

Case-iii

1.0

0.5

-0.1

0.5

Cftool

1.1709(17)

0.6496(30)

-0.0434(56.6)

0.5302(6)

Origin

1.1933(19)

0.6744(25)

-0.0201(79.9)

0.5302(6)

SQRD

0.9805(1.9)

0.4903(1.9)

-0.1000(0.0)

0.5000(0)

Case-iv

1.0

-0.1

-0.1

0.5

Cftool

0.9730(3.9)

0.1609(!)

-0.0487(51.3)

0.4818(3.6)

Origin

0.9613(4.9)

0.1513(!)

-0.0483(51.7)

0.4823(3.54)

SQRD

0.9938(0.6)

-0.1017(1.7)

-0.1059(5.9)

0.4977(0.46)

In the BC-2, in all four Cases, it is clear that the SQRD method gives the best outcomes
in comparison with the input interdiffusion matrix for the diagonal and off-diagonal terms
where it gives a maximum of 6% and 10% relative errors respectively. Results for the
Fitting Method (both cftool and Origin) is much worse than for the SQRD especially
when the off-diagonal terms are considered, with a relative error of up to 80% (and several
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cases with sign changes). In these cases, the Origin implementation of the Fitting Method
gives the highest maximum of the relative errors for the diagonal (up to 19%) and offdiagonal terms (up to 80%). The Cftool implementation of the Fitting Method gives
somewhat better results than the Origin implementation.
Comparisons of composition profiles for the diffusion couple BC-2 for the four cases are
presented in Figures (3.7)-(3.10). Similar to Figures (3.3)-(3.6) for BC-1, four sets of
interdiffusion matrices are used for each case. Again, it can be seen that the composition
profiles obtained using all different interdiffusion matrices are almost the same as the
initial composition profiles. In this case, the big differences are presented only for the offdiagonal coefficients of the interdiffusion matrices (up to a factor of 2). Nevertheless, it
is, again, indirect evidence that accurate estimation of the off-diagonal (and the diagonal!)
coefficients using a single (non-quasi-binary) diffusion couple experiment is very
difficult and would require a very high accuracy in the measurement of the composition
profiles.
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𝐶1
𝐶3

𝐶2

Figure 3.7: Comparison of composition profiles of the Case-i for BC-2. The composition
profile for 𝐶3 is shown for completeness.

𝐶3
𝐶1

𝐶2

Figure 3.8: Comparison of composition profiles of the Case-ii for BC-2. The composition
profile for 𝐶3 is shown for completeness.
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𝐶1
𝐶3

𝐶2

Figure 3.9: Comparison of composition profiles of the Case-iii for BC-2. The
composition profile for 𝐶3 is shown for completeness.

𝐶3
𝐶1

𝐶2

Figure 3.10: Comparison of composition profiles of the Case-iv for BC-2. The
composition profile for 𝐶3 is shown for completeness.
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Next, the diffusion couples BC-3 is considered. Results of the analysis for this couple are
presented in Table 3.5.
Table 3.5: Interdiffusion coefficients calculated using several approaches from the
original profiles obtained from the closed form solution with the couple BC-3. The
percentage of the relative error is given in the brackets next to each number. The
exclamation sign is used if the sign was not correctly reproduced (relative error is then
over 100%).

(3)
෩11
𝐷

(3)
෩12
𝐷

(3)
෩21
𝐷

(3)
෩22
𝐷

Case-i

1.0

0.5

0.1

0.5

Cftool

0.8658(13.4)

-0.1215(!)

0.1537(53.7)

0.4282(14.5)

Origin

0.8539(14.6)

-0.1250(!)

0.1556(55.6)

0.4266(14.7)

SQRD

0.9992(0.1)

0.4979(0.4)

0.1189(19.0)

0.4626(7.5)

Case-ii

1.0

-0.1

0.1

0.5

Cftool

1.0224(2.2)

0.0306(!)

0.0503(49.7)

0.5117(2.3)

Origin

1.0226(2.3)

0.0308(!)

0.0500(50.0)

0.5116(2.3)

SQRD

0.9934(0.7)

-0.0893(16.1)

-0.1017(!)

0.5043(0.9)

Case-iii

1.0

0.5

-0.1

0.5

Cftool

0.9071(9.3)

0.0940(80.6)

0.0228(!)

0.4524(9.5)

Origin

0.9061(9.4)

0.0942(80.6)

0.0287(!)

0.4526(9.5)

SQRD

0.9939(0.4)

0.5117(1.9)

-0.0966(3.4)

0.4934(1.3)

Case-iv

1.0

-0.1

-0.1

0.5

Cftool

0.9787(2.1)

0.0198(!)

-0.0497(50.2)

0.4887(2.3)

Origin

0.9780(2.2)

0.0197(!)

-0.0498(50.2)

0.4889(2.2)

SQRD

0.9947(0.5)

-0.0893(10.7)

-0.1017(1.7)

0.5043(0.9)
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𝐶3

𝐶1
𝐶2

Figure 3.11: Comparison of composition profiles of the Case-i for BC-3. The
composition profile for 𝐶3 is shown for completeness.

𝐶3

𝐶1
𝐶2

Figure 3.12: Comparison of composition profiles of the Case-ii for BC-3. The
composition profile for 𝐶3 is shown for completeness.
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𝐶3

𝐶1
𝐶2

Figure 3.13: Comparison of composition profiles of the Case-iii for BC-3. The
composition profile for 𝐶3 is shown for completeness.

𝐶3

𝐶1
𝐶2

Figure 3.14: Comparison of composition profiles of the Case-iv for BC-3. The
composition profile for 𝐶3 is shown for completeness.
From this couple analysis, it is seen that for all cases the SQRD method gives the most
accurate results for the diagonal (with error up to 7.5%) and off-diagonal (with error up
to 19%) terms. The fitting methods (both implementations) again show the least accurate
results for these four cases, especially for the off-diagonal terms (with quite a few cases
with sign changes). This effect can be attributed to the fact that the diffusion paths for this
couple are all almost straight, see Figure 3.1(b). As a result, the composition profiles
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follow a single error function and fitting them to a two error functions form becomes
difficult.
Though the obtained diagonal terms are reasonably good in most cases, the off-diagonal
terms for all approaches severely deviate from the initial values. Both Origin and Cftool
implementations of the Fitting Method are unable to reproduce the sign of some of the
off-diagonal terms. Interestingly, the SQRD method almost always gives the correct sign
of the off-diagonal terms. The conclusion can be made that the SQRD method is the
preferred method for the analysis of a single diffusion couple in the non-quasi-binary
cases. However, it could be somewhat unreliable, especially if the diffusion path is close
to a straight line.
The comparisons of the composition profiles for the couple BC-3 for all four cases are
presented in Figures (3.11)-(3.14). The back-test composition profiles obtained using the
new set of interdiffusion matrices (as given in Table 3.5) show a reasonable agreement
with the initial composition profiles. This, again, is indirect evidence that the use of a
single diffusion couple for analysis of the full interdiffusion matrix is difficult. Another
important conclusion is that the back-tests of the composition profiles must not be used
as the only proof of the reliability of the chosen method.

3.5 Summary
The Fitting Method and the SQRD method are used for the analysis of the inverse
interdiffusion problem in ternary alloys using the closed form solutions and only one
diffusion couple. The constant interdiffusion coefficients are determined from the initially
generated composition profiles obtained from the closed form solution. For the quasibinary diffusion couple (BC-1), Origin gives the most accurate results. However, for this
type of couple, it is suggested that an additional method is used for consistency of the
results.
In non-quasi-binary diffusion couples (BC-2 and BC-3), the SQRD method gives, on
average, the best agreement with the initial matrices and profiles. The SQRD method
gives an error up to only 2% for the diagonal terms for most cases in non-quasi-binary
diffusion couples. With respect to the off-diagonal terms, it is shown that for the cases
considered, SQRD method almost always accurately reproduced the sign of the terms.
81

This is not the case for the Fitting Method. The accuracy of the SQRD method could, in
principle, be increased by making use of the higher order accuracy finite difference
approximations of the composition gradients.
In addition, strong evidence was shown that the back-tests of the composition profiles
must not be used as the only proof of the reliability of the chosen method.
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Chapter 4
Closed Form Solution Analysis of Interdiffusion Experiment in
Ternary Metallic Alloys Using a Newly Developed Approach
4.1 Introduction
Interdiffusion in ternary and higher number of components alloys has attained significant
interest in order to develop a better understanding of many of the microstructural
properties of solid materials. The direct application of interdiffusion knowledge in
multicomponent alloys includes heat treatment, intermetallics, phase formation, other
phases precipitation, formation of coatings and composites, diffusion bonding, cladding,
surface modification and so on [6, 118-120]. More specifically, deeper knowledge about
the movement of the atoms in multicomponent metallic alloys is required for the
manufacturing of micro-electronic devices. Typical examples of such devices are
computer chips, diodes, resistors, batteries, insulators, conductors, and many more.
Furthermore, the study of interdiffusion in alloys assists in the understanding of the
essential diffusional interactions among the alloy’s components. In the case of an
interdiffusion experiment in a ternary alloy, it is required that the total number of
independent interdiffusion coefficients is 4 (two diagonal and two off-diagonal) [121,
122]. In general (as was already mentioned in Chapter 1 of this thesis), in n-component
alloys a (𝑛 − 1) × (𝑛 − 1) matrix of interdiffusion coefficients is required. Due to the
large number of interdiffusion coefficients, investigations of ternary, as well as a higher
number of component systems, become more and more complex experimentally when
compared with binary systems (with one interdiffusion coefficient that requires relatively
straight forward analysis) [10, 11, 70, 71, 123-126]. In addition, experimental techniques
in multicomponent metallic system are rather costly and time consuming for most cases.
As was pointed out in Chapter 3, Fujita and Gosting studied composition independent
interdiffusion coefficients for binary and ternary systems [28, 74] in 1956-1957. Their
analysis mainly focussed on the application of a closed-form solution in binary and
ternary systems [44, 45]. Following their work, many researchers [78, 121, 127-130] have
investigated ternary interdiffusion from different points of view. As was already
mentioned in Chapter 2, Bouchet and Mevrel introduced a numerical method for
computing the composition-dependent interdiffusion matrix in ternary alloys [78].
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Weimin et al. studied the composition dependent ternary interdiffusion coefficients for a
single diffusion couple making use of the pragmatic method as well as the augmented
numerical method [131]. By considering diffusional constraints in solid-solid ternary
diffusion, Dayananda examined eigenvalues, eigenvectors, and interdiffusion coefficients
integrated over two regions in the diffusion zone [108]. However, the generated
composition profiles in [108] using the obtained interdiffusion matrix did not perfectly
match with the experimental outcome. Recently, several studies of interdiffusion
coefficients in ternary, as well as quaternary alloys were performed for one and two
diffusion couples [1, 111, 112, 114, 116, 132]. Very recently, the ternary metallic system
was investigated computationally to calculate the interdiffusion coefficients by means of
closed-form solutions using the Matano plane position in a single interdiffusion couple
[83]. The fitting method and the modified square root diffusivity method (MSQRD) were
also used to determine the best performing method.
The main aim of the present chapter is to extend the analysis of the previous chapter
(Chapter 3) in which the four ternary interdiffusion coefficients were determined using
one couple. In the present chapter, the custom written Matlab fitting program (MFP) is
used as the main tool for the simultaneous fitting into multiple composition profiles. The
retrieved interdiffusion matrices are obtained using a newly developed approach that is
interlinked with composition vectors, eigenvalues, and eigenvectors. This new approach
for investigating interdiffusion matrix can be easily developed making use of the
symbolic Mathematica software. Contrary to the closed form solution analysis in [28, 46]
the present analysis can be carried out for any multicomponent alloy. In this chapter, the
ternary alloy will be used for the purposes of clarity of the presentation. The custom
written Matlab Fitting Program (MFP) can be employed for the simultaneous fitting into
any number of composition profiles (Origin software is only capable of fitting into a
maximum of two profiles). The MFP version for the fitting into two profiles (ternary
system with the BC-1 couple) and four profiles (quinary system with an arbitrary terminal
end compositions) are given in the Appendix, programs 1 and 2 respectively.
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4.2 Mathematical Formulation
The detailed mathematical description of the ternary metallic system has already been
discussed in Chapter 3 (Section 3.2). As was already presented there, the basic governing
equations of the diffusion in the ternary metallic system can be written as:
2
𝜕𝐶1
𝜕 2 𝐶1
(3) 𝜕 𝐶2
෩ (3)
෩
=𝐷
+
𝐷
11
12
𝜕𝑡
𝜕𝑥 2
𝜕𝑥 2

(4.2.1)

2
𝜕𝐶2
𝜕 2 𝐶1
(3) 𝜕 𝐶2
෩ (3)
෩
=𝐷
+
𝐷
21
22
𝜕𝑡
𝜕𝑥 2
𝜕𝑥 2

(4.2.2)

where 𝐶1 and 𝐶2 are compositions as functions of distance 𝑥 and time 𝑡 and 𝐶3 =
(3) ෩ (3) ෩ (3)
(3)
෩11
෩22
1 − 𝐶1 − 𝐶2 . 𝐷
, 𝐷12 , 𝐷21 and 𝐷
are the four composition independent interdiffusion

coefficients.
Then the derived exact solution for the composition profiles 𝐶1 and 𝐶2 can be written in
the following closed form as [28, 44, 45]:
σ1
σ2
𝑥) + 𝐾1− erf (√ 𝑥)
4𝑡
4𝑡

(4.2.3)

σ1
σ2
𝑥) + 𝐾2− erf (√ 𝑥)
4𝑡
4𝑡

(4.2.4)

𝐶1 = 𝐶1 + 𝐾1+ erf (√

𝐶2 = 𝐶2 + 𝐾2+ erf (√
+/−

where the meanings of 𝐶𝑖 , 𝐾𝑖

, σi are given in Chapter 3.

Similar to the development in Chapter 3, the error function fitting forms for the Equations
(4.2.3)-(4.2.4), in general, can be presented as:
𝐶1 = 𝐶1 + 𝑎11 erf(𝑎𝑥) + 𝑎12 erf(𝑏𝑥)

(4.2.5)

𝐶2 = 𝐶2 + 𝑎21 erf(𝑎𝑥) + 𝑎22 erf(𝑏𝑥)

(4.2.6)

Here, 𝑎11 , 𝑎12 , 𝑎21 , 𝑎22 , 𝑎 and 𝑏 are treated as the fitting parameters.

4.2.1 New Expression for the Interdiffusion Matrix in a Ternary System
For retrieving the set of interdiffusion matrix, the general equation of the ternary system,
Equations (4.2.1) and (4.2.2) should be re-written in the matrix form:
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𝜕𝐶
𝜕 2𝐶
෩ (3)
=𝐷
𝜕𝑡
𝜕𝑥 2

(4.2.7)

෩ (3) is the matrix of four ternary interdiffusion coefficients and 𝐶 is the vector of
where 𝐷
෩ (3) has eigenvectors 𝐵, and eigenvalues 𝝀 defined
the compositions {𝐶1 , 𝐶2 }. The matrix 𝐷
as:
෩ (3) = 𝐵𝜆𝐵 −1
𝐷

(4.2.8)

The matrix of eigenvectors 𝐵, the diagonal matrix of eigenvalues 𝜆 and, diagonal matrix
[𝑓] of the error functions are:
𝑏
[𝐵] = [ 11
𝑏21

𝑏12
𝜆
], [𝜆] = [ 11
𝑏 22
0

𝑓
0
] and, [𝑓] = [ 1
𝜆22
0

0
]
𝑓2

Here 𝑓 is the diagonal matrix with the components:
𝑥

𝑓𝑖 = erf[

√𝜆𝑖𝑖 𝑡𝑓

]

Obviously,
σ

σ

𝑓1 = erf (√4𝑡1 𝑥) = erf(𝑎 𝑥), 𝑓2 = erf (√4𝑡2 𝑥) = erf(𝑏 𝑥)
𝑓

𝑓

and then eigenvalues can be calculated using the fitting parameters, 𝑎 and 𝑏, and the
following relations:
𝜆11 =

1
1
; 𝜆22 =
2
4𝑡𝑓 𝑎
4𝑡𝑓 𝑏 2

(4.2.9)

The diffusion time 𝑡𝑓 is readily available in the interdiffusion experiments. For the
computational tests the time was set as 𝑡𝑓 = 20 in dimensionless units.
The fitting parameters 𝑎𝑖𝑗 in Equations (4.2.5) and (4.2.6) are the multipliers for the 𝑓𝑖 -s
when they are linearly combined in Equations (4.2.5) and (4.2.6) (and in Equations (4.2.3)
and (4.2.4)). The 𝑎𝑖𝑗 can be mathematically expressed using the eigenvectors as follows:
𝑎11 =

𝑏11 𝑏21 Δ𝐶1 − 𝑏11 𝑏12 Δ𝐶2
−𝑏12 𝑏21 + 𝑏11 𝑏22

(4.2.10)

𝑎12 =

−𝑏12 𝑏21 Δ𝐶1 + 𝑏11 𝑏12 Δ𝐶2
−𝑏12 𝑏21 + 𝑏11 𝑏22

(4.2.11)
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𝑎21 =

−𝑏21 𝑏12 Δ𝐶2 + 𝑏21 𝑏22 Δ𝐶1
−𝑏12 𝑏21 + 𝑏11 𝑏22

(4.2.12)

𝑎22 =

−𝑏21 𝑏22 Δ𝐶1 + 𝑏11 𝑏22 Δ𝐶2
−𝑏12 𝑏21 + 𝑏11 𝑏22

(4.2.13)

Next, the most important finding of this section will be presented. Using the Mathematica
software symbolic tool (and following [44, 45]) it is easy to show that the ratio of the
fitting parameters,

𝑎11

and

𝑎21

𝑎22
𝑎12

are simply equal to the ratios of the corresponding

eigenvector’s components:
𝑎11 𝑏11
=
;
𝑎21 𝑏21

𝑎22 𝑏22
=
;
𝑎12 𝑏12

(4.2.14)

Then, by defining 𝑎1 , 𝑎2 and 𝑒 as:
𝑎

𝑎

𝑎1 = 𝑎21 ; 𝑎2 = 𝑎12;
11

22

𝑏

𝑒 = 𝑏22
11

(4.2.15)

and making use of the relation Equation (4.2.14) the eigenvector matrix can be written
as:
[𝐵] = [

𝑏11
𝑎1 𝑏11

𝑎2 𝑏11 𝑒
]
𝑏 11 𝑒

(4.2.16)

෩ (3) can be recovered using the following
Then the ternary interdiffusion matrix, 𝐷
expression:

෩ (3)
𝐷

𝜆11 − 𝑎1 𝑎2 𝜆22
1 − 𝑎1 𝑎2
=
𝑎1 (−𝜆11 + 𝜆22 )
[ −1 + 𝑎1 𝑎2

𝑎2 (𝜆11 − 𝜆22 )
−1 + 𝑎1 𝑎2
𝑎1 𝑎2 𝜆11 − 𝜆22
1 − 𝑎1 𝑎2 ]

(4.2.17)

Remarkably, this expression contains only the fitting parameters 𝑎, 𝑏 in terms of the
eigenvalues 𝜆11 and 𝜆22 respectively (Equation (4.2.9)) and the ratios of the other fitting
𝑎

𝑎

parameters 𝑎𝑖𝑗 : 𝑎1 = 𝑎21 ; 𝑎2 = 𝑎12 . For the quaternary and higher components alloys
11

22

the resulting expressions are very similar and do not require any complex algebraic
manipulations as in the methods presented in [28] for solving this problem in the ternary
alloy and in [46] for solving this problem in the quaternary alloy.
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For the best results of application of this method, the interdiffusion couples should not
have large differences in composition. This condition is important for the validity of the
constant interdiffusion coefficients assumption. In addition, for a perfect set of
interdiffusion matrix, values of all the fitting parameters need to be calculated very
accurately. This has already been emphasized in [78, 83].

4.3 Computing the Interdiffusion Coefficients Using the Newly Developed Method
To test the new fitting Matlab program and demonstrate the application of the new
Equation (4.2.17), a set of tests is considered similar to the testing approach used in
Chapter 3. In these tests, the calculated interdiffusion coefficients are compared with the
input set of initial coefficients of the interdiffusion matrix. First of all, the closed-form
solution is used to generate the discretised composition profiles for the chosen diffusion
couples. The same as in Chapter 3, the maximum length in the 𝑥 co-ordinate is chosen so
that 𝑥𝑚𝑎𝑥 = 40 with 𝑥−∞ = −20 and 𝑥+∞ = −20. The constant mesh size along the 𝑥axis is taken as ∆𝑥 = 0.2 with a time step ∆𝑡 = 0.0001. For investigating the
interdiffusion coefficients obtained with the new fitting Matlab program and application
of the new Equation (4.2.17), the same three sets of diffusion couples with different
boundary conditions (BC) are considered, see Table 3.1 in Chapter 3 of this thesis.
Similar to the previous study that was presented in Chapter 3, four different interdiffusion
matrices with the same diagonal terms and different off-diagonal ones are chosen. These
෩ (3) =
෩11) are defined as follows. Case-i: 𝐷
matrices (scaled to the highest component 𝐷
1.0 0.5
෩ (3) = [1.0 −0.1]; Case-iii: 𝐷
෩ (3) = [ 1.0 0.5] ; and Case-iv:
]; Case-ii: 𝐷
0.1 0.5
0.1 0.5
−0.1 0.5
෩ (3) = [ 1.0 −0.1].
𝐷
−0.1 0.5
[

The resulting diffusion paths for the diffusion couples (BC-1 to BC-3) and Cases-i-iv can
be found in Chapter 3, Figure 3.1.
The closed-form solution is used (similar to Chapter 3) to create the composition profiles.
In order to investigate the obtained composition profiles, several fitting techniques are
used to calculate the constant interdiffusion matrix. The obtained values of interdiffusion
coefficients are assessed by means of comparing the composition profiles simulated using
the new matrices along with the profiles simulated using the input values. In the present
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study, three fitting methods are used, Curve fitting tool (Cftool from Matlab), the Origin
and the new custom written Matlab fitting program (MFP). All of them make the global
fitting, therefore, they fit the data simultaneously. In the use of the Cftool, the composition
profiles are fitted sequentially, first the 𝐶1 profile and then, using the obtained parameters
a and b, the 𝐶2 profile. This will be called Cftool-1. In the Cftool-2 method, first the 𝐶2
profile is fitted and then, using the obtained parameters a and b, the 𝐶1 profile. In all three
fitting methods, the fitting functions are used with the location of the Matano plane, 𝑥𝑀 ,
determined by the trapezoidal rule. The calculated interdiffusion coefficients are obtained
with four significant digits.
The outcomes of the interdiffusion matrices that are calculated by applying the new
Equations (4.2.9)-(4.2.17) to the fitting parameters are presented in Tables 4.1-4.3 for the
three boundary conditions BC-1 to BC-3 respectively.
First, results for the quasi-binary diffusion couple BC-1 are presented in Table 4.1. In all
four cases all fitting methods give good outcomes compared with the initial values,
although Origin and MFP provides better results overall, for all interdiffusion
coefficients, diagonal and off-diagonal. The maximum relative errors are 8.00% and
4.96% for diagonal and off-diagonal terms respectively using Cftool methods. The new
custom written MFP seems to be very accurate and comparable to Origin with the relative
error under 0.16% and 0.6% for diagonal and off-diagonal terms respectively.
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Table 4.1: Values of the calculated interdiffusion coefficients applying various fitting
methods from the original composition profiles for BC-1.
(3)
෩11
𝐷

(3)
෩12
𝐷

(3)
෩21
𝐷

(3)
෩22
𝐷

Case-i
Cftool-1

1.0
0.9988(0.12)

0.5
0.4983(0.34)

0.1
0.1018(1.8)

0.5
0.5017(0.34)

Cftool-2

1.0156(1.56)

0.5142(2.84)

0.0986(1.4)

0.4992(0.16)

Origin

1.0034(0.34)

0.5029(0.58)

0.0961(3.9)

0.4967(0.66)

MFP

1.0005(0.05)

0.5005(0.1)

0.0994(0.6)

0.4994(0.12)

Case-ii

1.0

-0.1

0.1

0.5

Cftool-1

0.9998(0.02)

-0.0999(0.1)

0.1000(0.0)

0.5001(0.02)

Cftool-2

0.9998(0.02)

-0.1001(0.1)

0.0999(0.1)

0.5001(0.02)

Origin

0.9999(0.01)

-0.0999(0.1)

0.0999(0.1)

0.5000(0.0)

MFP

1.0016(0.16)

-0.1002(0.2)

0.1002(0.2)

0.5000(0.0)

Case-iii

1.0

0.5

-0.1

0.5

Cftool-1

0.9977(0.23)

0.4988(0.24)

-0.0977(2.3)

0.5024(0.48)

Cftool-2

1.0800(8.0)

0.5248(4.96)

-0.0984(1.6)

0.5016(0.32)

Origin

1.0002(0.02)

0.5002(0.04)

-0.1000(0.00)

0.4999(0.02)

MFP

1.0008(0.08)

0.5005(0.1)

-0.1002(0.2)

0.5002(0.04)

Case-iv

1.0

-0.1

-0.1

0.5

Cftool-1

1.0007(0.7)

-0.1002(0.2)

-0.1004(0.4)

0.4997(0.06)

Cftool-2

1.0008(0.08)

-0.0994(0.6)

-0.1001(0.1)

0.5001(0.02)

Origin

1.0000(0.0)

-0.0999(0.1)

-0.0999(0.1)

0.5000(0.0)

MFP

1.0000(0.0)

-0.0999(0.1)

-0.1000(0.0)

0.5005(0.1)
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𝐶2
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Figure 4.1: Comparison of composition profiles of Case-i for BC-1. The composition
profile for 𝐶3 is shown for completeness.

𝐶1
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𝐶3

𝐶2
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Figure 4.2: Comparison of composition profiles of Case-ii for BC-1. The composition
profile for 𝐶3 is shown for completeness.
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Figure 4.3: Comparison of composition profiles of the Case-iii for BC-1. The
composition profile for 𝐶3 is shown for completeness.

𝐶1
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𝐶3

𝐶2

Distance

Figure 4.4: Comparison of composition profiles of Case-iv for BC-1. The composition
profile for 𝐶3 is shown for completeness.
In Figures 4.1-4.4, comparison of the composition profiles for BC-1 for the four cases are
presented. The interdiffusion matrix is calculated using Equation (4.2.17) and the fitting
parameters obtained via the Cftool, Origin and MFP. The obtained interdiffusion matrices
are assessed by comparing the composition profiles generated by using the initial matrices
and the obtained (recovered) ones. It should be pointed out that the new way of calculating
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the interdiffusion matrix using Equation (4.2.17) results in a much better outcome than
the methods studied in Chapter 3.
Next is the analysis of the diffusion couple BC-2 using the fitting method and Equation
(4.2.17). It can be observed from Table 4.2 (see below) that Cftool again provides
maximum relative errors up to 0.26% and 1.4% respectively for diagonal and off-diagonal
terms. Origin gives much more accurate results than Cftool with the maximum relative
errors up to 0.06% and 0.6% respectively for the diagonal and off-diagonal terms. Both
fitting methods produce the correct sign for all off-diagonal interdiffusion coefficients. It
can be seen that between the two fitting methods, Origin appears to be slightly more
accurate. Similar to the BC-1, the MFP method also provides a very good outcome for
the diagonal and off-diagonal terms having the maximum relative errors of 0.17% and
0.5% respectively. In BC-2, Origin provides the most accurate results for the diagonal
terms. This may indicate the need to increase the accuracy of the Matlab intrinsic function
“nlinfit” that is used in the MFP. (Change of intrinsic parameters can be done with the
use of Matlab intrinsic function “statset”).
In Figures 4.5-4.8, the comparison of the composition profiles for the BC-2 for the four
cases are presented. The back-test comparison of the composition profiles using the
obtained interdiffusion matrix again shows complete agreement with the composition
profiles obtained from the initial set.
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Table 4.2: Values of the calculated interdiffusion coefficients applying various fitting
methods from the original composition profiles for BC-2.
(3)
෩11
𝐷

(3)
෩12
𝐷

(3)
෩21
𝐷

(3)
෩22
𝐷

1.0

0.5

0.1

0.5

Cftool-1

1.001(0.1)

0.5004(0.08)

0.0993(0.7)

0.4996(0.08)

Cftool-2

0.9996(0.04)

0.4963(0.74)

0.1014(1.4)

0.5009(0.18)

Origin

1.0001(0.01)

0.5001(0.02)

0.1000(0.0)

0.5000(0.0)

MFP

1.0003(0.03)

0.4998(0.04)

0.1000(0.0)

0.5002(0.04)

Case-ii

1.0

-0.1

0.1

0.5

Cftool-1

0.9998(0.02)

-0.0999(0.1)

0.1000(0.0)

0.5001(0.02)

Cftool-2

0.9998(0.02)

-0.1003(0.3)

0.1001(0.1)

0.4992(0.16)

Origin

0.9999(0.01)

-0.1000(0.0)

0.1000(0.0)

0.4999(0.02)

MFP

1.0017(0.17)

-0.1005(0.5)

0.1004(0.4)

0.4999(0.02)

Case-iii

1.0

0.5

-0.1

0.5

Cftool-1

0.9994(0.06)

0.5013(0.26)

-0.0989(1.1)

0.5007(0.14)

Cftool-2

1.0013(0.13)

0.5006(0.12)

-0.1009(0.9)

0.4987(0.26)

Origin

1.0001(0.01)

0.5002(0.04)

-0.1000(0.0)

0.4997(0.06)

MFP

0.9999(0.01)

0.4999(0.02)

-0.0999(0.1)

0.5000(0.0)

Case-iv

1.0

-0.1

-0.1

0.5

Cftool-1

1.0009(0.09)

-0.1000(0.0)

-0.0994(0.6)

0.5001(0.02)

Cftool-2

1.0008(0.08)

-0.0998(0.2)

-0.1001(0.1)

0.5002(0.04)

Origin

1.0001(0.01)

-0.1000(0.0)

-0.0994(0.6)

0.5001(0.02)

1.000(0.0)

-0.0999(0.1)

-0.0999(0.1)

0.5000(0.0)

Case-i

MFP
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Figure 4.5: Comparison of composition profiles of Case-i for BC-2. The composition
profile for 𝐶3 is shown for completeness.
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Figure 4.6: Comparison of composition profiles of Case-ii for BC-2. The composition
profile for 𝐶3 is shown for completeness.
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Figure 4.7: Comparison of composition profiles of Case-iii for BC-2. The composition
profile for 𝐶3 is shown for completeness.
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Figure 4.8: Comparison of composition profiles of Case-iv for BC-2. The composition
profile for 𝐶3 is shown for completeness.
Now results for BC-3 will be presented. The application of the fitting method (both Cftool
and Origin implementation) provides similar outcomes as for the BC-2 and they are
summarised in Table 4.3. In BC-3, Origin shows the maximum relative error up to 0.02%
for the diagonal and off-diagonal terms. The MFP method provides good results with a
maximum relative error up to 0.8% and 2.8% respectively for the diagonal and off96

diagonal terms. Results calculated using the Cftool are again less accurate than when
using Origin or the MFP.
In Figures 4.9-4.12, the comparison of the composition profiles using the obtained
interdiffusion matrix from Cftool, Origin and MFP are plotted along with the composition
profiles obtained from the initial set of the interdiffusion coefficients.
Table 4.3: Values of the calculated interdiffusion coefficients applying various fitting
methods from the original composition profiles for BC-3.
(3)
෩11
𝐷

(3)
෩12
𝐷

(3)
෩21
𝐷

(3)
෩22
𝐷

1.0

0.5

0.1

0.5

Cftool-1

1.0002(0.02)

0.5002(0.04)

0.1002(0.2)

0.4998(0.04)

Cftool-2

1.0004(0.04)

0.4991(0.18)

0.1001(0.1)

0.4996(0.08)

Origin

1.0000(0.0)

0.4999(0.02)

0.1000(0.0)

0.5000(0.0)

MFP

1.0004(0.04)

0.5003(0.06)

0.0998(0.2)

0.5001(0.02)

Case-ii

1.0

-0.1

0.1

0.5

Cftool-1

0.9998(0.02)

-0.0999(0.1)

0.0999(0.2)

0.5000(0.0)

Cftool-2

0.9995(0.05)

-0.0988(1.2)

0.0998(0.2)

0.5002(0.04)

Origin

0.9999(0.01)

-0.1000(0.0)

0.1000(0.0)

0.4999(0.02)

MFP

1.0010(0.1)

-0.0972(2.8)

0.1002(0.2)

0.5005(0.1)

Case-iii

1.0

0.5

-0.1

0.5

Cftool-1

1.0006(0.06)

0.4961(0.78)

-0.0973(2.7)

0.4960(0.8)

Cftool-2

1.0005(0.05)

0.4986(0.28)

-0.1005(0.5)

0.4996(0.08)

Origin

1.0001(0.01)

0.5001(0.02)

-0.1000(0.0)

0.4999(0.02)

MFP

1.0001(0.01)

0.5002(0.04)

-0.1001(0.1)

0.4995(0.1)

Case-iv

1.0

-0.1

-0.1

0.5

Cftool-1

1.0007(0.07)

-0.1000(0.0)

-0.1002(0.2)

0.5003(0.06)

Cftool-2

1.0005(0.05)

-0.1009(0.9)

-0.1001(0.1)

0.5004(0.08)

Origin

1.0000(0.0)

-0.1000(0.0)

-0.1000(0.0)

0.4999(0.02)

MFP

1.0008(0.8)

-0.1000(0.0)

-0.0998(0.2)

0.5002(0.04)

Case-i
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Figure 4.9: Comparison of composition profiles of Case-i for BC-3. The composition
profile for 𝐶3 is shown for completeness.
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Figure 4.10: Comparison of composition profiles of Case-ii for BC-3. The composition
profile for 𝐶3 is shown for completeness.
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Figure 4.11: Comparison of composition profiles of Case-iii for BC-3. The composition
profile for 𝐶3 is shown for completeness.
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Figure 4.12: Comparison of composition profiles of Case-iv for BC-3. The composition
profile for 𝐶3 is shown for completeness.

99

4.4 Application of the New Method for Computing the Interdiffusion Coefficients
for the Ternary Alloys Using a Real Experiment
෩ (3) will be determined using the new
In this section, ternary interdiffusion coefficients 𝐷
𝑖𝑗

approach applied to the experimental results for Cu-Ni-Zn alloys that are available in [1].
The aim of the present section is to analyse an example of ternary interdiffusion
coefficients that can be calculated when the experimentally measured composition
profiles are available. For that purpose, the analysis is conducted on the selected Cu-NiZn ternary alloys at 775oC for 48 hours annealing [1]. In [1] the interdiffusion analysis
(using different approaches available for the ternary systems) was applied to composition
profiles in 0.315Cu-0.475Ni-0.25Zn/0.825Cu-0.175Ni-0.0Zn diffusion couple. In this
Chapter, the custom Matlab fitting program (MFP) is applied to the composition profiles
in 0.245Cu-0.475Ni-0.28Zn/0.78Cu-0.22Ni-0.0Zn couple that is slightly different from
the couple that was used in [1]. The data were kindly provided by Professor Yong Ho
Sohn, University of Central Florida, Orlando, USA via private communication. The
fitting method is applied using the error function solutions (Equations (4.2.5)-(4.2.6)).
The diagonal and off-diagonal ternary interdiffusion coefficients are then determined
making use of the new Equation (4.2.17) with the averaged Matano plane (𝑥𝑀 ) position.
The present study provides a consistency check of the interdiffusion coefficients
calculated through the fitting methods and the methods used in [1]. Cu is chosen as the
reference element (3). Ni is element 1 and Zn is element 2. Then the obtained (using the
(3)
෩11
MFP) non-dimensional interdiffusion matrix has the following elements: 𝐷
= 208.20;
(3)
(3)
(3)
෩
෩21
෩22
𝐷12 = −194.0; 𝐷
= −78.96; 𝐷
= 747.21. Finally, the correct values of

interdiffusion matrix are obtained by multiplying these values by ∆𝑥 2 /𝑡𝑖𝑚𝑒. In the
present experimental study ∆𝑥 = 1.5 × 10−6 𝑚 and the annealing time is 48 hours. The
resulting interdiffusion matrix and the one that is obtained in [1] are presented in Table
4.4.
Figure 4.13 presents the comparison of the composition profiles for the Cu-Ni-Zn couple
using the currently obtained interdiffusion matrix as well as the matrix from [1] along
with the experimental data. The composition profile of Ni is shown in the Figure for
completeness. From the Figure it can be seen that the new method of calculating the
interdiffusion matrix gives good agreement with the experimental profiles. The back-test
ensures the reliability of the methods used in [1] as well.
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Table 4.4: Comparison of ternary interdiffusion coefficient determined by the MFP and
the interdiffusion coefficients obtained in [1] (using the experimental data for Cu-Ni-Zn
alloys at 775oC for 48 hours annealing).
Selected Couples
Composition

0.245Cu-0.475Ni-0.28Zn/
0.78Cu-0.22Ni-0.0Zn
0.315Cu-0.435Ni-0.25Zn/
0.825Cu-0.175Ni-0.0Zn

Interdiffusion Coefficients
3
෩𝑖𝑗
𝐷
(× 10−15 𝑚2 /𝑠)
(3)
෩11
𝐷

(3)
෩12
𝐷

(3)
෩21
𝐷

(3)
෩22
𝐷

2.71

-2.53

-1.02

9.73

2.10

-1.41

-0.59

8.61

Application of
Current Study
Experimentally
obtained from
[1]

𝐶𝑢

𝑁𝑖
𝑍𝑛

Figure 4.13: Comparison of simulated closed form profiles using the new set of
interdiffusion matrix and the interdiffusion matrix obtained from [1] along with the
experimental results. Black solid lines represents the experimentally obtained profiles,
red dotted lines are used for the currently obtained matrix, and green dashed-dotted lines
are for matrix obtained in [1].
4.5 Examples of Other Solutions Using MFP When a Single Diffusion Couple is Used
The use of only one diffusion couple for interdiffusion analysis in a ternary alloy, in
general, may produce a result that is significantly different from the real one. For the
computational testing this type of outcome can be called “a second solution”. This was
observed in the application of the newly developed fitting method to the three diffusion
couples described above. However, with the use of the fitting methods it was not possible
to find a second solution in all considered cases, only in some.
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1) BC-1 diffusion couple: In the application of the fitting method with the use of
Equation (4.2.17) to Case-ii and Case-iv, extra interdiffusion matrices were found. This
was possible by simply changing the initial values for the fitting parameters in the MFP.
In Case-ii this matrix is most likely a second solution coming from the application of the
method to only one diffusion couple. This is reflected in the complete match in the backtest of the corresponding composition profiles, see, for example, Figure 4.14 (a).
෩ (3) = [1.0 −0.1].
Case ii: Initial matrix: 𝐷
0.1 0.5
The obtained extra matrix, which is most likely a second solution (with deviation from
the initial matrix given in brackets in %, ‘!’, is used when the sign was changed) is:
−0.0973(2.7%)
෩ (3) = [ 1.0065(0.65%)
𝐷
].
−0.0042(104%!) 0.4447(11%)
Note that the diagonal terms of this matrix are not very much different from the original
matrix. The off-diagonal terms become very close to zero as compared to 0.1 in the
original matrix.
In Figures 4.14 (b) and (c) results of the back-tests for the other two couples, BC-2 and
BC-3 are presented. BC-2 couple has the same terminal C2 compositions as in BC-1.
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(a)

(b)

(c)

Figure 4.14. Back-test of the composition profiles for the extra interdiffusion matrix for
(a): Case-ii, BC-1; (b): Case-ii, BC-2; (c): Case-ii, BC-3.
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(a)

(b)

(c)

Figure 4.15. Back-test of the composition profiles for the extra interdiffusion matrix for
(a): Case-iv, BC-1; (b): Case-iv, BC-2; (c): Case-iv, BC-3.
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Therefore, it can be expected that these couples will give similar back-test results. Indeed,
this is confirmed in Figures 4.14 (a) and (b). It is clear that in the back-test using BC-3
couple there is a small but noticeable deviation of the calculated profiles from the initial
ones. This further indicates that the new matrix is most likely a second solution to the
interdiffusion problem when only one couple is used.
෩ (3) = [ 1.0 −0.1].
Case iv: Initial matrix: 𝐷
−0.1 0.5
The obtained extra matrix, which is most likely a result of the (slight) deviation of the
composition profiles from the initial ones, see Figure 4.15 (a), is (deviation from the initial
෩ (3) =
matrix are given in brackets in %, ‘!’ used when the sign was changed): 𝐷
[

0.5622(44%) −0.3786(279%)
].
0.0002(100%!)
0.5879(17%)

It should be emphasised again that in Case-iv, due to some clear deviations in the profiles
back-test that can be seen in Figure 4.15 (a), the matrix cannot be accepted as a second
solution, but rather as a different case with very similar profiles.
In Figures 4.15 (b) and (c) results of the back-test for the other two couples, BC-2 and
BC-3 are presented. In the case of the BC-2 back-test, the deviations in the profiles are
similar to the BC-1 back-test as expected. However, results for the BC-3 back-test shows
clear deviations between the profiles.
It should also be noted that for Case-i, and Case-iii the (clear) second solution was not
found by means of the fitting method.
2) BC-2 diffusion couple: Similar to BC-1, it was possible for all four cases of the test
matrices to find the retrieved interdiffusion matrices the same (up to the computational
error) as the initial ones. And for all four cases for these results, the new fitting method
gives a good outcome compared with the initial matrices, the new custom written MFP
seems to be a very accurate one and the relative error never exceeds that of 0.17% and
0.5% for diagonal and off-diagonal terms respectively.
Similar to BC-1, in the application of the fitting method in the BC-2 diffusion couple to
Case-i, Case-ii and Case-iii, together with retrieving of the initial interdiffusion matrices,
extra interdiffusion matrices were found as well. In Case-i, this matrix is coming from the
(slight) deviation of the composition profiles from the initial ones, see Figure 4.16 (a) and
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Figure 4.16 (b). It should be pointed out that in this Case, deviations in the resulting
interdiffusion matrix are very large, factors from 6 to 44 for all components, diagonal and
off-diagonal.
(a)

(b)

(c)

(d)

Figure 4.16. Back-test of the composition profiles for the extra interdiffusion matrix: (a)
Case-i, BC-2, distance in the x-direction is 30 (dimensionless units); (b) Case-i, BC-2,
distance in the x-direction is 80 (dimensionless units); (c): Case-i, BC-1 (d): Case-i, BC3.
෩ (3) = [1.0 0.5].
Case i: Initial matrix: 𝐷
0.1 0.5
The obtained extra matrix, which is most likely a result of the (slight) deviation of the
composition profiles from the initial ones, see Figure 4.16 (a) and Figure 4.16 (b), is
(deviation from the initial matrix are given in brackets in %, ‘!’ used when the sign was
changed):
෩ (3) = [12.16(1116%, factor of 12) 7.54(1408%, factor of 14)].
𝐷
4.38(4280%, factor of 44)
3.21 (542%, factor of 6)
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Note the huge deviation of the second matrix from the initial one making this a very
special case to analyse. Close inspection of Figure 4.16 (a) reveals that the deviations in
the composition profiles are at the terminal ends and not in the middle part of the diffusion
zone. In Figure 4.16 (b) the distance in the x-direction was increased to cover the extended
‘tails’ of the profiles at the terminal ends.
In Figures 4.16 (c) and (d) results of the back-test for the other two couples, BC-1 and
BC-3 are presented. It is clear that in this case both BC-1 and BC-3 back-tests show
significant deviations in the composition profiles. It should be emphasised again that this
case clearly demonstrate the deficiency of the use of only one couple in a ternary system.
In Case-ii and Case-iii these extra matrices are clearly a second solution coming from the
application of the method to only one diffusion couple. This is reflected in the excellent
back-tests of the corresponding composition profiles, see Figure 4.17 (a) and Figure 4.18
(a).
෩ (3) = [
Case ii: Initial matrix: 𝐷

1.0 −0.1
].
0.1 0.5

The obtained extra matrix, which is most likely a second solution, is (deviation from the
෩ (3) =
initial matrix are given in brackets in %, ‘!’ used when the sign was changed): 𝐷
[

0.9677(3.2%)
−0.1089(8.9%)
].
−0.0529(153%!) 0.4632(7.4%)

In Figures 4.17 (b) and (c) results of the back-test for the other two couples, BC-1 and
BC-3 are presented. As was already pointed out, BC-1 is very similar to BC-2 and the
back-test on those couples gives similar results as well. Again, the back-test using BC-3
couple shows a small but noticeable deviation of the calculated profiles from the initial
ones. Again, this is an indication that the new matrix is most likely a second solution to
the interdiffusion problem when only one couple is used.
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(a)

(b)

(c)

Figure 4.17. Back-test of the composition profiles for the extra interdiffusion matrix for
(a): Case-ii, BC-2; (b): Case-ii, BC-1; (c): Case-ii, BC-3
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(a)

(b)

(c)

Figure 4.18. Back-test of the composition profiles for the extra interdiffusion matrix for
(a): Case-iii, BC-2; (b): Case-iii, BC-1; (c): Case-iii, BC-3.
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෩ (3) = [ 1.0 0.5].
Case iii: Initial matrix: 𝐷
−0.1 0.5
The obtained extra matrix, which is most likely a second solution, is (deviation from the
෩ (3) =
initial matrix are given in brackets in %, ‘!’ used when the sign was changed): 𝐷
[

1.0882(8.8%)
0.5600(12%)
].
0.0209(121%!) 0.5829(16.6%)

In Figures 4.18 (b) and (c) results of the back-test for the other two couples, BC-1 and
BC-3 are presented. Similar to the previous case, back-tests for BC-1 and BC-2 are almost
the same. However, in the back-test using BC-3 couple there is a small but noticeable
deviation of the calculated profiles from the initial ones. Again, this further indicates that
the new matrix is most likely a second solution to the interdiffusion problem when only
one couple is used.
It should also be noted that for BC-2, Case-iv, the second solution was not found by
means of the fitting method.
3) BC-3 diffusion couple: Similar to BC-1 and BC-2, it was possible for all four Cases
of the test matrices to find the retrieved interdiffusion matrices that are the same (up to
the computational error) as the initial ones. And, again, for all four cases for these results
the new fitting method gives a good outcome compared with the initial matrices, the
relative error never exceeds that of 0.8% and 2.8% for diagonal and off-diagonal terms
respectively.
Similar to BC-1 and BC-2, in the application of the fitting method in the BC-3 diffusion
couple to Case-i, Case-iii and Case-iv, together with retrieving of the initial interdiffusion
matrices, extra interdiffusion matrices were found as well. In Case-i and Case-iii these
matrices are coming from the (slight) deviation of the composition profiles from the initial
ones, see Figure 4.19 and Figure 4.20. In the Case-iv this extra matrix is the second
solution.

110

(a)

(b)

(c)

Figure 4.19. Back-test of the composition profiles for the extra interdiffusion matrix for
(a): Case-i, BC-3; (b): Case-i, BC-1; (c): Case-i, BC-2.
෩ (3) = [1.0 0.5].
Case i: Initial matrix: 𝐷
0.1 0.5
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The obtained extra matrix, which is most likely a result of the (slight) deviation of the
composition profiles from the initial ones, see Figure 4.19 (a), is (deviation from the initial
෩ (3) =
matrix are given in brackets in %, ‘!’ used when the sign was changed): 𝐷
[

1.2224(22.2%) −0.0092(102%!)
].
−0.2126(313%!) 1.1949 (139%)

In Figures 4.19 (b) and (c) results of the back-test for the other two couples, BC-1 and
BC-2 are presented. Back-tests for the BC-1 and BC-2 show somewhat similar results
with significant deviations from the original profiles.
෩ (3) = [ 1.0
Case iii: Initial matrix: 𝐷

0.5
].
−0.1 0.5

The obtained extra matrix, which is most likely a result of the (slight) deviation of the
composition profiles from the initial ones, see Figure 4.20 (a), is (deviation from the initial
෩ (3) =
matrix are given in brackets in %, ‘!’ used when the sign was changed): 𝐷
[

1.3691(37%)
−0.0912(118%!)
].
−0.2003(100%) 0.6534(30.7%)

In Figures 4.20 (b) and (c) results of the back-test for the other two couples, BC-1 and
BC-2 are presented. Again, back-tests for the BC-1 and BC-2 show similar results with
significant deviations from the original profiles.
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(a)

(b)

(c)

Figure 4.20. Back-test of the composition profiles for the extra interdiffusion matrix for
(a): Case-iii, BC-3; (b): Case-iii, BC-1; (c): Case-iii, BC-2.
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(a)

(b)

(c)

Figure 4.21. Back-test of the composition profiles for the extra interdiffusion matrix for
(a): Case-iv, BC-3; (b): Case-iv, BC-1; (c): Case-iv, BC-2.
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෩ (3) = [ 1.0
Case iv: Initial matrix: 𝐷

−0.1

−0.1
].
0.5

The obtained extra matrix, which is most likely a second solution, see Figure 4.21, is
(deviation from the initial matrix are given in brackets in %, ‘!’ used when the sign was
changed):
−0.1561(56%)
෩ (3) = [ 1.0303(3%)
𝐷
].
−0.1150(15%) 0.5259(5.2%)

In Figures 4.21(b) and (c) the results of the back-test for the other two couples, BC-1 and
BC-2 are presented. In this case, the new matrix is not very different from the original
one, therefore all back-tests look similar to each other. However, there are still very small
deviations in BC-1 and BC-2 back-tests.
In the cases where the second solution was found for the BC-1, 2 and 3 diffusion couples,
the diagonal elements of the new matrix deviate (in relative terms) from the initial one by
a maximum of 17%. The off-diagonal elements may change sign, and their deviation from
the initial ones may be as high as 153%.
The other cases where the second interdiffusion matrix was identified are very important
because of two main reasons. First, from an experimental point of view the deviations in
the composition profiles (Figures 4.15(a), 4.16(a), 4.16(b), 4.19(a), 4.20(a)) are very
small and are all within the experimental error margins. This means that all these matrices
would appear as legitimate second solutions when corresponding profiles from the real
experiment are analysed. Consequently, the deviations in the diagonal and off-diagonal
terms could be very high, up to a factor of 12 and 44 respectively. Second, the standard
practice of verification of the obtained interdiffusion matrix using only one couple should
not be accepted as satisfactory for ternary and higher component alloys.

4.6 Fitting into two couples
It is clear from the above investigations in this Chapter that for the correct analysis of the
ternary interdiffusion problem two diffusion couples should be used. The ideal choice of
the couples is that the compositions of all components should not be the same at both
terminal ends (could be the same at one end only).
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Fitting functions using two couples in the ternary alloy should be constructed as follows.
For Couple 1 with compositions (𝐶11 , 𝐶21 )
1
𝐶11 = 𝐶11 + 𝑎11
{erf(𝑎 𝑥) + 𝑎1 erf(𝑏 𝑥)}

(4.6.1)

𝐶21 = 𝐶21 + 𝑎122 {𝑎2 erf(𝑎 𝑥) + erf(𝑏 𝑥)}

(4.6.2)

and for Couple 2 with compositions (𝐶12 , 𝐶22 )
2
𝐶12 = 𝐶12 + 𝑎11
{erf(𝑎 𝑥) + 𝑎1 erf(𝑏 𝑥)}

(4.6.3)

2
𝐶22 = 𝐶22 + 𝑎22
{𝑎2 erf(𝑎 𝑥) + erf(𝑏 𝑥)}

(4.6.4)

1
2
In total, 8 fitting parameters are to be identified. The parameters 𝑎11
and 𝑎122 ; 𝑎11
and
2
𝑎22
are not needed for further calculations. However, the parameters a, b, 𝑎1 and 𝑎2 are,

of course, essential. The interdiffusion matrix can be calculated using these parameters
and Equations (4.2.9) and (4.2.17).
Using the new Matlab program (see the third program in the Appendix with profiles for
BC-1 and BC-3) four profiles were fit simultaneously into these functions using three
possible combinations of couples BC-1, 2 and 3. The obtained fitting parameters were
definitely of better quality than when only one couple was used. On the other hand, results
of the use of only one couple have already been reasonably stable from a computational
point of view. Therefore, not much improvement can be expected in terms of accuracy.
As expected, the second matrices were not found in all combinations.

4.7 Summary
A newly developed mathematical analysis to calculate the ternary interdiffusion
coefficients using a closed form solution is presented for ternary (and higher components)
systems. All the available computational fitting methods are applied over the composition
profiles for the ternary system. The obtained fitting parameters are then used to obtain the
interdiffusion matrix. From this computational study, it is concluded that the custom
Matlab fitting program gives very good agreement, similar to Origin (with default settings
for the intrinsic accuracies in both of them). In addition, the newly developed approach
is applied to the experimental results for the Cu-Ni-Zn alloys annealing at 775oC and 48
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hours. The ternary interdiffusion coefficients were successfully determined using the
newly developed method for both the computer experiment as well as the real
experimental study. The existence of the second solution (within computational and/or
experimental error margins) was demonstrated for 8 cases out of 12 considered. The need
for the second couple in the ternary analysis was clearly shown despite the stable results
for obtaining the main solution.

Appendix
1. Matlab program for fitting into two profiles (one ternary couple).
function sharedparams2
format long
data=load('OUTPUT1.dat');
t=data(:,1);
T=[t;t];
Y=[data(:,2);data(:,3)];
c11=5/12;
c22=1/6;
dsid=[ones(201,1);2*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
b=nlinfit(X,Y,@subfun,0.303.*ones(1,6))
line(t,c11+b(1).*erf(b(3).*t)+b(4).*erf(b(6).*t))
line(t,c22+b(2).*erf(b(3).*t)+b(5).*erf(b(6).*t))
bb=[1 b(4)/b(5); b(2)/b(1) 1]; l11=1./(80*b(3)^2); l22=1./(80*b(6)^2);
cc=[l11 0; 0 l22];
dd=bb*cc/bb
end
function yfit=subfun(params,X)
c11=5/12;
c22=1/6;
T=X(:,1);
dsid=X(:,2);
A0=params(3);
A1=params(6);
B0=[c11 c22]';
B1=params(1:2)';
B2=params(4:5)';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T);
end

2. Matlab program for fitting into four profiles (one quinary couple).
function sharedparams4
format long
data1=load('OUTPUT1.dat');
%data2=load('OUTPUT2.dat');
t=data1(:,1);
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T=[t;t;t;t];
Y=[data1(:,2);data1(:,3);data1(:,4);data1(:,5)];
c11=0.11;
c22=0.23;
c33=0.22;
c44=0.22;
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
b=nlinfit(X,Y,@subfun,0.09.*ones(1,20))
line(t,c11+b(5).*erf(b(1).*t)+b(10).*b(9).*erf(b(2).*t)+b(14).*b(13).*
erf(b(3).*t)+b(17).*b(18).*erf(b(4).*t))
line(t,c22+b(6).*b(5).*erf(b(1).*t)+b(9).*erf(b(2).*t)+b(15).*b(13).*e
rf(b(3).*t)+b(17).*b(19).*erf(b(4).*t))
line(t,c33+b(7).*b(5).*erf(b(1).*t)+b(11).*b(9).*erf(b(2).*t)+b(13).*e
rf(b(3).*t)+b(17).*b(20).*erf(b(4).*t))
line(t,c44+b(8).*b(5).*erf(b(1).*t)+b(12).*b(9).*erf(b(2).*t)+b(16).*b
(13).*erf(b(3).*t)+b(17).*erf(b(4).*t))
bb=[1 b(10) b(14) b(18); b(6) 1 b(15) b(19); b(7) b(11) 1 b(20);
b(8) b(12) b(16) 1];
l11=1./(80*b(1)^2); l22=1./(80*b(2)^2); l33=1./(80*b(3)^2);
l44=1./(80*b(4)^2);
cc=[l11 0 0 0; 0 l22 0 0; 0 0 l33 0; 0 0 0 l44];
dd=bb*cc/bb
end
function yfit=subfun(params,X)
T=X(:,1);
dsid=X(:,2);
c11=0.11;
c22=0.23;
c33=0.22;
c44=0.22;
params1=params;
a1=params(6);a2=params(7);a3=params(8);
b1=params(10);b2=params(11); b3=params(12);
c1=params(14);c2=params(15);c3=params(16);
d1=params(18);d2=params(19);d3=params(20);
params1(6)=a1.*params1(5);
params1(7)=a2.*params1(5);
params1(8)=a3.*params1(5);
params1(10)=b1.*params1(9);
params1(11)=b2.*params1(9);
params1(12)=b3.*params1(9);
params1(14)=c1.*params1(13);
params1(15)=c2.*params1(13);
params1(16)=c3.*params1(13);
params1(18)=d1.*params1(17);
params1(19)=d2.*params1(17);
params1(20)=d3.*params1(17);
A0=params1(1);
A1=params1(2);
A2=params1(3);
A3=params1(4);
B0=[c11 c22 c33 c44]';
B1=params1(5:8)';
B2=[params1(10) params1(9) params1(11) params1(12)]';
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B3=[params1(14) params1(15) params1(13) params1(16)]';
B4=[params1(18) params1(19) params1(20) params1(17)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(
A2.*T)+B4(dsid).*erf(A3.*T);
end

3. Matlab program for fitting into four profiles (two ternary couples).
function sharedparams42
format long
data=load('OUTPUT1.dat');
t=data(:,1);
T=[t;t;t;t];
Y=[data(:,2);data(:,3);data(:,4);data(:,5)];
c11=5/12;
c22=1/6;
c33=3/8;
c44=1/8;
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
b=nlinfit(X,Y,@subfun,1.5.*ones(1,8))
line(t,c11+b(1).*erf(b(3).*t)+b(4).*b(5)*erf(b(6).*t))
line(t,c22+b(2).*b(1)*erf(b(3).*t)+b(5).*erf(b(6).*t))
line(t,c33+b(7).*erf(b(3).*t)+b(4).*b(8).*erf(b(6).*t))
line(t,c44+b(2).*b(7).*erf(b(3).*t)+b(8).*erf(b(6).*t))
bb=[1 b(4); b(2) 1]; l11=1./(80*b(3)^2); l22=1./(80*b(6)^2);
cc=[l11 0; 0 l22];
dd=bb*cc/bb
end
function yfit=subfun(params,X)
c11=5/12;
c22=1/6;
c33=3/8;
c44=1/8;
T=X(:,1);
dsid=X(:,2);
params1=params;
a=params1(2);
b=params1(4);
params1(2)=a.*params1(1);
params1(4)=b.*params1(5);
params1(9)=b.*params1(8);
params1(10)=params1(8);
params1(8)=a.*params1(7);
A0=params(3);
A1=params(6);
B0=[c11 c22 c33 c44]';
B1=[params1(1) params1(2) params1(7) params1(8)]';
B2=[params1(4) params1(5) params1(9) params1(10)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T);
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Chapter 5
Computer Simulation of the Interdiffusion Experiment in
Multicomponent Alloys
5.1 Introduction
Over the last few decades studying interdiffusion in multicomponent alloys has attracted
a considerable amount of attention from materials scientists and engineers due to various
practical applications in the areas of design of new materials in aerospace, automobiles,
medical devices and energy production [4, 133-136]. Interdiffusion in multicomponent
alloys plays a special role in the heat treatment processes in the fields of diffusion
bonding, surface modification and microstructure properties such as microstructural
stability, creep and so on [134]. The phenomenological interpretation of multicomponent
diffusion is typically based on Onsager’s irreversible thermodynamics formalism and
Fick’s laws [49, 56, 137].
The detailed study of alloys fabricated with a large number of equal or nearly equal
amounts of the components was first initiated in 1981 [138]. Then, based on a
thermodynamic approach in his BSc work, Knight [139], extended the work of [138] to
multicomponent alloys consisting of five or more components. He altered the fabrication
process by making use of the melt-spinning method and modified the alloys based on
CoCrFeMnNi with the addition of titanium, vanadium, copper, germanium and niobium.
Later in 2004, Cantor et al. [140] published an article which described the microstructural
development of multicomponent alloys. Following the work of [140], Yeh et al. [141]
discussed the very basic concepts of these now called high entropy alloys (HEAs).
The present chapter deals with the study of the interdiffusion phenomenon in
multicomponent alloys mainly for quaternary and quinary metallic systems. The
interdiffusion matrices are assumed to be constant i.e. independent of composition. As
was pointed out in the previous chapter, Kim [30, 46] studied a general way of analysing
a quaternary system and derived a general solution of the diffusion differential equations
which is applicable for both the liquid and solid phases. Following the work of Kim,
several other researchers investigated four-component diffusion from different points of
view [84, 85]. In 1992, Stalker et al. [86] studied the Ni-Cr-Al-Mo quaternary alloy and
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calculated quaternary interdiffusion coefficients using the square root diffusivity method.
In 2006-2007, Kulkarni et al. [87, 88], studied a general approach for analysing
quaternary Cu-Ni-Zn-Mn couples. They used the transfer matrix method (TMM) for
calculating constant interdiffusion coefficients over the diffusion zone. Brian [142]
described some fundamental principles for multicomponent alloys and HEAs fabricated
by conventional and high-speed solidification techniques. In 2015, Kulkarni and Chauhan
[143] experimentally analysed interdiffusion in quaternary systems with the estimation
of the diagonal and off-diagonal interdiffusion coefficients from composition and
interdiffusion fluxes. Their data indicate that significant diffusional interactions occur in
the Fe-Ni-Co-Cr four component metallic system. Very recently, Verma et al. [4] studied
experimentally the quaternary metallic system Fe-Ni-Co-Cr using a body diagonal
diffusion couple and investigated the interdiffusion matrix. In addition, Durand et al.
[144] investigated the Cr-Fe-Co-Ni quaternary alloy which is known as a medium entropy
alloy and calculated the interdiffusion coefficients using the standard Sauer-Freise
method.
Many researchers have investigated quinary HEAs. In most cases, selected HEAs were
considered, for example, CoCrFeMnNi, AlCoCrFeNi, TiZrHfCrMo, CoCrCuFeNi, and
so on. Tsai et al. [2] and Dabrowa et al. [3] investigated CoCrFeMnNi and AlCoCrFeNi
HEAs experimentally and theoretically for the range of temperatures 1173K-1373K.
Later, in 2018 and 2019, the research team of Dabrowa et al. [145, 146] experimentally
investigated the diffusion characteristics of CoCrFeMnNi, AlCoCrFeNi, CoCrCuFeNi,
CoCrFeNi, CoFeMnNi, CoCrMnNi alloys for four separate temperatures 1230K, 1270K,
1310K and 1350K. At the same time, they rechecked the experimentally obtained data of
AlCoCrFeNi published in [3] and made some corrections of the previously acquired data.
In addition, many authors have recently published their research on the experimental
study of HEAs for a number of different metallic alloys [147-151].
In the study of HEAs, it is vitally important to obtain the interdiffusion coefficients at the
alloy composition for a better understanding of the diffusion and interdiffusion
phenomenon. Due to the higher number of metallic components, investigation of the
interdiffusion coefficients of the HEAs becomes a more difficult job compared with
binary and ternary metallic systems. Up to now, a limited number of available techniques
have been used to determine the interdiffusion coefficients in HEAs. First of all, Tsai et
al. [2] determined the interdiffusion coefficients for the quasi-binary diffusion couples by
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applying the Sauer-Freise method for the CoCrFeMnNi HEAs alloys. The interdiffusion
coefficients obtained in [2] delivered values of tracer diffusion coefficients that were
close to each other. In 2017, Paul et al. [33] calculated self-diffusion coefficients using
the experimental data obtained in [2]. Dabrowa et al. [3] determined tracer diffusion
coefficients for the AlCoCrFeNi alloy. Vaidya et al. [152] measured tracer diffusion
coefficients for the CoCrFeMnNi alloy applying the radiotracer method using the same
experimental information presented in Ref. [2]. Furthermore, some of the researchers
investigated composition-dependent interdiffusion coefficients as well as the tracer
diffusivities using different methods for the HEAs and multicomponent systems [99, 153,
154]. In addition, many researchers retrieved the interdiffusion matrix for single or
multiple diffusion couples in binary or ternary metallic systems [8, 131, 135, 155, 156]
applying different available methods such as the Matano method, the Matano-Kirkaldy
method, sometimes using the software HitDIC and others.
In the present chapter, the newly developed analysis [157] is applied to quaternary and
quinary diffusion couples. In the quaternary case, the custom-written Matlab fitting
program and consecutive analysis of the obtained fitting parameters is used to calculate
the interdiffusion matrices for one, two and three diffusion couples. In the quinary alloy,
again, the custom-written Matlab fitting program is used to calculate the quinary
interdiffusion matrices for CoCrFeMnNi diffusion couples. In addition, in the study of
CoCrFeMnNi alloy, the quasi-binary Cr-Mn, Fe-Co and Fe-Ni diffusion couples (with
compositions the same as in [2]) were analysed as well.

5.2 Mathematical Formulation
5.2.1 Mathematical Overview for the Quaternary System
The governing equations of the diffusion in the quaternary metallic system with constant
interdiffusion coefficients can be written as:
2
2
2
𝜕𝐶1
(4) 𝜕 𝐶1
(4) 𝜕 𝐶2
(4) 𝜕 𝐶3
෩11
෩12
෩13
=𝐷
+
𝐷
+
𝐷
𝜕𝑡
𝜕𝑥 2
𝜕𝑥 2
𝜕𝑥 2

(5.2.1)

2
2
2
𝜕𝐶2
(4) 𝜕 𝐶1
(4) 𝜕 𝐶2
(4) 𝜕 𝐶3
෩21
෩22
෩23
=𝐷
+
𝐷
+
𝐷
𝜕𝑡
𝜕𝑥 2
𝜕𝑥 2
𝜕𝑥 2

(5.2.2)
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2
2
2
𝜕𝐶3
(4) 𝜕 𝐶1
(4) 𝜕 𝐶2
(4) 𝜕 𝐶3
෩31
෩32
෩33
=𝐷
+
𝐷
+
𝐷
𝜕𝑡
𝜕𝑥 2
𝜕𝑥 2
𝜕𝑥 2

(5.2.3)

where 𝐶1 , 𝐶2 and 𝐶3 (and 𝐶4 = 1 − 𝐶1 − 𝐶2 − 𝐶3 ) are compositions that are functions of
(4) ෩ (4) ෩ (4) ෩ (4) ෩ (4) ෩ (4) ෩ (4) ෩ (4)
(4)
෩11
෩33
distance 𝑥 and time 𝑡. 𝐷
, 𝐷12 , 𝐷13 , 𝐷21 , 𝐷22 , 𝐷23 , 𝐷31 , 𝐷32 and 𝐷
are the

interdiffusion coefficients and they are assumed to be constants that are independent of
composition. 𝐶4 is treated as the reference atomic component in the present quaternary
system.
The (standard) initial conditions are:
𝐶𝑖 = 𝐶𝑖 +
𝐶𝑖 = 𝐶𝑖 −

∆𝐶𝑖
2
∆𝐶𝑖
2

; for 𝑥 > 0, 𝑡 = 0

(5.2.4)

; for 𝑥 < 0, 𝑡 = 0

(5.2.5)

and the (standard) boundary conditions are:
𝐶𝑖 → 𝐶𝑖 +
𝐶𝑖 → 𝐶𝑖 −

∆𝐶𝑖
2
∆𝐶𝑖
2

; for 𝑥 → ∞, 𝑡 > 0

(5.2.6)

; for 𝑥 → −∞, 𝑡 < 0

(5.2.7)

𝐶𝑖 = [(𝐶𝑖 )𝐴 + (𝐶𝑖 )𝐵 ]/2

(5.2.8)

where
∆𝐶𝑖 = (𝐶𝑖 )𝐵 − (𝐶𝑖 )𝐴

(5.2.9)

Equations (5.2.1-5.2.3) can be converted into ordinary differential equations by using the
Equations (5.2.4)-(5.2.8) and substituting 𝛼 for

𝑑𝐶1
𝑑𝑦

, 𝛽 for

𝑥

𝑦=

2 √𝑡

𝑑𝐶2
𝑑𝑦

, 𝛾 for

𝑑𝐶3
𝑑𝑦

and 𝜂 for 𝑦 2 where
(5.2.10)

And they can be written as:
𝑑𝛼
) = 𝐸1 𝛼 + 𝐸2 𝛽 + 𝐸3 𝛾
𝑑𝜂

(5.2.11)

𝑑𝛽
) = 𝐹1 𝛼 + 𝐹2 𝛽 + 𝐹3 𝛾
𝑑𝜂

(5.2.12)

−(

−(
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𝑑𝛾
− ( ) = 𝐺1 𝛼 + 𝐺2 𝛽 + 𝐺3 𝛾
𝑑𝜂

(5.2.13)

where
(4) ෩ (4)
(4) ෩ (4)
෩22
෩23
෩ (4) |
𝐸1 = (𝐷
𝐷33 − 𝐷
𝐷32 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩13
෩12
෩ (4) |
𝐸2 = (𝐷
𝐷32 − 𝐷
𝐷33 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩12
෩13
෩ (4) |
𝐸3 = (𝐷
𝐷23 − 𝐷
𝐷22 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩23
෩21
෩ (4) |
𝐹1 = (𝐷
𝐷31 − 𝐷
𝐷33 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩11
෩13
෩ (4) |
𝐹2 = (𝐷
𝐷33 − 𝐷
𝐷31 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩13
෩11
෩ (4) |
𝐹3 = (𝐷
𝐷21 − 𝐷
𝐷23 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩21
෩22
෩ (4) |
𝐺1 = (𝐷
𝐷32 − 𝐷
𝐷31 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩12
෩11
෩ (4) |
𝐺2 = (𝐷
𝐷31 − 𝐷
𝐷22 )/|𝐷
𝑖𝑗
(4) ෩ (4)
(4) ෩ (4)
෩11
෩12
෩ (4) |
𝐺3 = (𝐷
𝐷22 − 𝐷
𝐷21 )/|𝐷
𝑖𝑗

and
(4)
෩11
𝐷
(4)
෩ (4) | = |𝐷
෩21
|𝐷
𝑖𝑗

(4)
෩12
𝐷
(4)
෩22
𝐷

(4)
෩13
𝐷
(4)
෩23
|
𝐷

(4)
෩31
𝐷

(4)
෩32
𝐷

(4)
෩33
𝐷

After carrying out some lengthy algebraic calculations, the exact closed-form solution for
the quaternary metallic system can be written as [46]:
𝐶1 = 𝐶1 + Ψ11 erf(√σ1 𝑦) + Ψ12 erf(√σ2 𝑦) + Ψ13 erf(√σ3 𝑦)

(5.2.14)

𝐶2 = 𝐶2 + Ψ21 erf(√σ1 𝑦) + Ψ22 erf(√σ2 𝑦) + Ψ23 erf(√σ3 𝑦)

(5.2.15)

𝐶3 = 𝐶3 + Ψ31 erf(√σ1 𝑦) + Ψ32 erf(√σ2 𝑦) + Ψ33 erf(√σ3 𝑦)

(5.2.16)

where
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(4)
(4)
෩11
෩12
(𝜎𝑘 − 𝜎𝑗 )
𝐷
𝐷
Ψ1𝑖 =
{Δ𝐶1 [ (4) + 𝐸1 𝜎𝑖 − 𝜎𝑖 (𝜎𝑗 + 𝜎𝑘 )] + Δ𝐶2 [ (4) + 𝐸2 𝜎𝑖 ] +
2𝑔1 (𝜎)
෩ |
෩ |
|𝐷
|𝐷
𝑖𝑗

Δ𝐶3 [

(4)
෩13
𝐷

෩ (4) |
|𝐷
𝑖𝑗

𝑖𝑗

+ 𝐸3 𝜎𝑖 ]}

(5.2.17)

(4)
(4)
෩21
෩22
(𝜎𝑘 − 𝜎𝑗 )
𝐷
𝐷
Ψ2𝑖 =
{Δ𝐶1 [ (4) + 𝐹1 𝜎𝑖 ] + Δ𝐶2 [ (4) + 𝐹2 𝜎𝑖 − 𝜎𝑖 (𝜎𝑗 + 𝜎𝑘 )] +
2𝑔1 (𝜎)
෩ |
෩ |
|𝐷
|𝐷
𝑖𝑗

Δ𝐶3 [

(4)
෩23
𝐷

෩ (4) |
|𝐷
𝑖𝑗

𝑖𝑗

+ 𝐹3 𝜎𝑖 ]}

(5.2.18)

(4)
(4)
෩31
෩32
(𝜎𝑘 − 𝜎𝑗 )
𝐷
𝐷
Ψ3𝑖 =
{Δ𝐶1 [ (4) + 𝐺1 𝜎𝑖 ] + Δ𝐶2 [ (4) + 𝐺2 𝜎𝑖 ] +
2𝑔1 (𝜎)
෩ |
෩ |
|𝐷
|𝐷
𝑖𝑗

Δ𝐶3 [

(4)
෩33
𝐷

෩ (4) |
|𝐷
𝑖𝑗

𝑖𝑗

+ 𝐺3 𝜎𝑖 − 𝜎𝑖 (𝜎𝑗 + 𝜎𝑘 )]}

(5.2.19)

and
𝑔1 (𝜎) = 𝜎12 (𝜎3 − 𝜎2 ) + 𝜎22 (𝜎1 − 𝜎3 ) + 𝜎32 (𝜎2 − 𝜎1 )

(5.2.20)

Equations (5.2.17)-(5.2.20) follow the restrictions: if 𝑖 = 1, then 𝑗 = 2, 𝑘 = 3; if 𝑖 = 2,
then 𝑗 = 3, 𝑘 = 1; if 𝑖 = 3, then 𝑗 = 1, 𝑘 = 2. 𝜎1 , 𝜎2 and 𝜎3 are the roots and obtained
from the condition [46]:
𝐸1 − 𝜎
| 𝐹1
𝐺1

𝐸2
𝐹2 − 𝜎
𝐺2

𝐸3
𝐹3 | = 0
𝐺3 − 𝜎

(5.2.21)

On the other hand, the error function solution for the Equations (5.2.1)-(5.2.3) can be
presented in general form that is suitable for the fitting purpose:
𝐶1 = 𝐶1 + 𝑎11 𝑒𝑟𝑓(𝑎 ∗ 𝑥) + 𝑎12 𝑒𝑟𝑓(𝑏 ∗ 𝑥) + 𝑎13 𝑒𝑟𝑓(𝑐 ∗ 𝑥)

(5.2.22)

𝐶2 = 𝐶2 + 𝑎21 𝑒𝑟𝑓(𝑎 ∗ 𝑥) + 𝑎22 𝑒𝑟𝑓(𝑏 ∗ 𝑥) + 𝑎23 erf(𝑐 ∗ 𝑥)

(5.2.23)

𝐶3 = 𝐶3 + 𝑎31 𝑒𝑟𝑓(𝑎 ∗ 𝑥) + 𝑎32 𝑒𝑟𝑓(𝑏 ∗ 𝑥) + 𝑎33 erf(𝑐 ∗ 𝑥)

(5.2.24)
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Here, 𝑎11 , 𝑎12 , 𝑎13 , 𝑎21 , 𝑎22 , 𝑎23 , 𝑎31 , 𝑎32 , 𝑎33 , 𝑎, 𝑏 and 𝑐 are the basic fitting parameters.

5.2.2 New Expression for Interdiffusion Coefficients in a Quaternary System Using
the Fitting Parameters
For retrieving the set of interdiffusion matrix, the general equation of the quaternary
system, Equations (5.2.1)-(5.2.3), can be re-written in the matrix form:
𝜕𝐶
𝜕 2𝐶
෩ (4)
=𝐷
𝜕𝑡
𝜕𝑥 2

(5.2.25)

෩ (4) is the matrix of nine quaternary interdiffusion coefficients. The matrix 𝐷
෩ (4)
where 𝐷
has eigenvectors 𝐵, and eigenvalues 𝜆 defined as:
෩ (4) = 𝐵𝜆𝐵 −1
𝐷

(5.2.26)

The matrix of eigenvectors 𝐵 and the diagonal matrix of eigenvalues 𝜆 are:
𝑏11
[𝐵] = [𝑏21
𝑏31

𝑏12
𝑏22
𝑏32

𝑏13
𝜆11
𝑏23 ], [𝜆] = [ 0
0
𝑏33

0
𝜆22
0

0
0 ]
𝜆33

(5.2.27)

The eigenvalues 𝜆𝑖𝑖 are related to the parameters 𝑎, 𝑏 and 𝑐 in Equations (5.2.22)-(5.2.24)
and defined as:
𝜆11 =

1
1
1
;
𝜆
=
;
𝜆
=
22
33
4𝑡𝑓 𝑎2
4𝑡𝑓 𝑏 2
4𝑡𝑓 𝑐 2

(5.2.28)

where 𝑡𝑓 is the diffusion time (the same diffusion time 𝑡𝑓 = 20 is considered here, similar
to the ternary study). Therefore, after the fitting into the error function form the
eigenvalues 𝜆𝑖𝑖 can be obtained.
Then the final general expression for the interdiffusion matrix is [157]:

෩ (4)
𝐷

1
= [𝑎1
𝑎2

𝑏1
1
𝑏2

𝑑1 𝜆11
𝑑2 ] [ 0
1
0

0
𝜆22
0

0
1
0 ] [𝑎1
𝜆33 𝑎2

𝑏1
1
𝑏2

𝑑1 −1
𝑑2 ]
1

(5.2.29)

where
𝜆11 = 4𝑡

1

𝑓𝑎

2

; 𝜆22 = 4𝑡

1

𝑓𝑏

2

; 𝜆33 = 4𝑡

1

𝑓𝑑

2

;

(5.2.30)
126

𝑎

𝑎

𝑎

𝑎

𝑎

𝑎

𝑎1 = 𝑎21 ; 𝑎2 = 𝑎31; 𝑏1 = 𝑎12 ; 𝑏2 = 𝑎32; 𝑑1 = 𝑎13 ; 𝑑2 = 𝑎23 .
11

11

22

22

33

33

(5.2.31)

Expressions Equation (5.2.29) together with Equations (5.2.30-5.2.31) are the new ones
for the interdiffusion matrix in the quaternary system using parameters from the fitting
into the composition profiles.

5.2.3 Mathematical Overview of the Quinary System
To describe diffusion processes in the quinary metallic system, four independent partial
differential equations must be considered:
𝜕𝐶
𝜕𝐶𝑖
𝜕
෩𝑖𝑗(5) 𝑗 ) ; 𝑖, 𝑗 = 1,2,3,4
= ∑ (𝐷
𝜕𝑡
𝜕𝑥
𝜕𝑥

(5.2.32)

𝐽

෩𝑖𝑗(5) are the
and, as usual, 𝐶5 = 1 − 𝐶1 − 𝐶2 − 𝐶3 − 𝐶4 where 𝐶𝑖 are compositions, 𝐷
elements of the interdiffusion matrix. In the quinary system, there are four diagonal and
twelve off-diagonal interdiffusion coefficients.
The detailed mathematical overview of the quinary metallic system will be presented in
the next chapter (Chapter 6) in Equations (6.2.1-6.2.8).
The error function solution for quinary metallic system can be written in general form as:
𝐶1 = 𝐶1 + 𝑎11 𝑒𝑟𝑓(𝑎 ∗ 𝑥) + 𝑎12 𝑒𝑟𝑓(𝑏 ∗ 𝑥) + 𝑎13 𝑒𝑟 𝑓(𝑐 ∗ 𝑥) + 𝑎14 erf(𝑓 ∗ 𝑥) (5.2.33)
𝐶2 = 𝐶2 + 𝑎21 𝑒𝑟𝑓(𝑎 ∗ 𝑥) + 𝑎22 𝑒𝑟𝑓(𝑏 ∗ 𝑥) + 𝑎23 erf(𝑐 ∗ 𝑥) + 𝑎24 erf(𝑓 ∗ 𝑥)

(5.2.34)

𝐶3 = 𝐶3 + 𝑎31 𝑒𝑟𝑓(𝑎 ∗ 𝑥) + 𝑎32 𝑒𝑟𝑓(𝑏 ∗ 𝑥) + 𝑎33 erf(𝑐 ∗ 𝑥) + 𝑎34 erf(𝑓 ∗ 𝑥)

(5.2.35)

𝐶4 = 𝐶4 + 𝑎41 𝑒𝑟𝑓(𝑎 ∗ 𝑥) + 𝑎42 𝑒𝑟𝑓(𝑏 ∗ 𝑥) + 𝑎43 erf(𝑐 ∗ 𝑥) + 𝑎44 erf(𝑓 ∗ 𝑥)

(5.2.36)

Here, 𝑎11 , 𝑎12 , 𝑎13 , 𝑎14 , 𝑎21 , 𝑎22 , 𝑎23 , 𝑎24 , 𝑎31 , 𝑎32 , 𝑎33 , 𝑎34 , 𝑎41 , 𝑎42 , 𝑎43 , 𝑎44 , 𝑎, 𝑏, 𝑐 and
𝑓 are the quinary fitting parameters.

5.2.4 New Expression for Interdiffusion Coefficients in a Quinary System Using the
Fitting Parameters
For retrieving the interdiffusion matrix, consider again the general equations (5.2.32) of
the quinary system in its matrix form:
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𝜕𝐶
𝜕 2𝐶
෩ (5)
=𝐷
𝜕𝑡
𝜕𝑥 2

(5.2.37)

෩ (5) is the matrix of sixteen interdiffusion coefficients and 𝐶 is the vector of the
where 𝐷
෩ (5) has a matrix of eigenvectors 𝐵 and a
compositions {𝐶1 , 𝐶2 , 𝐶3 , 𝐶4 }. The matrix 𝐷
diagonal matrix of eigenvalues 𝜆 defined as:
෩ (5) = 𝐵𝜆𝐵 −1
𝐷

(5.2.38)

Similar to the quaternary system, the matrix of eigenvectors 𝐵 and the diagonal matrix of
eigenvalues 𝜆 can be written as:
𝑏11
𝑏
[𝐵] = [ 21
𝑏31
𝑏41

𝑏12
𝑏22
𝑏32
𝑏42

𝑏13
𝑏23
𝑏33
𝑏43

𝑏14
𝑏24
], [𝜆] = [
𝑏34
𝑏44

𝜆11 0 0
0 𝜆22 0
0 0 𝜆33
0
0 0

0
0
]
0
𝜆44

(5.2.39)

The eigenvalues 𝜆𝑖𝑖 are related to the parameters 𝑎, 𝑏, 𝑐 and, 𝑓 from Equations (5.2.33)(5.2.36) as:
𝜆11 =

1
1
1
1
; 𝜆22 =
; 𝜆33 =
; 𝜆44 =
;
2
2
2
4𝑡𝑓 𝑎
4𝑡𝑓 𝑏
4𝑡𝑓 𝑐
4𝑡𝑓 𝑓 2

(5.2.40)

Then the final expression for the retrieved interdiffusion matrix is [157]:

෩ (5)
𝐷

1
𝑎
=[ 1
𝑎2
𝑎3

𝑏1 𝑑1
1 𝑑2
𝑏2 1
𝑏3 𝑑3

𝑓1
𝜆11 0 0
𝑓2
0 𝜆22 0
][
𝑓3
0 0 𝜆33
0
1
0 0

1
0
0 𝑎1
][
0 𝑎2
𝜆44 𝑎3

𝑏1 𝑑1
1 𝑑2
𝑏2 1
𝑏3 𝑑3

𝑎

𝑎

𝑓1 −1
𝑓2
]
𝑓3
1

(5.2.41)

where
𝑎

𝑎

𝑎

𝑎

𝑎1 = 𝑎21 ; 𝑎2 = 𝑎31; 𝑎3 = 𝑎41 ; 𝑏1 = 𝑎12 ; 𝑏2 = 𝑎32 ; 𝑏3 = 𝑎42 ;
11

11

𝑎

𝑎

11

22

22

22

𝑎

𝑎

𝑎

𝑎

𝑑1 = 𝑎13 ; 𝑑2 = 𝑎23 ; 𝑑3 = 𝑎43 ; 𝑓1 = 𝑎14 ; 𝑓2 = 𝑎24 ; 𝑓3 = 𝑎34.
33

33

33

44

44

44

(5.2.42)
(5.2.43)

Again, the expressions Equation (5.2.41) together with Equations (5.2.42-43) are the new
ones for the interdiffusion matrix in the quinary system using fitting parameters into the
composition profiles
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5.3 Results and Discussions
5.3.1 Evaluation of Quaternary Interdiffusion Coefficients
Single Couple Analysis
In the current study of interdiffusion experiments in quaternary metallic alloys, the
interdiffusion coefficients are determined using the custom written Matlab fitting
program. To calculate the quaternary interdiffusion matrix, the expressions Equation
(5.2.29) together with Equations (5.2.30-31) are used. The analysis is conducted by
treating the problem as non-dimensional, similar to the study in the previous Chapter on
ternary metallic systems. The maximum length in the 𝑥 co-ordinate are chosen as 𝑥𝑚𝑎𝑥 =
40 with 𝑥−∞ = −20 and 𝑥+∞ = −20. The constant mesh size along 𝑥 axis are taken as
∆𝑥 = 0.2 with a time step ∆𝑡 = 0.0001.
For investigating the interdiffusion coefficients in the present study, three interdiffusion
couples are chosen. The information on the end compositions of these three couples as
well as the initial interdiffusion matrix (together with its eigenvalues {𝜆1 , 𝜆2 , 𝜆3 } and
eigenvectors [𝑣1 ], [𝑣2 ] and [𝑣3 ]) employed for the test couples are presented in Table 5.1
and Table 5.2 respectively. From the end compositions, it is observed that no quasi-binary
or quasi-ternary couples were constructed in the present study. At the beginning of the
analysis, the initial interdiffusion matrix has been used to numerically generate the
composition profiles on the basis of explicit finite difference scheme applied to the
Equations (5.2.1-5.2.3). Then the composition profiles are fitted by making use of the
fitting functions in Equations (5.2.22-5.2.24). The obtained fitted parameters were then
implemented for the calculations of the quaternary interdiffusion coefficients using the
new Equations (5.2.29-5.2.31).
Table 5.1: The end compositions for three chosen diffusion couples.
Diffusion
Couple
BC-1

(𝐶1 )𝐵

(𝐶2 )𝐵

(𝐶3 )𝐵

(𝐶1 )𝐴

(𝐶2 )𝐴

(𝐶3 )𝐴

0.2

0.2

0.3

0.3

0.3

0.2

BC-2

0.2

0.3

0.2

0.3

0.2

0.3

BC-3

0.2

0.3

0.3

0.3

0.2

0.2
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Table 5.2: Initial set of interdiffusion matrix for the quaternary alloys together with the
eigenvalues and eigenvectors.
(4)
෩11
𝐷

(4)
෩12
𝐷

(4)
෩13
𝐷

(4)
෩21
𝐷

(4)
෩22
𝐷

(4)
෩23
𝐷

(4)
෩31
𝐷

(4)
෩32
𝐷

(4)
෩33
𝐷

1.0

0.2

0.2

0.1

0.5

0.2

0.1

0.1

0.25

{𝜆1 , 𝜆2 , 𝜆3 } = {1.0848, 0.4946, 0.1806}; [𝑣1 ] = [0.97, 0.22, 0.14];
[𝑣2 ] = [0.43, −0.89, −0.19]; [𝑣3 ] = [−0.08, −0.51, 0.86];

Next, the average Matano Plane position (𝑥𝑀 ) is calculated. The location of the average
Matano plane is calculated from the composition profiles and is 𝑥𝑀 = −0.0999, the same
for all three couples. In the following on Tables 5.3-5.5, three matrices are presented that
were obtained for couples 1, 2 and 3 respectively. It is clear that all matrices are different
from each other. In order to get a better understanding of how different these matrices are
from the initial one, graphical back-tests were performed as well. For this, the obtained
matrices are used for generating the back-test composition profiles that are plotted in
Figures 5.1-5.9 along with the initial profiles. In all figures throughout the Chapter, solid
lines represent the initial profiles whereas dash lines represent the new back-test profiles.
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Table 5.3: Interdiffusion coefficients obtained from the use of a single couple, BC-1. The
diagonal terms are highlighted in bold. The percentage of the relative error is given in the
brackets next to each number. The exclamation sign is used if the sign was not correctly
reproduced (relative error is then over 100%).
Quaternary Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-1
Matrix 1

Couple-1
Matrix 2

Couple-1
Matrix 3

෩ (𝟒)
𝑫
𝟏𝟏 =1.0

1.0784(7.8)

1.0574(5.74)

1.0864(8.6)

(4)
෩12
𝐷
= 0.2

0.0350(82.5)

0.0582(70.9)

0.0024(98.8)

(4)
෩13
𝐷
= 0.2

0.1050(47.5)

0.1147(42.65)

0.0836(58.2)

(4)
෩21
𝐷
= 0.1

0.1145(14.5)

0.1601(60.1)

-0.0563(!)

෩ (𝟒)
𝑫
𝟐𝟐 = 0.5

0.4706(5.9)

1.1007(120.1)

0.8564(71.3)

(4)
෩23
𝐷
= 0.2

0.1834(8.3)

0.5544(177)

0.4096(104.8)

(4)
෩31
𝐷
= 0.1

0.1161(16.1)

0.0119(88.1)

0.0424(57.6)

(4)
෩32
𝐷
= 0.1

0.0646(35.4)

0.3029(202.9)

0.2317(131.7)

෩ (𝟒)
𝑫
𝟑𝟑 = 0.25

0.2292(8.3)

0.3696(47.8)

0.3274(31.0)

Analysis from the couple-1 (see Table 5.3) shows that the maximum relative error for the
diagonal terms is 120.1% whereas for the off-diagonal terms it is 202.9%. Overall, matrix
1 has the lowest relative errors for the diagonal and off-diagonal terms.
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(a)

(b)

(c)

Figure 5.1: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 1 for Couple 1): (a)
Comparison for couple-1; (b) Comparison for couple-2; (c) Comparison for couple-3. The
composition profile for 𝐶4 is shown for completeness.
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(a)

(b)

(c)

Figure 5.2: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (matrix 2 for couple 1): (a)
Comparison for couple-1; (b) Comparison for couple-2; (c) Comparison for couple-3. The
composition profile for 𝐶4 is shown for completeness.
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(a)

(b)

(c)

Figure 5.3: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (matrix 3 for couple 1): (a)
Comparison for couple-1; (b) Comparison for couple-2; (c) Comparison for couple-3. The
composition profile for 𝐶4 is shown for completeness.

In Figures 5.1-5.3, comparison of composition profiles generated for all couples using
matrices 1-3 respectively (from the analysis of couple-1) are presented. It can be seen that
the back-tests using the same couple-1 gives excellent agreement with all newly generated
profiles. However, the back-tests using couples-2 and 3 show significant deviations from
the original profiles. These results in the quaternary cases are entirely consistent with the
fact that the solution for the single couple analysis is not unique. In general, to obtain the
correct matrix, all three couples should be processed simultaneously.
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Further comment can be made about matrix 1 that is very close to the initial matrix. Using
this matrix for couple-2 gives profiles that are very close to the original ones. This means
that even the use of two couples is, in general, not enough for the correct estimation of
the interdiffusion matrix in quaternary systems.
Table 5.4: Interdiffusion coefficients obtained from the use of a single couple, BC-2. The
diagonal terms are highlighted in bold. The percentage of the relative error is given in
brackets next to each number. The exclamation sign is used if the sign was not correctly
reproduced (relative error is then over 100%).
Quaternary Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-2
Matrix 1

Couple-2
Matrix 2

Couple-2
Matrix 3

෩ (𝟒)
𝑫
𝟏𝟏 =1.0

1.0153(1.5)

0.9437(5.6)

1.0007(0.1)

(4)
෩12
𝐷
= 0.2

0.2349(17. 5)

-0.0880(!)

0.2003(0.15)

(4)
෩13
𝐷
= 0.2

0.2269(13.5)

-0.0416(!)

0.2003(0.15)

(4)
෩21
𝐷
= 0.1

0.1036(3.6)

0.1006(0.6)

0.1000(0.0)

෩ (𝟒)
𝑫
𝟐𝟐 = 0.5

0.5091(1.8)

0.5009(0.2)

0.4996(0.1)

(4)
෩23
𝐷
= 0.2

0.2075(3.8)

0.2052(2.6)

0.1999(0.05)

(4)
෩31
𝐷
= 0.1

0.1023(2.3)

0.1682(68.2)

0.1000(0.0)

(4)
෩32
𝐷
= 0.1

0.1041(4.1)

0.2715(171.5)

0.1000(0.0)

෩ (𝟒)
𝑫
𝟑𝟑 = 0.25

0.2528(1.1)

0.3860(54.4)

0.2500(0.0)

Results of the analysis from the couple-2 (see Table 5.4) show that the maximum relative
error for the diagonal term is 54.4% whereas for the off-diagonal term it is 171.5%.
Overall, matrix 3 can be accepted as a very good estimate of the initial matrix; with matrix
1 having lower relative errors than matrix 2 for the diagonal and off-diagonal terms.
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(a)

(b)

(c)

Figure 5.4: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 1 for Couple 2): (a)
Comparison for couple-2; (b) Comparison for couple-1; (c) Comparison for couple-3. The
composition profile for 𝐶4 is shown for completeness.
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(a)

(b)

(c)

Figure 5.5: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 2 for Couple 2): (a)
Comparison for couple-2; (b) Comparison for couple-1; (c) Comparison for couple-3. The
composition profile for 𝐶4 is shown for completeness.
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(a)

(b)

(c)

Figure 5.6: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 3 for Couple 2): (a)
Comparison for couple-2; (b) Comparison for couple-1; (c) Comparison for couple-3. The
composition profile for 𝐶4 is shown for completeness.
In Figures 5.4-5.6, comparison of composition profiles generated for all couples using
matrices 1-3 respectively (from the analysis of couple-2) are presented. Again, it can be
seen that the back-tests using the same couple-2 gives excellent agreement with all newly
generated profiles. Matrix 3 produces profiles that are in excellent agreement with the
initial profiles from all couples. However, the back-tests using couples-1 and 2 show
significant deviations from the original profiles for matrix 2 and to some extent for matrix
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1. Again, this further confirms that even the use of two couples is, in general, not enough
for the correct estimation of the interdiffusion matrix in quaternary systems.
Table 5.5: Interdiffusion coefficients obtained from the use of a single couple, BC-3. The
diagonal terms are highlighted in bold. The percentage of the relative error is given in the
brackets next to each number. The exclamation sign is used if the sign was not correctly
reproduced (relative error is then over 100%).
Quaternary Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-3
Matrix 1

Couple-3
Matrix 2

Couple-3
Matrix 3

෩ (𝟒)
𝑫
𝟏𝟏 =1.0

1.0239(2.4)

0.5604(44.0)

0.8179(18.2)

(4)
෩12
𝐷
= 0.2

0.2132(6.6)

-0.0755(!)

0.0940(5.0)

(4)
෩13
𝐷
= 0.2

0.2088(4.4)

0.0551(72. 5)

0.1369(31.6)

(4)
෩21
𝐷
= 0.1

0.1023(3.6)

-0.0095(!)

-0.1340(!)

෩ (𝟒)
𝑫
𝟐𝟐 = 0.5

0.5012(0.2)

0.4392(12.2)

0.3643(13.6)

(4)
෩23
𝐷
= 0.2

0.2006(0.3)

0.1599(20.1)

0.1183(20.1)

(4)
෩31
𝐷
= 0.1

0.1049(4.9)

0.0530(47.0)

0.0267(41.0)

(4)
෩32
𝐷
= 0.1

0.1031(3.1)

0.0719(28.1)

0.0566(43.4)

෩ (𝟒)
𝑫
𝟑𝟑 = 0.25

0.2514(0.6)

0.2350(1.0)

0.2249(10.0)

Results of the analysis from the couple-3 (see Table 5.5) show that the maximum relative
error for the diagonal terms is 44.0% whereas for the off-diagonal terms it is over 100%
where the change of sign was observed. Overall, matrix 1 can be accepted as a good
estimate of the initial matrix having the lowest relative errors for the diagonal and offdiagonal terms.

139

(a)

(b)

(c)

Figure 5.7: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 1 for Couple 3): (a)
Comparison for couple-3; (b) Comparison for couple-1; (c) Comparison for couple-2. The
composition profile for 𝐶4 is shown for completeness.
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(a)

(b)

(c)

Figure 5.8: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 2 for Couple 3): (a)
Comparison for couple-3; (b) Comparison for couple-1; (c) Comparison for couple-2. The
composition profile for 𝐶4 is shown for completeness.
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(a)

(b)

(c)

Figure 5.9: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 3 for Couple 3): (a)
Comparison for couple-3; (b) Comparison for couple-1; (c) Comparison for couple-2. The
composition profile for 𝐶4 is shown for completeness.
In Figures 5.7-5.9, comparison of composition profiles generated for all couples using
matrices 1-3 respectively (from the analysis of couple-3) are presented. Again, it can be
seen that the back-tests using the same couple-3 give excellent agreement with all newly
generated profiles. Matrix 1 produces profiles that are in excellent agreement with the
initial profiles from all couples. However, the back-tests using couples-1 and 2 show
significant deviations from the original profiles for matrices 2 and 3.
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In Appendix I the Matlab program for the application of the fitting method and the newly
developed relations for obtaining interdiffusion matrix from a single couple analysis is
presented.
Two Couples Analysis
Numerical tests on the application of the interdiffusion analysis presented above
(quaternary systems) to the two couples simultaneously show that in most cases the initial
matrix can be successfully recovered. This is similar to the results found in the ternary
systems where the single couple (n-2 couples) applications may be quite successful.
However, very significant deviations from the initial matrix were discovered in the
ternary system (single couple analysis) with somewhat little deviations in the
corresponding composition profiles, see previous Chapter.
In Table 5.6, results of the application of newly developed methods are presented.
Table 5.6: Interdiffusion coefficients obtained from simultaneous use of two couples.
The diagonal terms are highlighted in bold. The percentage of the relative error is given
in the brackets next to each number.
Quaternary Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-1 and 2
Matrix 1

Couple-1 and 3
Matrix 2

Couple-2 and 3
Matrix 3

෩ (𝟒)
𝑫
𝟏𝟏 =1.0

1.0033(0.3)

1.0056(0. 6)

1.0063(0.4)

(4)
෩12
𝐷
= 0.2

0.2069(3. 5)

0.2014(0.7)

0.2040(2.0)

(4)
෩13
𝐷
= 0.2

0.2060(3.0)

0.2029(1. 5)

0.2017(0.9)

(4)
෩21
𝐷
= 0.1

0.1009(0.9)

0.1015(1.5)

0.1011(1.1)

෩ (𝟒)
𝑫
𝟐𝟐 = 0.5

0.5024(0.5)

0.5004(0.1)

0.5007(0.1)

(4)
෩23
𝐷
= 0.2

0.2020(1.0)

0.2008(0.4)

0.2003(0.2)

(4)
෩31
𝐷
= 0.1

0.1003(0.3)

0.1002(0.2)

0.1017(1.7)

(4)
෩32
𝐷
= 0.1

0.1001(0.1)

0.1001(0.1)

0.1011(1.1)

෩ (𝟒)
𝑫
𝟑𝟑 = 0.25

0.2502(0.1)

0.2502(0.1)

0.2502(0.1)
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In Appendix I the Matlab program for the application of the fitting method and the newly
developed relations for obtaining the interdiffusion matrix from a two couples analysis is
given.
Three Couples Analysis
Numerical tests on the application of the interdiffusion analysis presented above
(quaternary systems) to the three couples simultaneously, show that the initial matrix is
successfully recovered. Again, this is similar to the results found in the ternary systems
where the two couples (n-1 couples) applications are, in general, necessary for the
accurate interdiffusion matrix to be obtained.
Table 5.7: Interdiffusion coefficients obtained from the use of all three couples. The
diagonal terms are highlighted in bold.
Quaternary Initial Interdiffusion
෩𝑖𝑗
Coefficients 𝐷
෩ (𝟒)
𝑫
𝟏𝟏 =1.0

Couple-1, 2 and 3
Matrix 1
1.0025

(4)
෩12
𝐷
= 0.2

0.2011

(4)
෩13
𝐷
= 0.2

0.2009

(4)
෩21
𝐷
= 0.1

0.1006

෩ (𝟒)
𝑫
𝟐𝟐 = 0.5

0.5003

(4)
෩23
𝐷
= 0.2

0.2002

(4)
෩31
𝐷
= 0.1

0.1004

(4)
෩32
𝐷
= 0.1

0.1002

෩ (𝟒)
𝑫
𝟑𝟑 = 0.25

0.2501

In Appendix I the Matlab program for the application of the fitting method and the newly
developed relations for obtaining interdiffusion matrix from three couple analysis is
presented as well.
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5.3.2 Evaluation of Quinary Interdiffusion Coefficients
Following the investigations of interdiffusion coefficients in quinary CoCrFeMnNi
systems [2, 4, 33, 34, 152, 153], a suitable random alloy model of this HEA will be used
as a test system to analyse the application of the newly developed approach to the quinary
interdiffusion problem.
For the purpose of the current studies, the initial set of interdiffusion coefficients at the
temperature 1273K using the Darken approximation [34] is given in the first column of
Table 5.8 (scaled to the Mn tracer diffusion coefficient available from the literature [147],
∗
𝐷𝑀𝑛
= 7.338x

10−16 m2
𝑠

). The general expressions for the interdiffusion coefficients are

[57]:
(𝑁)

𝐷𝑖𝑗 =

𝑘𝑇 𝐿𝑖𝑗 − 𝑐𝑖 𝐿𝑗 𝐿𝑖𝑁 − 𝑐𝑖 𝐿𝑁
(
−
)
𝑀
𝑐𝑗
𝑐𝑁

(5.3.1)

𝑁

𝐿𝑗 = ∑

𝑖=1

𝐿𝑖𝑗

(5.3.2)

where the phenomenological coefficients 𝐿𝑖𝑗 = 0 if 𝑖 ≠ 𝑗. For the 𝐿𝑖𝑖 (= 𝐿𝑖 ) there are the
Darken relations 𝐿𝑖𝑖 = 𝑐𝑖 𝐷𝑖∗ 𝑀/𝑘𝑇 where 𝑀 is the number of atoms per unit volume, 𝑘 is
the Boltzmann constant, T is the temperature and 𝐷𝑖∗ is the tracer diffusion coefficient.
The initial interdiffusion matrix (first column of Table 5.8) is used to generate the data
for composition profiles numerically utilising the explicit finite difference scheme applied
to Equations (5.2.32). The composition profiles are then fitted making use of the fitting
functions presented in Equations (5.2.33-5.2.36) with the help of the Matlab program. It
should be mentioned that in each couple, the position of the Matano plane (𝑥𝑀 ) has been
calculated as the average of Matano planes for each composition profile. The obtained
fitted parameters are allowed for the determination of the new quinary interdiffusion
matrix straightaway making use of the expressions for the quinary system, Equations
(5.2.40-43). All the necessary Matlab programs for the quinary system are given in
Appendix II.
First, the analysis of the interdiffusion coefficients in this metallic system will be done
using a set of four diffusion couples [4], see Table 5.9. It should be noted that couple B
is a quasi-quaternary one, whereas all the other couples are general quinary ones. Results
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of a single couple, two couples, three couples and four couples analyses will be presented.
The main target of the present quinary study is to investigate how the accuracy of the
obtained interdiffusion matrices depends on the number of couples that were used for the
analysis at the same time.
Table 5.8: Initial interdiffusion matrix using the Darken approximation, Equations
(5.3.1)-(5.3.2). In the first column, the reference atomic element is Ni, the slowest one in
this alloy, with 1=Mn; 2=Cr; 3=Fe; 4=Co; 5=Ni. In all test simulations in this Chapter
this version of the interdiffusion matrix is used. In the second column (only for
comparison purposes) the reference atomic element is Mn, the fastest one in this alloy,
with 5=Mn; 1=Cr; 2=Fe; 3=Co; 4=Ni.

Ni (=5) is the Reference element
0.9087 -0.0520 -0.0278
-0.1824

Mn (=1) is the reference element
-0.0108

0.7248

0.1269

0.1607

0.1824

0.5434 -0.0556 -0.0217

0.0786

0.5558

0.1607

0.1824

0.0786

0.1269

0.4373

0.1824

0.0786

0.1269

0.1607

0.3616

-0.1824 -0.1041

0.3737 -0.0217

-0.1824 -0.1041 -0.0556

0.2549

Table 5.9: End compositions of the couples for CoCrFeMnNi alloy from [4].
Couple
A
B
C
D

Alloy

Composition (at. %)
Fe(3)

Ni(5)

Co(4)

Cr (2)

Mn (1)

1

0.082

0.224

0.230

0.244

0.220

2

0.320

0.164

0.171

0.178

0.167

3

0.202

0.228

0.157

0.174

0.239

4

0.200

0.167

0.22

0.236

0.177

5

0.261

0.220

0.168

0.181

0.168

6

0.140

0.165

0.227

0.242

0.226

7

0.260

0.230

0.178

0.169

8

0.140

0.169

0.239

0.227

0.163
0.225
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First, results of the application of the newly developed analysis to a single quinary couple
are presented in Table 5.10. Four new diffusion matrices were obtained. Matrices 1 and
3 have much smaller relative errors associated with the diagonal terms compared to
matrices 2 and 4 where the corresponding error is up to a factor of 2.5. In addition, many
off-diagonal terms in all four new matrices show the incorrect sign as well.
Results of the corresponding back-tests are presented in Figures 5.10-5.13. In all figures
throughout the Chapter, solid lines represent the initial profiles whereas dash lines
represent the new back-test profiles. There are two main observations that can be made
from inspection of Figures 5.10-5.13. First, there is not much difference between the
back-tests of all four matrices. Second, in each back-tests, only one couple shows
somewhat significant deviations from the initial profiles. This further support the fact that
in a quinary system to prove the validity of any method, single couple analysis is not
satisfactory.
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Table 5.10: Interdiffusion coefficients obtained from the use of a single couple, BC-A,
BC-B, BC-C and BC-D. The diagonal terms are highlighted in bold. The percentage of
the relative error is given in the brackets next to each number. The exclamation sign is
used if the sign was not correctly reproduced (relative error is then over 100%).
Quaternary
Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-A
Matrix 1

Couple-B
Matrix 2

Couple-C
Matrix 3

Couple-D
Matrix 4

෩ (𝟓)
𝑫
𝟏𝟏 = 0.9087

0.9707(6.8)

1.0320(13.6)

1.1671(28.4)

0.7313(19.5)

(5)
෩12
𝐷
= -0.0520

-0.0041(!)

0.1565(!)

0.7237(!)

0.3370(!)

(5)
෩13
𝐷
= -0.0278

0.0524(!)

0.3426(!)

0.5452(!)

0.1462(!)

(5)
෩14
𝐷
= -0.0108

0.1949(!)

-0.0740(585.1)

0.1112(!)

-0.0956(748.8)

(5)
෩21
𝐷
= -0.1824

-0.3147(72.5)

0.3594(!)

-0.2180(19.5)

-0.0724(60.3)

෩ (𝟓)
𝑫
𝟐𝟐 = 0.5434

0.6052(11.4)

1.3512(148.6)

0.2991(44.9)

0.2079(61.7)

(5)
෩23
𝐷
= -0.0556

-0.0978(75.9)

0.7485(!)

-0.2093(276)

-0.2543(357.4)

(5)
෩24
𝐷
= -0.0217

-0.1507(594.6)

-0.2557(1078)

-0.0451(107)

0.1119(!)

(5)
෩31
𝐷
= -0.1824

-0.1850(1.4)

-0.4565(150.2)

-0.0140(92.2)

-0.1503(15.6)

(5)
෩32
𝐷
= -0.1041

-0.1143(9.8)

-0.5036(383.7)

-0.0384(63.1)

0.0604(!)

෩ (𝟓)
𝑫
𝟑𝟑 = 0.3737

0.3653(2.2)

0.01809(95.2)

0.5061(35.4)

0.5510(47.44)

(5)
෩34
𝐷
= -0.0217

-0.0403(85.5)

0.0925(!)

0.0355(!)

-0.1777(718.8)

(5)
෩41
𝐷
= 0.1824

-0.0496(72.8)

-0.0903(50.5)

-0.2437(33.6)

-0.2965(62.6)

(5)
෩42
𝐷
= -0.1041

-0.1458(40.1)

0.0260(!)

-0.3100(198)

-0.4529(335.1)

(5)
෩43
𝐷
= -0.0556

0.0046(!)

0.0296(!)

-0.2036(266)

-0.4663(738.7)

෩ (𝟓)
𝑫
𝟒𝟒 = 0.2549

0.4283(68.1)

0.2179(14.5)

0.2244(11.9)

0.6190(142.8)
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(a)

(b)

(c)

(d)

Figure 5.10: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 1 for Couple A): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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(a)

(b)

(c)

(d)

Figure 5.11: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 2 for Couple B): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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(d)

Figure 5.12: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 3 for Couple C): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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(c)
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(d)

Figure 5.13: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 4 for Couple D): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
Next, results of the application of the newly developed analysis to two quinary couples
are presented in Tables 5.11 and 5.12. Six new diffusion matrices were obtained. Apart
from matrix 3, all other matrices have much smaller relative errors associated with the
diagonal terms compared to matrices obtained when only a single couple was used. The
diagonal terms in matrices 1, 2, 4-6 have a relative error up to only 47.7% with much
fewer off-diagonal terms with the incorrect sign. Matrix 3 has a negative diagonal term,
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which is not illegal (see [158]), but some of the resulting off-diagonal terms have large
absolute values. This is usually non-physical.
Results of corresponding back-tests are presented in Figures 5.14-5.19. Apart from matrix
3, back-tests for all other matrices show reasonably good agreement with the initial
profiles. From an experimental point of view, this proves that the interdiffusion analysis
(even with the full set of couples) could be very difficult. It is very important to have the
accuracy of the measured profiles as high as possible.
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Table 5.11: Interdiffusion coefficients obtained from the use of two couples, BC-A and
BC-B, BC-A and BC-C, BC-A and BC-D. The diagonal terms are highlighted in bold.
The percentage of the relative error is given in the brackets next to each number. The
exclamation sign is used if the sign was not correctly reproduced (relative error is then
over 100%).
Quaternary Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-A and B
Matrix 1

Couple-A and C
Matrix 2

Couple-A and D
Matrix 3

෩ (𝟓)
𝑫
𝟏𝟏 = 0.9087

0.7855(13.6)

0.8369(7.9)

1.6068(76.8)

(5)
෩12
𝐷
= -0.0520

0.0073(!)

0.0267(!)

-2.0558(3853.4)

(5)
෩13
𝐷
= -0.0278

-0.0632(127.2)

-0.0252(9.4)

-0.5064(1721.7)

(5)
෩14
𝐷
= -0.0108

-0.1167(980.9)

-0.0289(107.3)

-0.3716(3340.8)

(5)
෩21
𝐷
= -0.1824

-0.1518(16.8)

-0.1451(20.5)

0.6948(!)

෩ (𝟓)
𝑫
𝟐𝟐 = 0.5434

0.6117(12.6)

0.5025(7.5)

-0.6777(!)

(5)
෩23
𝐷
= -0.0556

-0.0443(20.4)

-0.0559(2.3)

-0.2570(362.2)

(5)
෩24
𝐷
= -0.0217

-0.0502(131.3)

-0.0124(42.6)

-0.1682(674.9)

(5)
෩31
𝐷
= -0.1824

-0.1443(20.9)

-0.2245(23.1)

-0.5843(220.3)

(5)
෩32
𝐷
= -0.1041

-0.1335(28.2)

-0.0622(40.2)

0.8816(!)

෩ (𝟓)
𝑫
𝟑𝟑 = 0.3737

0.3838(2.7)

0.3747(0.26)

0.5973(59.8)

(5)
෩34
𝐷
= -0.0217

0.0180(!)

-0.0295(37.9)

0.1459(!)

(5)
෩41
𝐷
= 0.1824

0.0289(115)

-0.1542(15.5)

-0.2437(89.38)

(5)
෩42
𝐷
= -0.1041

-0.0502(51.8)

-0.1330(27.8)

-0.3908(275.46)

(5)
෩43
𝐷
= -0.0556

0.0069(!)

-0.0565(1.6)

-0.1116(100.6)

෩ (𝟓)
𝑫
𝟒𝟒 = 0.2549

0.3277(28.6)

0.2607(2.3)

0.2129(16.5)
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Table 5.12: Interdiffusion coefficients obtained from the use of two couples, BC-B and
BC-C, BC-B and BC-D, BC-C and BC-D. The diagonal terms are highlighted in bold.
The percentage of the relative error is given in the brackets next to each number. The
exclamation sign is used if the sign was not correctly reproduced (relative error is then
over 100%).
Quaternary Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-B and C
Matrix 4

Couple-B and D
Matrix 5

Couple-C and D
Matrix 6

෩ (𝟓)
𝑫
𝟏𝟏 = 0.9087

0.8438(7.1)

0.9592(5.6)

0.9202(1.3)

(5)
෩12
𝐷
= -0.0520

-0.0100(80.7)

0.1208(!)

0.0674(!)

(5)
෩13
𝐷
= -0.0278

-0.0686(147.1)

0.1195(!)

0.0345(!)

(5)
෩14
𝐷
= -0.0108

-0.0685(534.2)

-0.0961(789.4)

-0.0159(47.1)

(5)
෩21
𝐷
= -0.1824

-0.0479(73.7)

-0.1709(6.3)

-0.0861(52.8)

෩ (𝟓)
𝑫
𝟐𝟐 = 0.5434

0.8024(47.7)

0.5950(9.5)

0.6844(25.9)

(5)
෩23
𝐷
= -0.0556

0.0639(!)

-0.0110(80.1)

0.0477(!)

(5)
෩24
𝐷
= -0.0217

-0.1108(410.6)

-0.0493(127.3)

-0.0282(29.9)

(5)
෩31
𝐷
= -0.1824

-0.0532(70.8)

-0.1561(14.4)

-0.2149(17.8)

(5)
෩32
𝐷
= -0.1041

0.0629(!)

-0.0113(89.1)

0.0221(!)

෩ (𝟓)
𝑫
𝟑𝟑 = 0.3737

0.4777(27.8)

0.4519(20.9)

0.4246(13.6)

(5)
෩34
𝐷
= -0.0217

-0.0578(166.7)

-0.0671(209.6)

-0.0261(20.1)

(5)
෩41
𝐷
= 0.1824

-0.2241(!)

-0.2072(!)

-0.2264(!)

(5)
෩42
𝐷
= -0.1041

-0.2164(107.9)

-0.1910(83.5)

-0.1073(3.1)

(5)
෩43
𝐷
= -0.0556

-0.0953(71.5)

-0.1297(133.4)

-0.0721(29.8)

෩ (𝟓)
𝑫
𝟒𝟒 = 0.2549

0.3020(18.5)

0.2980(16.9)

0.2552(0.1)
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(a)

(b)
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Figure 5.14: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 1 for Couple A and B): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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Figure 5.15: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 2 for Couple A and C): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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Figure 5.16: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 3 for Couple A and D): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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(b)
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Figure 5.17: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 4 for Couple B and C): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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(a)

(b)

(c)

(d)

Figure 5.18: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 5 for Couple B and D): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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(b)

(c)

(d)

Figure 5.19: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 6 for Couple C and D): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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Now, results of the application of the newly developed analysis to three quinary couples
are presented in Table 5.13. Four new diffusion matrices were obtained. Matrix 1 has very
small relative errors associated with diagonal and off-diagonal terms. Computationally, it
is a very good outcome. However, all other matrices show relative errors for the diagonal
terms up to 36-64%; with several off-diagonal terms still showing the incorrect sign.
Again, results of corresponding back-tests are presented in Figures 5.20-5.23. Apart from
matrix 1, back-tests for all other matrices show some deviations from the initial profiles
(for the couple that was not used in the analysis). Obtaining Matrix 1 demonstrates that
in general, it is possible to obtain a very good estimate of the quinary interdiffusion matrix
using only three couples. However, to prove that the matrix is the correct one, four
couples will be required.
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Table 5.13: Interdiffusion coefficients obtained from the use of three couples. The
diagonal terms are highlighted in bold. The percentage of the relative error is given in the
brackets next to each number. The exclamation sign is used if the sign was not correctly
reproduced (relative error is then over 100%).
Quinary Initial
Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-A, B
and C
Matrix 1

Couple-A, B
and D
Matrix 2

Couple-A, C
and D
Matrix 3

Couple-B, C
and D
Matrix 4

෩ (𝟓)
𝑫
𝟏𝟏 = 0.9087

0.9099(0.1)

0.6347(30.2)

0.7282(19.6)

0.9036(0.6)

(5)
෩12
𝐷
= -0.0520

-0.0515(1.0)

-0.0959(84.5)

0.0953(!)

-0.00910(82.5)

(5)
෩13
𝐷
= -0.0278

-0.0277(0.4)

-0.1003(26.1)

-0.0168(39.7)

-0.0069(75.3)

(5)
෩14
𝐷
= -0.0108

-0.0111(2.8)

-0.1054(375.5)

-0.0092(15.0)

-0.0211(94.9)

(5)
෩21
𝐷
= -0.1824

-0.1828(0.2)

-0.0197(89.3)

0.1211(!)

0.1373(!)

෩ (𝟓)
𝑫
𝟐𝟐 = 0.5434

0.5435(0.0)

0.5550(2.2)

0.3019(44.4)

0.8904(63.9)

(5)
෩23
𝐷
= -0.0556

-0.0556(0.0)

-0.0148(73.2)

-0.0704(26.7)

0.2253(!)

(5)
෩24
𝐷
= -0.0217

-0.0219(1.0)

0.0384(!)

-0.0168(22.4)

-0.0514(137.2)

(5)
෩31
𝐷
= -0.1824

-0.1828(0.2)

0.0102(!)

-0.1285(29.5)

-0.0046(97.5)

(5)
෩32
𝐷
= -0.1041

-0.1051(1.0)

-0.0668(350.8)

-0.1459(40.2)

0.0876(!)

෩ (𝟓)
𝑫
𝟑𝟑 = 0.3737

0.3734(0.1)

0.4263(14.1)

0.3715(0.6)

0.5282(41.3)

(5)
෩34
𝐷
= -0.0217

-0.0211(2.8)

0.0440(!)

-0.0192(11.3)

-0.0384(76.8)

(5)
෩41
𝐷
= 0.1824

-0.1826(!)

0.0997(154.6)

-0.3043(!)

-0.2683(!)

(5)
෩42
𝐷
= -0.1041

-0.1035(0.5)

-0.0381(154.7)

-0.0024(97.6)

-0.2033(95.3)

(5)
෩43
𝐷
= -0.0556

-0.0556(0.0)

0.0227(!)

-0.0477(14.3)

-0.1341(141.2)

෩ (𝟓)
𝑫
𝟒𝟒 = 0.2549

0.2543(0.2)

0.3466(36.0)

0.2557(0.3)

0.2640(3.5)

163
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(b)

(c)

(d)

Figure 5.20: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 1 for Couple A, B and C): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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(b)

(c)

(d)

Figure 5.21: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 2 for Couple A, B and D): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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Figure 5.22: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 3 for Couple A, C and D): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
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Figure 5.23: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix (Matrix 4 for Couple B, C and D): (a)
Comparison for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C;
(d) Comparison for couple-D. The composition profile for Ni is shown for completeness.
Finally, results of the application of the newly developed analysis to four quinary couples
are presented in Table 5.14. The new matrix, as expected, has very small relative errors
associated with diagonal and off-diagonal terms (similar to matrix 1 in Table 5.13).
In Figure 5.24 the quality of the fitting procedure is presented.
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Table 5.14: Interdiffusion coefficients obtained from the use of four couple, BC-A, BCB, BC-C and BC-D. The diagonal terms are highlighted in bold. The percentage of the
relative error is given in the brackets next to each number.
Mn

Cr

Fe

Co

Mn

0.9098(0.1)

-0.0520(0.1)

-0.0276(0.6)

-0.0107(0.8)

Cr

-0.1828(0.2)

0.5432(0.0)

-0.0556(0.0)

-0.0217(0.2)

Fe

-0.1829(0.2)

-0.3745(0.1)

0.3734(0.1)

-1.0285(0.11)

Co

-0.1826(0.1)

-0.1040(0.1)

-0.0556(0.01)

0.2546(0.1)

(a)

(b)

(c)

(d)

Figure 5.24: Comparison of the composition profiles for numerical data using the initial
interdiffusion matrix and new interdiffusion matrix for the four couples: (a) Comparison
for couple-A; (b) Comparison for couple-B; (c) Comparison for couple-C; (d)
Comparison for couple-D. The composition profile for Ni is shown for completeness.
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Next, the new numerical investigation of the interdiffusion coefficients is performed
making use of three quasi-binary couples Cr-Mn(NiCoFe), Fe-Co(NiCrMn) and FeNi(CoCrMn) [23] according to Table 5.15. In this case all three couples are used
simultaneously. The resulting matrix is presented in Table 5.16. The diagonal terms of
this matrix have relative errors up to 41% with five off-diagonal terms having the opposite
sign. Figure 5.25 is not a back-test, it only shows the quality of the fitting procedure.
This case is again a strong evidence that, when using even three diffusion couples in the
quinary interdiffusion analysis, the solution is not unique.
Table 5.15: The end compositions of three quasi- binary diffusion couples according to
the paper of Tsai et al. [2].
Couple
E (Cr-Mn)
F (Fe-Co)
G (Fe-Ni)

Alloy

Composition (at. %)
Co

Cr

Fe

Mn

Ni

1

22

29

22

5

22

2

22

17

22

17

22

3

33

23

11

11

22

4

11

23

33

11

22

5

23

24

30

11

12

6

23

24

12

11

30
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Table 5.16: Interdiffusion coefficients obtained from the three quasi-binary diffusion
couple E, F and G. The diagonal terms are highlighted in bold. The percentage of the
relative error is given in the brackets next to each number.
Quinary Initial Interdiffusion
෩𝑖𝑗
Coefficients 𝐷

Couple-E, F and G

෩ (𝟓)
𝑫
𝟏𝟏 = 0.9087

0.8736(3.9)

(5)
෩12
𝐷
= -0.0520

-0.0850(63.5)

(5)
෩13
𝐷
= -0.0278

-0.0586(110.9)

(5)
෩14
𝐷
= -0.0108

-0.0408(277.6)

(5)
෩21
𝐷
= -0.1824

0.0649(!)

෩ (𝟓)
𝑫
𝟐𝟐 = 0.5434

0.7668(41.1)

(5)
෩23
𝐷
= -0.0556

0.1573(!)

(5)
෩24
𝐷
= -0.0217

0.1808(!)

(5)
෩31
𝐷
= -0.1824

-0.2144(17.5)

(5)
෩32
𝐷
= -0.1041

-0.1328(27.6)

෩ (𝟓)
𝑫
𝟑𝟑 = 0.3737

0.3466(7.2)

(5)
෩34
𝐷
= -0.0217

-0.0476(119.3)

(5)
෩41
𝐷
= 0.1824

-0.0568(68.9)

(5)
෩42
𝐷
= -0.1041

0.0095(!)

(5)
෩43
𝐷
= -0.0556

0.0522(!)

෩ (𝟓)
𝑫
𝟒𝟒 = 0.2549

0.3566(39.9)
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Figure 5.25: Comparison of the original composition profiles with the fitting profiles for
the three quasi-binary diffusion couple E, F and G.
5.4 Summary
In the present chapter, interdiffusion analysis in multicomponent alloys is investigated.
Quaternary as well as quinary (CoCrFeMnNi HEAs) metallic systems are tested using the
newly developed mathematical approach to calculate the independent of composition
interdiffusion coefficients. Numerical fittings using the closed form solution are
performed in both systems. On average, it was shown that the accuracy of the obtained
matrices steadily improves with the increase of the couples used in the analysis. In some
cases n-2 diffusion couples may provide a good matrix. However, for the best outcome
n-1 diffusion couples are necessary.
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Appendix I
Matlab scripts for fitting into composition profiles together with calculating the
interdiffusion matrix, quaternary system.
Single couple analysis
function sharedparams
format long
data=load('OUTPUT11.dat');
xm=-0.0999;
t=dataA(:,1)-xm;
T=[t;t;t];
Y=[data(:,2);data(:,3);data(:,4)];
c11=1/4;c22=1/4;c33=1/4;
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
b=nlinfit(X,Y,@subfun,0.09.*ones(1,12))
line(t,c11+b(1).*erf(b(4).*t)+b(6).*b(5).*erf(b(8).*t)+b(9).*b(10).*erf(b(12).*t))
line(t,c22+b(2).*b(1).*erf(b(4).*t)+b(5).*erf(b(8).*t)+b(11).*b(10).*erf(b(12).*t))
line(t,c33+b(3).*b(1).*erf(b(4).*t)+b(7).*b(5).*erf(b(8).*t)+b(10).*erf(b(12).*t))
bb=[1 b(6) b(9);b(2) 1 b(11); b(3) b(7) 1]; l11=1./(80*b(4)^2); l22=1./(80*b(8)^2);
l33=1./(80*b(12)^2);
cc=[l11 0 0; 0 l22 0; 0 0 l33];
dd=bb*cc/bb
function yfit=subfun(params,X)
c11=1/4;c22=1/4;c33=1/4;
T=X(:,1);
dsid=X(:,2);
params1=params;
a1=params1(2); a2=params1(3);
b1=params1(6); b2=params1(7);
c1=params1(9); c2=params1(11);
params1(2)=a1.*params1(1);
params1(3)=a2.*params1(1);
params1(6)=b1.*params1(5);
params1(7)=b2.*params1(5);
params1(9)=c1.*params1(10);
params1(11)=c2.*params1(10);
A0=params1(4);
A1=params1(8);
A2=params1(12);
B0=[c11 c22 c33]';
B1=[params1(1) params1(2) params1(3)]';
B2=[params1(6) params1(5) params1(7)]';
B3=[params1(9) params1(11) params1(10)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(A2.*T);
end
end

Two couples analysis
function sharedparams
format long
data=load('OUTPUT11.dat');
xm=-0.0999;
t=dataA(:,1)-xm;
data2=load('OUTPUT12.dat');
T=[t;t;t;t;t;t];
Y=[data(:,2);data(:,3);data(:,4);data2(:,2);data2(:,3);data2(:,4)];
c11=1/4;c22=1/4;c33=1/4;
c44=1/4;c55=1/4;c66=1/4;
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1);5*ones(201,1);6*ones(201,1)]
;
gscatter(T,Y,dsid)
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X=[T dsid];
b=nlinfit(X,Y,@subfun,0.09.*ones(1,15))
line(t,c11+b(1).*erf(b(4).*t)+b(6).*b(5).*erf(b(8).*t)+b(9).*b(10).*erf(b(12).*t))
line(t,c22+b(2).*b(1).*erf(b(4).*t)+b(5).*erf(b(8).*t)+b(11).*b(10).*erf(b(12).*t))
line(t,c33+b(3).*b(1).*erf(b(4).*t)+b(7).*b(5).*erf(b(8).*t)+b(10).*erf(b(12).*t))
line(t,c44+b(13).*erf(b(4).*t)+b(6).*b(14).*erf(b(8).*t)+b(9).*b(15).*erf(b(12).*t))
line(t,c55+b(2).*b(13).*erf(b(4).*t)+b(14).*erf(b(8).*t)+b(11).*b(15).*erf(b(12).*t))
line(t,c66+b(3).*b(13).*erf(b(4).*t)+b(7).*b(14).*erf(b(8).*t)+b(15).*erf(b(12).*t))
bb=[1 b(6) b(9);b(2) 1 b(11); b(3) b(7) 1]; l11=1./(80*b(4)^2); l22=1./(80*b(8)^2);
l33=1./(80*b(12)^2);
cc=[l11 0 0; 0 l22 0; 0 0 l33];
dd=bb*cc/bb
%%
function yfit=subfun(params,X)
c11=1/4;c22=1/4;c33=1/4;
c44=1/4;c55=1/4;c66=1/4;
T=X(:,1);
dsid=X(:,2);
params1=params;
a1=params1(2); a2=params1(3);
b1=params1(6); b2=params1(7);
c1=params1(9); c2=params1(11);
params1(2)=a1.*params1(1);
params1(3)=a2.*params1(1);
params1(6)=b1.*params1(5);
params1(7)=b2.*params1(5);
params1(9)=c1.*params1(10);
params1(11)=c2.*params1(10);
params1(16)=a1.*params1(13);
params1(17)=a2.*params1(13);
params1(18)=b1.*params1(14);
params1(19)=b2.*params1(14);
params1(20)=c1.*params1(15);
params1(21)=c2.*params1(15);
A0=params1(4);
A1=params1(8);
A2=params1(12);
B0=[c11 c22 c33 c44 c55 c66]';
B1=[params1(1) params1(2) params1(3) params1(13) params1(16) params1(17)]';
B2=[params1(6) params1(5) params1(7) params1(18) params1(14) params1(19)]';
B3=[params1(9) params1(11) params1(10) params1(20) params1(21) params1(15)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(A2.*T);
end
end

Three couples analysis
function sharedparams
format long
data1=load('OUTPUT11.dat');
data2=load('OUTPUT12.dat');
data3=load('OUTPUT13.dat');
xm=-0.0999;
t=dataA(:,1)-xm;
T=[t;t;t;t;t;t;t;t;t];
Y=[data1(:,2);data1(:,3);data1(:,4);data2(:,2);data2(:,3); ...
data2(:,4); data3(:,2);data3(:,3);data3(:,4)];
c11=1/4;c22=1/4;c33=1/4;
c44=1/4;c55=1/4;c66=1/4;
c77=1/4;c88=1/4;c99=1/4;
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1);5*ones(201,1);...
6*ones(201,1);7*ones(201,1);8*ones(201,1);9*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
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b=nlinfit(X,Y,@subfun,0.08.*ones(1,18))
line(t,c11+b(1).*erf(b(4).*t)+b(6).*b(5).*erf(b(8).*t)+b(9).*b(10).*erf(b(12).*t))
line(t,c22+b(2).*b(1).*erf(b(4).*t)+b(5).*erf(b(8).*t)+b(11).*b(10).*erf(b(12).*t))
line(t,c33+b(3).*b(1).*erf(b(4).*t)+b(7).*b(5).*erf(b(8).*t)+b(10).*erf(b(12).*t))
line(t,c44+b(13).*erf(b(4).*t)+b(6).*b(14).*erf(b(8).*t)+b(9).*b(15).*erf(b(12).*t))
line(t,c55+b(2).*b(13).*erf(b(4).*t)+b(14).*erf(b(8).*t)+b(11).*b(15).*erf(b(12).*t))
line(t,c66+b(3).*b(13).*erf(b(4).*t)+b(7).*b(14).*erf(b(8).*t)+b(15).*erf(b(12).*t))
line(t,c77+b(16).*erf(b(4).*t)+b(6).*b(17).*erf(b(8).*t)+b(9).*b(18).*erf(b(12).*t))
line(t,c88+b(2).*b(16).*erf(b(4).*t)+b(17).*erf(b(8).*t)+b(11).*b(18).*erf(b(12).*t))
line(t,c99+b(3).*b(16).*erf(b(4).*t)+b(7).*b(17).*erf(b(8).*t)+b(18).*erf(b(12).*t))
bb=[1 b(6) b(9);b(2) 1 b(11); b(3) b(7) 1]; l11=1./(80*b(4)^2); l22=1./(80*b(8)^2);
l33=1./(80*b(12)^2);
cc=[l11 0 0; 0 l22 0; 0 0 l33];
dd=bb*cc/bb
function yfit=subfun(params,X)
c11=1/4;c22=1/4;c33=1/4;
c44=1/4;c55=1/4;c66=1/4;
c77=1/4;c88=1/4;c99=1/4;
T=X(:,1);
dsid=X(:,2);
params1=params;
a1=params1(2); a2=params1(3);
b1=params1(6); b2=params1(7);
c1=params1(9); c2=params1(11);
params1(2)=a1.*params1(1);
params1(3)=a2.*params1(1);
params1(6)=b1.*params1(5);
params1(7)=b2.*params1(5);
params1(9)=c1.*params1(10);
params1(11)=c2.*params1(10);
params1(19)=a1.*params1(13);
params1(20)=a2.*params1(13);
params1(21)=b1.*params1(14);
params1(22)=b2.*params1(14);
params1(23)=c1.*params1(15);
params1(24)=c2.*params1(15);
params1(25)=a1.*params1(16);
params1(26)=a2.*params1(16);
params1(27)=b1.*params1(17);
params1(28)=b2.*params1(17);
params1(29)=c1.*params1(18);
params1(30)=c2.*params1(18);
A0=params1(4);
A1=params1(8);
A2=params1(12);
B0=[c11 c22 c33 c44 c55 c66 c77 c88 c99]';
B1=[params1(1) params1(2) params1(3) params1(13) params1(19) params1(20)...
params1(16) params1(25) params1(26)]';
B2=[params1(6) params1(5) params1(7) params1(21) params1(14) params1(22)...
params1(27) params1(17) params1(28)]';
B3=[params1(9) params1(11) params1(10) params1(23) params1(24) params1(15)...
params1(29) params1(30) params1(18)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(A2.*T);
end
end

Appendix II
Matlab scripts for fitting into composition profiles together with calculating the
interdiffusion matrix, quinary system
Single couple analysis
function sharedparams
format long
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data=load('OUTPUT1A.dat');
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
xm=-0.0999;
t=data(:,1)-xm;
T=[t;t;t;t];
Y=[data(:,2);data(:,3);data(:,4);data(:,5)];
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
%options=statset('MaxIter',5000,'TolFun',1e-14,'TolX',1e-14);
%options=statset('MaxIter',1000,'TolFun',1e-10);
b=nlinfit(X,Y,@subfun,0.09.*ones(1,20));
%b=nlinfit(X,Y,@subfun,2.*b1,options)
line(t,c11+b(1).*erf(b(5).*t)+b(7).*b(6).*erf(b(10).*t)+...
b(11).*b(12).*erf(b(15).*t)+b(16).*b(17).*erf(b(20).*t))
line(t,c22+b(2).*b(1).*erf(b(5).*t)+b(6).*erf(b(10).*t)+b(13).*b(12).*erf(b(15).*t)...
+b(18).*b(17).*erf(b(20).*t))
line(t,c33+b(3).*b(1).*erf(b(5).*t)+b(8).*b(6).*erf(b(10).*t)+b(12).*erf(b(15).*t)...
+b(19).*b(17).*erf(b(20).*t))
line(t,c44+b(4).*b(1).*erf(b(5).*t)+b(9).*b(6).*erf(b(10).*t)+b(14).*b(12).*erf(b(15).*t
)...
+b(17).*erf(b(20).*t))
l1=1/(80*b(5)^2); l2=1/(80*b(10)^2);l3=1/(80*b(15)^2);l4=1/(80*b(20)^2);
a1=b(2); a2=b(3); a3=b(4); b1=b(7); b2=b(8); b3=b(9); c1=b(11); c2=b(13);
c3=b(14); d1=b(16); d2=b(18); d3=b(19);
bb=[1 b1 c1 d1; a1 1 c2 d2; a2 b2 1 d3; a3 b3 c3 1]
ll=[l1 0 0 0; 0 l2 0 0; 0 0 l3 0; 0 0 0 l4]
dd=bb*ll/bb
dd1= [ 0.9087
-0.0520
-0.0278
-0.0108
-0.1824
0.5434
-0.0556
-0.0217
-0.1824
-0.1041
0.3737
-0.0217
-0.1824
-0.1041
-0.0556
0.2549];
err1=100*abs((dd-dd1)./dd1)
function yfit=subfun(params,X)
T=X(:,1);
dsid=X(:,2);
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
params1=params;
a1=params1(2); a2=params1(3); a3=params1(4);
params1(2)=a1.*params1(1);
params1(3)=a2.*params1(1);
params1(4)=a3.*params1(1);
b1=params1(7);b2=params1(8);b3=params1(9);
params1(7)=b1.*params1(6);
params1(8)=b2.*params1(6);
params1(9)=b3.*params1(6);
c1=params1(11);c2=params1(13);c3=params1(14);
params1(11)=c1.*params1(12);
params1(13)=c2.*params1(12);
params1(14)=c3.*params1(12);
d1=params1(16);d2=params1(18);d3=params1(19);
params1(16)=d1.*params1(17);
params1(18)=d2.*params1(17);
params1(19)=d3.*params1(17);
A0=params1(5);
A1=params1(10);
A2=params1(15);
A3=params1(20);
B0=[c11 c22 c33 c44]';
B1=params1(1:4)';
B2=[params1(7) params1(6) params1(8) params1(9)]';
B3=[params1(11) params1(13) params1(12) params1(14)]';
B4=[params1(16) params1(18) params1(19) params1(17)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(A2.*T)+B4(dsid).*e
rf(A3.*T);
end
end
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Two couples analysis
function sharedparams
format long
dataA=load('OUTPUT1A.dat');
dataB=load('OUTPUT1B.dat');
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
c55=0.208;c66=0.205;c77=0.2010;c88=0.1885;
xm=-0.0999;
t=dataA(:,1)-xm;
T=[t;t;t;t;t;t;t;t];
Y=[dataA(:,2);dataA(:,3);dataA(:,4);dataA(:,5);dataB(:,2);dataB(:,3);dataB(:,4);dataB(:,
5)];
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1);...
5*ones(201,1);6*ones(201,1);7*ones(201,1);8*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
%options=statset('MaxIter',5000,'TolFun',1e-14,'TolX',1e-14);
%options=statset('MaxIter',1000,'TolFun',1e-10);
b=nlinfit(X,Y,@subfun,0.09.*ones(1,24));
%b=nlinfit(X,Y,@subfun,2.*b1,options)
line(t,c11+b(1).*erf(b(5).*t)+b(7).*b(6).*erf(b(10).*t)+...
b(11).*b(12).*erf(b(15).*t)+b(16).*b(17).*erf(b(20).*t))
line(t,c22+b(2).*b(1).*erf(b(5).*t)+b(6).*erf(b(10).*t)+b(13).*b(12).*erf(b(15).*t)...
+b(18).*b(17).*erf(b(20).*t))
line(t,c33+b(3).*b(1).*erf(b(5).*t)+b(8).*b(6).*erf(b(10).*t)+b(12).*erf(b(15).*t)...
+b(19).*b(17).*erf(b(20).*t))
line(t,c44+b(4).*b(1).*erf(b(5).*t)+b(9).*b(6).*erf(b(10).*t)+b(14).*b(12).*erf(b(15).*t
)...
+b(17).*erf(b(20).*t))
line(t,c55+b(21).*erf(b(5).*t)+b(7).*b(22).*erf(b(10).*t)+...
b(11).*b(23).*erf(b(15).*t)+b(16).*b(24).*erf(b(20).*t))
line(t,c66+b(2).*b(21).*erf(b(5).*t)+b(22).*erf(b(10).*t)+b(13).*b(23).*erf(b(15).*t)...
+b(18).*b(24).*erf(b(20).*t))
line(t,c77+b(3).*b(21).*erf(b(5).*t)+b(8).*b(22).*erf(b(10).*t)+b(23).*erf(b(15).*t)...
+b(19).*b(24).*erf(b(20).*t))
line(t,c88+b(4).*b(21).*erf(b(5).*t)+b(9).*b(22).*erf(b(10).*t)+b(14).*b(23).*erf(b(15).
*t)...
+b(24).*erf(b(20).*t))
l1=1/(80*b(5)^2); l2=1/(80*b(10)^2);l3=1/(80*b(15)^2);l4=1/(80*b(20)^2);
a1=b(2); a2=b(3); a3=b(4); b1=b(7); b2=b(8); b3=b(9); c1=b(11); c2=b(13);
c3=b(14); d1=b(16); d2=b(18); d3=b(19);
bb=[1 b1 c1 d1; a1 1 c2 d2; a2 b2 1 d3; a3 b3 c3 1]
ll=[l1 0 0 0; 0 l2 0 0; 0 0 l3 0; 0 0 0 l4]
dd=bb*ll/bb
dd1= [ 0.9087
-0.0520
-0.0278
-0.0108
-0.1824
0.5434
-0.0556
-0.0217
-0.1824
-0.1041
0.3737
-0.0217
-0.1824
-0.1041
-0.0556
0.2549];
err1=100*abs((dd-dd1)./dd1)
function yfit=subfun(params,X)
T=X(:,1);
dsid=X(:,2);
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
c55=0.208;c66=0.205;c77=0.2010;c88=0.1885;
params1=params;
a1=params1(2); a2=params1(3); a3=params1(4);
params1(2)=a1.*params1(1);
params1(3)=a2.*params1(1);
params1(4)=a3.*params1(1);
params1(25)=a1.*params1(21);
params1(26)=a2.*params1(21);
params1(27)=a3.*params1(21);
b1=params1(7);b2=params1(8);b3=params1(9);
params1(7)=b1.*params1(6);
params1(8)=b2.*params1(6);
params1(9)=b3.*params1(6);
params1(28)=b1.*params1(22);
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params1(29)=b2.*params1(22);
params1(30)=b3.*params1(22);
c1=params1(11);c2=params1(13);c3=params1(14);
params1(11)=c1.*params1(12);
params1(13)=c2.*params1(12);
params1(14)=c3.*params1(12);
params1(31)=c1.*params1(23);
params1(32)=c2.*params1(23);
params1(33)=c3.*params1(23);
d1=params1(16);d2=params1(18);d3=params1(19);
params1(16)=d1.*params1(17);
params1(18)=d2.*params1(17);
params1(19)=d3.*params1(17);
params1(34)=d1.*params1(24);
params1(35)=d2.*params1(24);
params1(36)=d3.*params1(24);
A0=params1(5);
A1=params1(10);
A2=params1(15);
A3=params1(20);
B0=[c11 c22 c33 c44 c55 c66 c77 c88]';
B1=[params1(1) params1(2) params1(3) params1(4) params1(21) params1(25) params1(26)
params1(27)]';
B2=[params1(7) params1(6) params1(8) params1(9) params1(28) params1(22) params1(29)
params1(30)]';
B3=[params1(11) params1(13) params1(12) params1(14) params1(31) params1(32) params1(23)
params1(33)]';
B4=[params1(16) params1(18) params1(19) params1(17) params1(34) params1(35) params1(36)
params1(24)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(A2.*T)+B4(dsid).*e
rf(A3.*T);
end
end

Three couples analysis
function sharedparams
format long
dataA=load('OUTPUT1A.dat');
dataB=load('OUTPUT1B.dat');
dataC=load('OUTPUT1C.dat');
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
c55=0.208;c66=0.205;c77=0.2010;c88=0.1885;
c99=0.197;c1010=0.2115;c1111=0.2005;c1212=0.1975;
xm=-0.0999;
t=dataA(:,1)-xm;
T=[t;t;t;t;t;t;t;t;t;t;t;t];
Y=[dataA(:,2);dataA(:,3);dataA(:,4);dataA(:,5);dataB(:,2);dataB(:,3);...
dataB(:,4);dataB(:,5);dataC(:,2);dataC(:,3);dataC(:,4);dataC(:,5)];
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1);...
5*ones(201,1);6*ones(201,1);7*ones(201,1);8*ones(201,1);...
9*ones(201,1);10*ones(201,1);11*ones(201,1);12*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
%options=statset('MaxIter',5000,'TolFun',1e-14,'TolX',1e-14);
%options=statset('MaxIter',1000,'TolFun',1e-10);
b=nlinfit(X,Y,@subfun,0.09.*ones(1,28));
%b=nlinfit(X,Y,@subfun,2.*b1,options)
line(t,c11+b(1).*erf(b(5).*t)+b(7).*b(6).*erf(b(10).*t)+...
b(11).*b(12).*erf(b(15).*t)+b(16).*b(17).*erf(b(20).*t))
line(t,c22+b(2).*b(1).*erf(b(5).*t)+b(6).*erf(b(10).*t)+b(13).*b(12).*erf(b(15).*t)...
+b(18).*b(17).*erf(b(20).*t))
line(t,c33+b(3).*b(1).*erf(b(5).*t)+b(8).*b(6).*erf(b(10).*t)+b(12).*erf(b(15).*t)...
+b(19).*b(17).*erf(b(20).*t))
line(t,c44+b(4).*b(1).*erf(b(5).*t)+b(9).*b(6).*erf(b(10).*t)+b(14).*b(12).*erf(b(15).*t
)...
+b(17).*erf(b(20).*t))
line(t,c55+b(21).*erf(b(5).*t)+b(7).*b(22).*erf(b(10).*t)+...
b(11).*b(23).*erf(b(15).*t)+b(16).*b(24).*erf(b(20).*t))
line(t,c66+b(2).*b(21).*erf(b(5).*t)+b(22).*erf(b(10).*t)+b(13).*b(23).*erf(b(15).*t)...
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+b(18).*b(24).*erf(b(20).*t))
line(t,c77+b(3).*b(21).*erf(b(5).*t)+b(8).*b(22).*erf(b(10).*t)+b(23).*erf(b(15).*t)...
+b(19).*b(24).*erf(b(20).*t))
line(t,c88+b(4).*b(21).*erf(b(5).*t)+b(9).*b(22).*erf(b(10).*t)+b(14).*b(23).*erf(b(15).
*t)...
+b(24).*erf(b(20).*t))
line(t,c99+b(25).*erf(b(5).*t)+b(7).*b(26).*erf(b(10).*t)+...
b(11).*b(27).*erf(b(15).*t)+b(16).*b(28).*erf(b(20).*t))
line(t,c1010+b(2).*b(25).*erf(b(5).*t)+b(26).*erf(b(10).*t)+b(13).*b(27).*erf(b(15).*t).
..
+b(18).*b(28).*erf(b(20).*t))
line(t,c1111+b(3).*b(25).*erf(b(5).*t)+b(8).*b(26).*erf(b(10).*t)+b(27).*erf(b(15).*t)..
.
+b(19).*b(28).*erf(b(20).*t))
line(t,c1212+b(4).*b(25).*erf(b(5).*t)+b(9).*b(26).*erf(b(10).*t)+b(14).*b(27).*erf(b(15
).*t)...
+b(28).*erf(b(20).*t))
l1=1/(80*b(5)^2); l2=1/(80*b(10)^2);l3=1/(80*b(15)^2);l4=1/(80*b(20)^2);
a1=b(2); a2=b(3); a3=b(4); b1=b(7); b2=b(8); b3=b(9); c1=b(11); c2=b(13);
c3=b(14); d1=b(16); d2=b(18); d3=b(19);
bb=[1 b1 c1 d1; a1 1 c2 d2; a2 b2 1 d3; a3 b3 c3 1]
ll=[l1 0 0 0; 0 l2 0 0; 0 0 l3 0; 0 0 0 l4]
dd=bb*ll/bb
dd1= [ 0.9087
-0.0520
-0.0278
-0.0108
-0.1824
0.5434
-0.0556
-0.0217
-0.1824
-0.1041
0.3737
-0.0217
-0.1824
-0.1041
-0.0556
0.2549];
err1=100*abs((dd-dd1)./dd1)
function yfit=subfun(params,X)
T=X(:,1);
dsid=X(:,2);
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
c55=0.208;c66=0.205;c77=0.2010;c88=0.1885;
c99=0.197;c1010=0.2115;c1111=0.2005;c1212=0.1975;
params1=params;
a1=params1(2); a2=params1(3); a3=params1(4);
params1(2)=a1.*params1(1);
params1(3)=a2.*params1(1);
params1(4)=a3.*params1(1);
params1(29)=a1.*params1(21);
params1(30)=a2.*params1(21);
params1(31)=a3.*params1(21);
params1(32)=a1.*params1(25);
params1(33)=a2.*params1(25);
params1(34)=a3.*params1(25);
b1=params1(7);b2=params1(8);b3=params1(9);
params1(7)=b1.*params1(6);
params1(8)=b2.*params1(6);
params1(9)=b3.*params1(6);
params1(35)=b1.*params1(22);
params1(36)=b2.*params1(22);
params1(37)=b3.*params1(22);
params1(38)=b1.*params1(26);
params1(39)=b2.*params1(26);
params1(40)=b3.*params1(26);
c1=params1(11);c2=params1(13);c3=params1(14);
params1(11)=c1.*params1(12);
params1(13)=c2.*params1(12);
params1(14)=c3.*params1(12);
params1(41)=c1.*params1(23);
params1(42)=c2.*params1(23);
params1(43)=c3.*params1(23);
params1(44)=c1.*params1(27);
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params1(45)=c2.*params1(27);
params1(46)=c3.*params1(27);
d1=params1(16);d2=params1(18);d3=params1(19);
params1(16)=d1.*params1(17);
params1(18)=d2.*params1(17);
params1(19)=d3.*params1(17);
params1(47)=d1.*params1(24);
params1(48)=d2.*params1(24);
params1(49)=d3.*params1(24);
params1(50)=d1.*params1(28);
params1(51)=d2.*params1(28);
params1(52)=d3.*params1(28);
A0=params1(5);
A1=params1(10);
A2=params1(15);
A3=params1(20);
B0=[c11 c22 c33 c44 c55 c66 c77 c88 c99 c1010 c1111 c1212]';
B1=[params1(1) params1(2) params1(3) params1(4) params1(21) params1(29) ...
params1(30) params1(31) params1(25) params1(32) params1(33) params1(34)]';
B2=[params1(7) params1(6) params1(8) params1(9) params1(35) params1(22) ...
params1(36) params1(37) params1(38) params1(26) params1(39) params1(40)]';
B3=[params1(11) params1(13) params1(12) params1(14) params1(41) params1(42)...
params1(23) params1(43) params1(44) params1(45) params1(27) params1(46)]';
B4=[params1(16) params1(18) params1(19) params1(17) params1(47) params1(48)...
params1(49) params1(24) params1(50) params1(51) params1(52) params1(28)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(A2.*T)+B4(dsid).*e
rf(A3.*T);
end
end

Four couples analysis
function sharedparams
format long
dataA=load('OUTPUT1A.dat');
dataB=load('OUTPUT1B.dat');
dataC=load('OUTPUT1C.dat');
dataD=load('OUTPUT1D.dat');
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
c55=0.208;c66=0.205;c77=0.2010;c88=0.1885;
c99=0.197;c1010=0.2115;c1111=0.2005;c1212=0.1975;
c1313=0.198;c1414=0.2085;c1515=0.200;c1616=0.1995;
xm=-0.0999;
t=dataA(:,1)-xm;
T=[t;t;t;t;t;t;t;t;t;t;t;t;t;t;t;t];
Y=[dataA(:,2);dataA(:,3);dataA(:,4);dataA(:,5);dataB(:,2);dataB(:,3);...
dataB(:,4);dataB(:,5);dataC(:,2);dataC(:,3);dataC(:,4);dataC(:,5);...
dataD(:,2);dataD(:,3);dataD(:,4);dataD(:,5)];
dsid=[ones(201,1);2*ones(201,1);3*ones(201,1);4*ones(201,1);...
5*ones(201,1);6*ones(201,1);7*ones(201,1);8*ones(201,1);...
9*ones(201,1);10*ones(201,1);11*ones(201,1);12*ones(201,1);...
13*ones(201,1);14*ones(201,1);15*ones(201,1);16*ones(201,1)];
gscatter(T,Y,dsid)
X=[T dsid];
%options=statset('MaxIter',5000,'TolFun',1e-14,'TolX',1e-14);
%options=statset('MaxIter',1000,'TolFun',1e-10);
b=nlinfit(X,Y,@subfun,0.09.*ones(1,32));
%b=nlinfit(X,Y,@subfun,2.*b1,options)
line(t,c11+b(1).*erf(b(5).*t)+b(7).*b(6).*erf(b(10).*t)+...
b(11).*b(12).*erf(b(15).*t)+b(16).*b(17).*erf(b(20).*t))
line(t,c22+b(2).*b(1).*erf(b(5).*t)+b(6).*erf(b(10).*t)+b(13).*b(12).*erf(b(15).*t)...
+b(18).*b(17).*erf(b(20).*t))
line(t,c33+b(3).*b(1).*erf(b(5).*t)+b(8).*b(6).*erf(b(10).*t)+b(12).*erf(b(15).*t)...
+b(19).*b(17).*erf(b(20).*t))
line(t,c44+b(4).*b(1).*erf(b(5).*t)+b(9).*b(6).*erf(b(10).*t)+b(14).*b(12).*erf(b(15).*t
)...
+b(17).*erf(b(20).*t))
line(t,c55+b(21).*erf(b(5).*t)+b(7).*b(22).*erf(b(10).*t)+...
b(11).*b(23).*erf(b(15).*t)+b(16).*b(24).*erf(b(20).*t))
line(t,c66+b(2).*b(21).*erf(b(5).*t)+b(22).*erf(b(10).*t)+b(13).*b(23).*erf(b(15).*t)...
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+b(18).*b(24).*erf(b(20).*t))
line(t,c77+b(3).*b(21).*erf(b(5).*t)+b(8).*b(22).*erf(b(10).*t)+b(23).*erf(b(15).*t)...
+b(19).*b(24).*erf(b(20).*t))
line(t,c88+b(4).*b(21).*erf(b(5).*t)+b(9).*b(22).*erf(b(10).*t)+b(14).*b(23).*erf(b(15).
*t)...
+b(24).*erf(b(20).*t))
line(t,c99+b(25).*erf(b(5).*t)+b(7).*b(26).*erf(b(10).*t)+...
b(11).*b(27).*erf(b(15).*t)+b(16).*b(28).*erf(b(20).*t))
line(t,c1010+b(2).*b(25).*erf(b(5).*t)+b(26).*erf(b(10).*t)+b(13).*b(27).*erf(b(15).*t).
..
+b(18).*b(28).*erf(b(20).*t))
line(t,c1111+b(3).*b(25).*erf(b(5).*t)+b(8).*b(26).*erf(b(10).*t)+b(27).*erf(b(15).*t)..
.
+b(19).*b(28).*erf(b(20).*t))
line(t,c1212+b(4).*b(25).*erf(b(5).*t)+b(9).*b(26).*erf(b(10).*t)+b(14).*b(27).*erf(b(15
).*t)...
+b(28).*erf(b(20).*t))
line(t,c1313+b(29).*erf(b(5).*t)+b(7).*b(30).*erf(b(10).*t)+...
b(11).*b(31).*erf(b(15).*t)+b(16).*b(32).*erf(b(20).*t))
line(t,c1414+b(2).*b(29).*erf(b(5).*t)+b(30).*erf(b(10).*t)+b(13).*b(31).*erf(b(15).*t).
..
+b(18).*b(32).*erf(b(20).*t))
line(t,c1515+b(3).*b(29).*erf(b(5).*t)+b(8).*b(30).*erf(b(10).*t)+b(31).*erf(b(15).*t)..
.
+b(19).*b(32).*erf(b(20).*t))
line(t,c1616+b(4).*b(29).*erf(b(5).*t)+b(9).*b(30).*erf(b(10).*t)+b(14).*b(31).*erf(b(15
).*t)...
+b(32).*erf(b(20).*t))
l1=1/(80*b(5)^2); l2=1/(80*b(10)^2);l3=1/(80*b(15)^2);l4=1/(80*b(20)^2);
a1=b(2); a2=b(3); a3=b(4); b1=b(7); b2=b(8); b3=b(9); c1=b(11); c2=b(13);
c3=b(14); d1=b(16); d2=b(18); d3=b(19);
bb=[1 b1 c1 d1; a1 1 c2 d2; a2 b2 1 d3; a3 b3 c3 1]
ll=[l1 0 0 0; 0 l2 0 0; 0 0 l3 0; 0 0 0 l4]
dd=bb*ll/bb
dd1= [ 0.9087
-0.0520
-0.0278
-0.0108
-0.1824
0.5434
-0.0556
-0.0217
-0.1824
-0.1041
0.3737
-0.0217
-0.1824
-0.1041
-0.0556
0.2549];
err1=100*abs((dd-dd1)./dd1)
function yfit=subfun(params,X)
T=X(:,1);
dsid=X(:,2);
c11=0.1935;c22=0.2110;c33=0.2010;c44=0.2005;
c55=0.208;c66=0.205;c77=0.2010;c88=0.1885;
c99=0.197;c1010=0.2115;c1111=0.2005;c1212=0.1975;
c1313=0.198;c1414=0.2085;c1515=0.200;c1616=0.1995;
params1=params;
a1=params1(2); a2=params1(3); a3=params1(4);
params1(2)=a1.*params1(1);
params1(3)=a2.*params1(1);
params1(4)=a3.*params1(1);
params1(33)=a1.*params1(21);
params1(34)=a2.*params1(21);
params1(35)=a3.*params1(21);
params1(36)=a1.*params1(25);
params1(37)=a2.*params1(25);
params1(38)=a3.*params1(25);
params1(39)=a1.*params1(29);
params1(40)=a2.*params1(29);
params1(41)=a3.*params1(29);
b1=params1(7);b2=params1(8);b3=params1(9);
params1(7)=b1.*params1(6);
params1(8)=b2.*params1(6);
params1(9)=b3.*params1(6);
params1(42)=b1.*params1(22);
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params1(43)=b2.*params1(22);
params1(44)=b3.*params1(22);
params1(45)=b1.*params1(26);
params1(46)=b2.*params1(26);
params1(47)=b3.*params1(26);
params1(48)=b1.*params1(30);
params1(49)=b2.*params1(30);
params1(50)=b3.*params1(30);
c1=params1(11);c2=params1(13);c3=params1(14);
params1(11)=c1.*params1(12);
params1(13)=c2.*params1(12);
params1(14)=c3.*params1(12);
params1(51)=c1.*params1(23);
params1(52)=c2.*params1(23);
params1(53)=c3.*params1(23);
params1(54)=c1.*params1(27);
params1(55)=c2.*params1(27);
params1(56)=c3.*params1(27);
params1(57)=c1.*params1(31);
params1(58)=c2.*params1(31);
params1(59)=c3.*params1(31);
d1=params1(16);d2=params1(18);d3=params1(19);
params1(16)=d1.*params1(17);
params1(18)=d2.*params1(17);
params1(19)=d3.*params1(17);
params1(60)=d1.*params1(24);
params1(61)=d2.*params1(24);
params1(62)=d3.*params1(24);
params1(63)=d1.*params1(28);
params1(64)=d2.*params1(28);
params1(65)=d3.*params1(28);
params1(66)=d1.*params1(32);
params1(67)=d2.*params1(32);
params1(68)=d3.*params1(32);
A0=params1(5);
A1=params1(10);
A2=params1(15);
A3=params1(20);
B0=[c11 c22 c33 c44 c55 c66 c77 c88 c99 c1010 c1111 c1212 c1313 c1414 c1515 c1616]';
B1=[params1(1) params1(2) params1(3) params1(4) params1(21) params1(33) ...
params1(34) params1(35) params1(25) params1(36) params1(37) params1(38)...
params1(29) params1(39) params1(40) params1(41)]';
B2=[params1(7) params1(6) params1(8) params1(9) params1(42) params1(22) ...
params1(43) params1(44) params1(45) params1(26) params1(46) params1(47)...
params1(48) params1(30) params1(49) params1(50)]';
B3=[params1(11) params1(13) params1(12) params1(14) params1(51) params1(52)...
params1(23) params1(53) params1(54) params1(55) params1(27) params1(56)...
params1(57) params1(58) params1(31) params1(59)]';
B4=[params1(16) params1(18) params1(19) params1(17) params1(60) params1(61)...
params1(62) params1(24) params1(63) params1(64) params1(65) params1(28)...
params1(66) params1(67) params1(68) params1(32)]';
yfit=B0(dsid)+B1(dsid).*erf(A0.*T)+B2(dsid).*erf(A1.*T)+B3(dsid).*erf(A2.*T)+B4(dsid).*e
rf(A3.*T);
end
end
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Chapter 6
Investigation of Interdiffusion in High Entropy Alloys:
Application of Random Alloy Models to CoCrFeMnNi
6.1 Introduction
For progress of technological fields like aerospace, energy, transportation, and
manufacturing, materials development is vitally important [159, 160]. The conventional
way of developing a new material is usually based on one or at most two principal
elements with the addition of minor alloying elements to adjust their microstructure and
properties. Usually, this way is carried to develop many multicomponent alloys with a
good balance of engineering properties [142]. By going outside of the conventional box
and designing alloys not from one or two base elements, but from multiple base elements
altogether, the new concept of high entropy alloys (HEAs) was first introduced in 1995
[47]. The main objective of HEAs development is to present a new way of manufacturing
innovative materials with distinctive properties which cannot be attained by conventional
alloying systems [161].
HEAs are defined as alloys based on at least five major metallic elements, each of which
has a composition between 5 and 35 at. % [141, 162, 163]. The upper limit of the
components for HEAs sometime rises up to thirteen [164]. These alloys are called ‘HEAs’
as they have infinite number of potential compositions with a high mixing entropy in their
liquid state or high-temperature solid solution state as discussed in [160, 165]. This high
mixing entropy can offset the enthalpies of formation of intermetallic compounds so that
the result is a stable single phase solid solution. This is the main concept for the describing
HEAs [48]. Equivalently, HEAs are equiatomic (or roughly equiatomic) multicomponent
alloys [166]. HEAs can have numerous promising properties like high hardness, excellent
high-temperature strength, outstanding wear and creep resistance, high-temperature
stability, good oxidation corrosion resistance and enhanced mechanical properties
especially at low temperatures as described in [90-95]. HEAs have some four core effects
distinguishing them from conventional systems. These effects of high entropy, sluggish
diffusion, severe lattice distortion and cocktail effects [97, 98] can be described briefly as
follows [164, 165]:
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High entropy effects: high configurational entropy tends to stabilize the solid
solution phases.



Severe lattice distortion: due to different atomic sizes the distortion affects
mechanical, transport and thermal properties of the materials.



Cocktail effects: these have no appropriate definitions but correspond to
synergistic effects from a mixture of different elements with different properties.



Sluggish diffusion: the kinetics of diffusion are hindered due to atomic level
variations resulting in a decrease of the diffusion rates.

Among these four effects, sluggish diffusion has been postulated as a vital part of the
study of HEAs, as it is very important for high-temperature technological applications.
Moreover, sluggish diffusion leads to exceptional high-temperature strength, impressive
high-temperature structural stability, and the formation of nanostructures. With
consideration of this, Tsai et al. [2] analysed sluggish diffusion in Co-Cr-Fe-Mn-Ni alloys
experimentally and suggested that the diffusion kinetics in this alloy are significantly
slower than in conventional alloys and pure metals. Sluggish diffusion may be linked with
the fluctuations of the lattice potential energy (LPE). A quasi-binary approach combined
with Sauer-Freise analysis was used in [2] to investigate the diffusion coefficients in the
CoCrFeMnNi quinary alloy and results were compared with those in different
conventional fcc metals. Later, Zhang et al. [99] investigated sluggish diffusion in
AlCoCrFeNi and CoCrFeMnNi alloys using the CALPHAD approach.
From the beginning of HEAs, many experimental techniques were applied to investigate
the diffusion phenomenon of these alloys. Experimentally and theoretically based
analysis of diffusion kinetics in HEAs have been reported in [145]. There, the authors
mainly investigated the sluggish diffusion effect in HEAs and compared the diffusion
characteristics for quinary and quaternary alloys. Experimentally, the AlCoCrCuFeNi
high entropy alloy system was manufactured by the arc-melting and casting method
described in [167]. The microstructure and corrosion behaviours of FeCoNiCuSnx high
entropy alloy are studied in [168]. Interdiffusion in the fcc structured Al-Co-Cr-Fe-Ni
high entropy alloy has been studied experimentally as well as numerically in [3] for
several diffusion couples. Here, the self-diffusion coefficients have been calculated using
the obtained composition profiles and then they were compared with the available data of
[2]. A quasi-binary model of the standard interdiffusion experiment was used to explore
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the experimental data in the CoCrFeMn0.5Ni alloys. Beke and Erdelyi [100] used semiempirical rules to analyse the diffusion coefficients of CoCrFeMnNi alloys. Very
recently, many works associated with HEAs have been performed from different points
of view [148, 169-174].
From a theoretical atomistic point of view for the random alloy model, the combination
of the Manning theory and Holdsworth and Elliott (HE) theory were used in [37] for
analysing the diffusion kinetics in multicomponent alloys. Following that, the Moleko,
Allnatt and Allnatt (MAA) formalism [36] was used for the same type of multicomponent
alloys. A better outcome than before was identified for both collective and tracer diffusion
correlation effects. The diffusion kinetics behavior of self-diffusion and interdiffusion in
HEAs has been investigated in [33] by using three random alloy approaches (Darken, a
combined Manning and HE, and a light version of MAA).
The main focus of the present chapter on five-component systems is to investigate a more
general approach of the CoCrFeMnNi interdiffusion phenomena using an explicit finite
difference method. As was already discussed in the previous chapters, in the case of
concentrated multicomponent systems, the composition profiles cannot be analysed
exactly by means of a binary system analysis. In general, for a 𝑛 component system, it is
required that, (𝑛 − 1)2 composition dependent interdiffusion coefficients should be
identified [56].

6.2 Theory and Analysis
For interdiffusion in a 𝑛-component system, the diffusion equations consist of (𝑛 − 1)
independent partial differential equations. Furthermore, for diffusion in HEA systems,
thermodynamic ideality is usually assumed. Therefore, for 𝑛 = 5 it raises four
independent partial differential equations.
𝜕𝐶
𝜕𝐶𝑖
𝜕
෩ (5) 𝑗 ) ; 𝑖, 𝑗 = 1,2,3,4
= ∑ (𝐷
𝑖𝑗
𝜕𝑡
𝜕𝑥
𝜕𝑥

(6.2.1)

𝐽

෩ (5) are the elements of
and 𝐶5 = 1 − 𝐶1 − 𝐶2 − 𝐶3 − 𝐶4 where 𝐶𝑖 are compositions, 𝐷
𝑖𝑗
the interdiffusion matrix, 𝑡 is time and 𝑥 is the space coordinate. There are sixteen
interdiffusion coefficients in the quinary metallic system.
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෩ (5) =
In the case when the interdiffusion matrix depends on composition𝐷
𝑖𝑗
෩ (5) (𝐶1 , 𝐶2 , 𝐶3 , 𝐶4 ), the diffusion equations in their expanded version will be as follows:
𝐷
𝑖𝑗
෩ (5) 𝜕𝐶 𝜕𝐶𝑗 𝜕𝐷
෩ (5) 𝜕𝐶 𝜕𝐶𝑗 𝜕𝐷
෩ (5) 𝜕𝐶 𝜕𝐶𝑗
𝜕 2 𝐶𝑗 𝜕𝐷
𝜕𝐶𝑖
𝑖𝑗
𝑖𝑗
𝑖𝑗
1
2
3
(5)
෩
= ∑ {𝐷
+
+
+
𝑖𝑗
2
𝜕𝑡
𝜕𝑥
𝜕𝐶1 𝜕𝑥 𝜕𝑥
𝜕𝐶2 𝜕𝑥 𝜕𝑥
𝜕𝐶3 𝜕𝑥 𝜕𝑥
𝑗

+

෩ (5) 𝜕𝐶 𝜕𝐶𝑗
𝜕𝐷
𝑖𝑗
4
𝜕𝐶4 𝜕𝑥 𝜕𝑥

}

(6.2.2)

where, 𝑖, 𝑗 = 1,2,3,4.
The initial conditions are:
𝐶𝑖 = 𝐶𝑖 +

∆𝐶𝑖
; 𝑥 > 0, 𝑡 = 0
2

(6.2.3)

𝐶𝑖 = 𝐶𝑖 −

∆𝐶𝑖
; 𝑥 < 0, 𝑡 = 0
2

(6.2.4)

and, the boundary conditions are:
𝐶𝑖 → 𝐶𝑖 +

∆𝐶𝑖
; 𝑥 → ∞, 𝑡 > 0
2

(6.2.5)

𝐶𝑖 → 𝐶𝑖 −

∆𝐶𝑖
; 𝑥 → −∞, 𝑡 < 0
2

(6.2.6)

where,
𝐶𝑖 = [(𝐶𝑖 )𝐴 + (𝐶𝑖 )𝐵 ]/2
∆𝐶𝑖 = (𝐶𝑖 )𝐵 − (𝐶𝑖 )𝐴

(6.2.7)
(6.2.8)

In Equations (6.2.7-6.2.8), (𝐶𝑖 )𝐴 and (𝐶𝑖 )𝐵 are the two end compositions of solid 𝑖.
In the present investigations of interdiffusion in HEAs, two approximations are used, one
is the Darken approximation and the other is the Manning approximation. The detailed
mathematical overviews of these two methods are described in the literature reviews in
Chapter 2 (sections 2.7.1 and 2.7.2) of this thesis. The Darken approximation is the
simplest possible form of the composition dependent interdiffusion matrix compared with
the Manning approximation.
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6.3 Numerical Method
The explicit finite difference method is used to solve Eqns. (6.2.1)-(6.2.2) subject to initial
and boundary conditions. For this method, the region along the space coordinate 𝑥 is
divided into an equally spaced mesh. It is assumed that the maximum length is 𝑥𝑚𝑎𝑥 =
40, where 𝑥−∞ = −20 and 𝑥+∞ = −20 i.e. x varies from -20 to +20 and the number of
grid space in the 𝑥 direction is 𝑛 = 200. Hence, the constant mesh size along the 𝑥-axis
is equal to the dimensionless number ∆𝑥 = 0.2 (−20 ≤ 𝑥 ≤ +20) with a smaller time
step ∆𝑡 = 0.0001 to satisfy the stability conditions of the chosen numerical scheme.

Figure 6.1: Finite difference grid space.
Let 𝐶 𝑛 denote the values of 𝐶 at the end of the 𝑛th time step. Using the explicit finite
difference method to solve Eqns. (6.2.1) and (6.2.2), an appropriate set of finite difference
equations was obtained and programmed using the software Matlab.
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Figure
6.2:
Composition
profiles
for
Cr0.29Fe0.22Co0.22Ni0.22Mn0.05/Cr0.17Fe0.22Co0.22Ni0.22Mn0.17 diffusion couple using constant interdiffusion coefficients.

Figure 6.3: Composition profiles for Cr0.23Fe0.11Co0.33Ni0.22Mn0.11/Cr0.23Fe0.33Co0.11 Ni0.22
Mn0.11 diffusion couple using constant interdiffusion coefficients.
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Figure 6.4: Composition profiles for Cr0.24Fe0.30Co0.23Ni0.12Mn0.11/Cr0.24Fe0.12Co0.23 Ni0.30
Mn0.11 diffusion couple using constant interdiffusion coefficients.

If in the n-component diffusion couple there are only two components with different
initial and end compositions in the diffusion couple, this experiment can be analysed
using a quasi-binary approach, see [33, 36, 37] for the theoretical development of the
quasi-binary interdiffusion analysis in quinary systems. Examples of typical quasi-binary
composition profiles (following [2] and [3]) for different end compositions are illustrated
in Figs. 6.2-6.4 for the CoCrFeMnNi alloys obtained from Equation (6.2.1). It is clear
that composition profiles in Figs. 6.2 and 6.3 are very close to the ideal quasi-binary set
of profiles, where only two profiles are changing and the other three are almost constant.
However, Fig. 6.4 shows that one of the atomic components (Co) that is supposed to be
constant shows a significant change in the diffusion zone, an “up-hill” diffusion effect.
This type of systems should be treated with care, possibly as a quasi-ternary system and
not a quasi-binary one.
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6.4 Results and Discussion
6.4.1 Binary Alloys
For the purposes of making a direct comparison of the simulated interdiffusion profiles
(and corresponding interdiffusion coefficients) as functions of composition using the
Darken and Manning formalisms, test simulations using the binary system were
performed. In binary systems, the interdiffusion problem is reduced to a single equation
෩ . Using the Darken formalism and the ideality
with one interdiffusion coefficient, 𝐷
condition, this interdiffusion coefficient has the following composition dependence:
෩=𝐷
෩11 = 𝐶2 𝐷1∗ + 𝐶1 𝐷2∗
𝐷

(6.4.1)

Using the Manning formalism, this interdiffusion coefficient can be expressed as:
෩=𝐷
෩11 =
𝐷

𝐴𝑓1
𝑓0 [𝑤1 𝑓0 − 𝐶1 𝑤1 𝑓𝑖 + 𝐶𝑖 𝑤2 𝑓2 ]

(6.4.2)

where 𝑤𝑖 are the average jump frequencies of the vacancy exchange with atom of type i,
2𝑓

𝐻

𝑀0 = 1−𝑓0 , 𝑓𝑖 = 𝐻+2𝑤 and the H function is a positive solution to the equation:
0

𝑖

2

∑
𝑖=1

𝐶𝑖 𝑤𝑖
1 − 𝑓0
=
𝐻 + 2𝑤𝑖
2

(6.4.3)

In Figs. (6.5)-(6.8) results of interdiffusion simulations using the Darken (or Manning)
formalism for two cases, when 𝐷1∗ (or 𝑤1 ) = 10𝐷2∗ (or 𝑤2 ) and when 𝐷1∗ (or 𝑤1 ) =
100𝐷2∗ (or 𝑤2 ) are presented.
Comparison of figures for the Darken (presented in Figs (6.5) and (6.6)) and Manning
formalisms (presented in Figs (6.7) and (6.8)) manifests significant differences in the use
of these formalisms. The diffusion correlation effect that is taken into account in the
Manning formalism reduces the apparent asymmetry of the corresponding composition
profiles, especially when the mobilities differ by more than one order of magnitude.
Another striking difference in the composition dependence of the interdiffusion
coefficient: when the Manning formalism is applied the interdiffusion coefficient exhibits
a profound maximum, even when the mobilities are independent of composition.
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(a)

.
(b)

Figure 6.5: Results of numerical simulation of the interdiffusion in the binary alloy using
the Darken formalism: (a) composition profiles for the case 𝐷1∗ = 10𝐷2∗ ; (b) composition
profiles for the case 𝐷1∗ = 100𝐷2∗ .
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(a)

(b)

Figure 6.6: Results of numerical simulation of the interdiffusion in the binary alloy using
the Darken formalism: (a) interdiffusion coefficient as function of 𝐶1 for the case 𝐷1∗ =
10𝐷2∗ ; (b) interdiffusion coefficient as a function of 𝐶1 for the case 𝐷1∗ = 100𝐷2∗ .
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(a)

(b)

Figure 6.7: Results of numerical simulation of the interdiffusion in the binary alloy using
the Manning formalism: (a) composition profiles for the case 𝑤1 = 10𝑤2 ; (b)
composition profiles for the case 𝑤1 = 100𝑤2 .
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(a)

(b)

Figure 6.8: Results of numerical simulation of the interdiffusion in the binary alloy using
the Manning formalism: (a) interdiffusion coefficient as a function of 𝐶1 for the case 𝑤1 =
10𝑤2; (b) interdiffusion coefficient as a function of 𝐶1 for the case 𝑤1 = 100𝑤2 .
6.4.2 Multicomponent Alloys
To obtain the simulation results for the CoCrFeMnNi alloy, the computations are carried
out for 𝑡 = 20 time units. The constant interdiffusion matrix as well as the composition
dependent interdiffusion matrices are used for all cases. In Figs. (6.9-6.12) results of the
present simulations for different couples using the interdiffusion matrix as constant are
presented together with corresponding experimentally obtained composition profiles [2,
3] for CoCrFeMnNi HEAs.
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The composition profiles obtained from the Cr29 Fe22Co22Ni22Mn5/ Cr17Fe22Co22Ni22Mn17
diffusion couple (annealed for 100 h at 1273 K) are presented in Fig. 6.9. It is clear that
this diffusion couple is actually a quasi-binary diffusion couple. The compositions of Cr
and Mn vary whereas the other three components (Fe, Co, Ni) are remaining almost
constant in the diffusion zone. Here, the solid lines represent the results of the present
numerical simulations and the symbols represent the experimental results digitized from
[2]. A little discrepancy is observed between the simulated and experimental results for
the compositions Cr and Mn, but overall very good agreement between the present
simulations and the experimental results can be seen.

Figure 6.9: Comparison of numerically (using constant interdiffusion matrix) and
experimentally obtained composition profiles (Cr-Fe-Co-Ni-Mn) (Using Tsai et al. [2]).
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Figure 6.10: Comparison of numerically (using constant interdiffusion matrix) and
experimentally obtained composition profiles (Cr-Fe-Co-Ni-Mn) (Using Dabrowa et al.
[3]).
In Fig. 6.10, the simulated composition profiles and the experimental composition
profiles [3], for the diffusion couple Cr24.1Fe29.5Co23.1Ni11.6Mn11.6/Cr24.3Fe12Co23.2Ni29.1
Mn11.6 (annealed for 62 h at 1273 K) are presented. The obtained composition profiles
show very good agreement with the experimental one. In this diffusion couple, the
composition of Fe and Ni vary but the other three elements (Cr, Co and Mn) remain
constant. Therefore, a quasi-binary approach is also applicable for the analysis of this
diffusion couple.
In Fig. 6.11, simulation results for the Cr24.32Fe11.62Co23Ni29.42Mn11.62/Cr24.32Fe29.42Co23
Ni11.62Mn11.62 diffusion couple (annealed for 32 h at 1323K) are compared with the
experimental results [3]. It is seen that there is a very good agreement with the
experimental results. Similar to Fig. 6.10, the composition of Mn, Co and Cr remain
almost constant throughout the diffusion zone. Again, this means that the quasi-binary
approach is applicable to this diffusion couple.
Further, in Fig. 6.12, simulation results for Cr23Fe11Co33Ni22Mn10.9/Cr23Fe33Co11Ni22
Mn10.9 diffusion couple (annealed for 32 h at 1323 K) are presented together with the
experimental results [3]. Again, very good agreement with experimental results can be
seen (similar to Figs. 6.9 – 6.11). In this diffusion couple, Fe and Co vary but the other
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three components remain almost constant. Hence, the quasi-binary approach is also
applicable to this couple.
At the same time, the Darken as well as the Manning approximations (where the
interdiffusion coefficients are dependent on composition) were applied to compare the
experimental study presented in [2, 3]. From that point of view, the same couples and
same temperature as above (used in Figs 6.9-6.12) are considered for the investigations.

Figure 6.11: Comparison of numerically (using constant interdiffusion matrix) and
experimentally obtained composition profiles (Cr-Fe-Co-Ni-Mn) (Using Dabrowa et al.
[3]).

Figure 6.12: Comparison of numerically (using constant interdiffusion matrix) and
experimentally obtained composition profiles (Cr-Fe-Co-Ni-Mn) (Using Dabrowa et al.
[3]).
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In the case of the Darken approximation for CoCrFeMnNi alloy, different tracer diffusion
coefficients 𝐷𝑖∗ are used. For the case of the quinary HEA alloy CoCrFeMnNi the tracer
∗
diffusion coefficients 𝐷𝑖∗ (scaled to the experimental value 𝐷𝑀𝑛
= 7.338x

be estimated at T = 1273K) as follows [2]:
𝐷∗

0.6462; 𝐷∗𝐹𝑒 = 0.4291;
𝑀𝑛

∗
𝐷𝑁𝑖
∗
𝐷𝑀𝑛

∗
𝐷𝑀𝑛
∗
𝐷𝑀𝑛

10−16 m2

𝐷∗

𝑠

= 1.0; 0.2766 𝐷∗𝐶𝑜 = 0.2766;
𝑀𝑛

can

∗
𝐷𝐶𝑟
∗
𝐷𝑀𝑛

=

= 0.1792.

For the case of the Manning approximation in CoCrFeMnNi HEAs for computational
purposes, the average jump frequencies 𝑤𝑖 (scaled to the experimental value 𝑤
̅ 𝑀𝑛 =
7.34 x

10−16 m2
𝑠

at T = 1273K ) can be estimated as follows [2]:

𝑤1 (= 𝑤𝑀𝑛 /𝑤𝑀𝑛 ) = 1.0; 𝑤2 (= 𝑤𝐶𝑟 /𝑤𝑀𝑛 ) = 0.4762; 𝑤3 (= 𝑤𝐹𝑒 /𝑤𝑀𝑛 ) =
0.2792; 𝑤4 (= 𝑤𝐶𝑜 /𝑤𝑀𝑛 ) = 0.1624; 𝑤5 (= 𝑤𝑁𝑖 /𝑤𝑀𝑛 ) = 0.0931.
Figs. 6.13-6.16 represent the comparison of the experimental study with the Darken study
whereas Figs. 6.17-6.20 describe the comparison with the Manning approximation. Again
the solid lines denote the present computational study (in both Darken and Manning
approximations) whereas the symbols represent the composition profiles obtained from
the experimental study [2, 3]. From this comparison treatment, it is clear that both the
Darken as well as the Manning approximation give good agreement with the experimental
study. These agreements provide a validation of the reliability of the present Darken and
Manning approximations with the experimental study of CoCrFeMnNi alloys.
The qualitative agreement of the present simulated results using a constant interdiffusion
matrix together with the Darken and Manning formalisms with the experimental results
from [2, 3] provides a justification of the accuracy of the present investigation on
CoCrFeMnNi quinary HEAs. This is also proof of self-consistency due to the fact that
the present simulations are based on the quasi-binary analysis of the interdiffusion
profiles in [2].
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Figure 6.13: Comparison of composition profiles obtained from the Darken
approximation and experimentally from Tsai et al. [2].

Figure 6.14: Comparison of composition profiles obtained from the Darken
approximation and experimentally from Dabrowa et al. [3].
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Figure 6.15: Comparison of composition profiles obtained from the Darken
approximation and experimentally from Dabrowa et al. [3].

Figure 6.16: Comparison of composition profiles obtained from the Darken
approximation and experimentally from Dabrowa et al. [3].

199

Figure 6.17: Comparison of composition profiles obtained from the Manning
approximation and experimentally from Tsai et al. [2].

Figure 6.18: Comparison of composition profiles obtained from the Manning
approximation and experimentally from Dabrowa et al. [3].
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Figure 6.19: Comparison of composition profiles obtained from the Manning
approximation and experimentally from Dabrowa et al. [3].

Figure 6.20: Comparison of composition profiles obtained from the Manning
approximation and experimentally from Dabrowa et al. [3].
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6.5 Comparison of Manning and Darken Interdiffusion Profiles for Couples having
Large Differences in Composition
In this section, results are presented of numerical simulations of the interdiffusion profiles
in 5-component alloys that have the mobilities independent of composition (taken from
the results [2, 33, 36, 37]). Now some possible interdiffusion profiles were explored for
diffusion couples with large differences in composition, like: CoCrFeMnNi/Mn,
CoCrFeMnNi/Cr, CoCrFeMnNi /Fe, CoCrFeMnNi /Co and CoCrFeMnNi /Ni. In Figs.
6.21-6.25, the composition profiles are plotted for the different chosen couples using the
Darken and Manning formalisms and the same annealing time. It is seen that the
composition profiles obtained with the use of the Manning formalism are less spread than
the corresponding ones obtained with the Darken formalism. The correlation factors are
the main reason for this direct effect as they are taken into account in the Manning but
are absent in the Darken formalism (and it is similar to the binary alloys comparison in
the previous section). It can also be seen that components 3 (Fe) and 4 (Co) develop an
increase in composition at the HEA side of the most couples that can be observed in both
formalisms. Apart from this effect, all profiles follow typical continuous error-functiontype distributions.
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(a)

(b)

Figure 6.21: Comparison of the basic composition profiles for CoCrFeMnNi /Mn couple
using the Darken and Manning formalisms: (a) simulated profiles for Co, Cr, Fe, Ni; (b)
simulated profiles for Mn.
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(a)

(b)

Figure 6.22: Comparison of the basic composition profiles for CoCrFeMnNi/Cr couple
using the Darken and Manning formalisms: (a) simulated profiles for Mn, Fe, Co, Ni; (b)
simulated profiles for Cr.
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(a)

(b)

Figure 6.23: Comparison of the basic composition profiles for CoCrFeMnNi/Fe couple
using the Darken and Manning formalisms: (a) simulated profiles for Mn, Cr, Co, Ni; (b)
simulated profiles for Fe.
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(a)

(b)

Figure 6.24: Comparison of the basic composition profiles for CoCrFeMnNi/Co couple
using the Darken and Manning formalisms: (a) simulated profiles for Mn, Cr, Fe, Ni; (b)
simulated profiles for Co.
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(a)

(b)

Figure 6.25: Comparison of the basic composition profiles for CoCrFeMnNi /Ni couple
using the Darken and Manning formalisms: (a) simulated profiles for Mn, Fe, Co, Cr;(b)
simulated profiles for Ni.

To explore how much the reasonably large change in mobilities can change the
composition profiles the following method was used. The step-like function is applied to
emulate the composition dependence of the mobilities. This was done by lowering the
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mobilities of some of the atomic components, effectively to zero, when 0.25 < 𝐶𝑁𝑖 <
0.65 (without restrictions on the other atomic compositions).

Figure 6.26: Composition profiles using the Darken formalism when all D1= D2= D3=
D4= D5= 0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65. (Typical for all the cases when D5= 0.01 at
0.25 < 𝐶𝑁𝑖 < 0.65).
In Figs. 6.26-6.31, typical sets of composition profiles are presented. They were obtained
using the Darken formalism for the cases with various combinations of the atomic
mobilities being very low at 0.25 < 𝐶𝑁𝑖 < 0.65. All of them are somewhat similar to the
profiles in Figs. 6.21-6.25 with Fe and Co compositions increase at the HEA side of the
couple and continuous error-function-like distributions overall. Apart from the section
adjacent to the HEA side, it was not possible to obtain the up-hill diffusion profiles in the
diffusion zone.
In Figs. 6.32-6.37, typical sets of composition profiles calculated using the Manning
formalism for similar type of combinations of atomic mobilities as in Figs. 6.21-6.25 are
presented. It can be seen that the application of the Manning formalism reduces the overall
spread of the profiles while keeping the same main features as before: increase of Fe and
Co compositions above the HEA ones at the HEA side and overall, all profiles follow
continuous error-function-like distributions.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 6.27: Typical composition profiles using the Darken formalism; (a) and (b) using
D1=D2=D3=D4=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65; (c) and (d) using D1=D2=D3=D5=0.01
when 0.25 < 𝐶𝑁𝑖 < 0.65; (e) and (f) using D1=D2=D4=D5=0.01 when 0.25 < 𝐶𝑁𝑖 <
0.65; (Similar profiles can be calculated if D1=D3=D4=D5=0.01 when 0.25 < 𝐶𝑁𝑖 <
0.65 or D2=D3= D4 =D5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65).
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Figure 6.28: Typical composition profiles using the Darken formalism with
D1=D2=D3=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65. (Similar profiles if D1=D2=D4=0.01 when
0.25 < 𝐶𝑁𝑖 < 0.65 and any other combinations with D3=0.01 and/or D4=0.01 but not
D5.)
(a)

(c)

(b)

(d)

Figure 6.29: Typical composition profiles using the Darken formalism; (a) and (b) using
D1=D2=D5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65; (c) and (d) using D1=D3=D4=0.01 when
0.25 < 𝐶𝑁𝑖 < 0.65. (Similar profiles can be calculated if D1=D2=D3=0.01 when
0.25 < 𝐶𝑁𝑖 < 0.65 or D2=D3=D5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65 or D2=D3=D4=0.01
when 0.25 < 𝐶𝑁𝑖 < 0.65)
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(a)

(c)

(b)

(d)

Figure 6.30: Typical composition profiles using the Darken formalism when two atomic
component having D’s=0.01; (a) and (b) using D1=D2=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65;
(c) and (d) using D4=D5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65; (Similar profiles can be
calculated if D1=D3=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65 or D2=D4=0.01 when 0.25 <
𝐶𝑁𝑖 < 0.65 or D3=D4=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65 ).

Figure 6.31: Typical composition profiles using the Darken formalism when one atomic
component D4=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65 (Similar profiles can be calculated if D1=
0.01, D2=0.01, D3=0.01 and so on using same condition 0.25 < 𝐶𝑁𝑖 < 0.65.
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Figure 6.32: Composition profiles using the Manning formalism with w1= w2= w3=
w4= w5= 0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65.
(a)

(c)

(b)

(d)

Figure 6.33: Composition profiles using the Manning formalism when four atomic
component having w’s=0; (a) and (b) w1=w2=w3=w4=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65;
(c) and (d) w1=w2=w3=w5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65. (Similar profiles can be
calculated if w1=w2=w4=w5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65 or w1=w3=w4=w5=0.01
when 0.25 < 𝐶𝑁𝑖 < 0.65 or w2=w3=w4=w5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65).
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Figure 6.34: Typical composition profiles using the Manning formalism with
w1=w2=w3=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65. (Similar profiles if w1=w2=w4=0.01 when
0.25 < 𝐶𝑁𝑖 < 0.65 and any other combinations with w3=0.01 and/or w4=0.01 but not
w5).

Figure 6.35: Typical composition profiles using the Manning formalism with
w1=w2=w5=0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65. (Similar profiles can be obtained if
w1=w2=w4= 0.01 when 0.25 < 𝐶𝑁𝑖 < 0.65 or w2=w3=w4=0.01 when 0.25 < 𝐶𝑁𝑖 <
0.65).

Figure 6.36: Composition profiles using the Manning formalism with w3= w4= 0.01
when 0.25 < 𝐶𝑁𝑖 < 0.65.
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Figure 6.37: Composition profiles using the Manning formalism with w4= 0.01 when
0.25 < 𝐶𝑁𝑖 < 0.65.
Therefore, the main conclusion of this study is that the up-hill type of composition profiles
(away from the HEA side) in couples with large composition differences (that sometimes
are observed in the Co-Cr-Fe-Ni-Mn system, especially for Mn) are not possible to
simulate using only the random alloy model.

6.6 Summary
In the present chapter, interdiffusion phenomenon in HEAs was investigated. Two
composition dependent (as well as composition independent) interdiffusion matrices were
used for the detailed studying of the diffusion behaviour in CoCrFeMnNi HEAs. These
matrices are calculated according to the Darken and Manning formalisms and used in
combination with the explicit finite difference method (EFDM) to obtain interdiffusion
profiles. First, interdiffusion profiles were calculated for the case of the terminal binary
diffusion couple. A significant difference in the composition profiles were found between
the predictions according to the Darken and Manning formalisms. Next, the interdiffusion
problem in the 5-component alloy is addressed numerically by considering the
interdiffusion coefficients as constant, independent of composition, in CoCrFeMnNi
alloys for several diffusion couples (mainly quasi-binary and quasi-ternary). The
simulated composition profiles were found to be in very good agreement with the
available experimental results [2, 3]. Furthermore, the Darken and Manning formalisms
were used for modelling the composition dependent interdiffusion matrices. The main
application of this modelling is to systematically investigate interdiffusion in
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CoCrFeMnNi alloys in diffusion couples with substantial changes in composition.
Furthermore the present research is potentially very useful in the prediction of possible
interdiffusion profiles within the framework of the random alloy model.
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Chapter 7
Conclusions and Recommendations for Future Research
7.1 Conclusions
The present dissertation provides a novel study of interdiffusion in alloys for solid phase
multicomponent alloys such as ternary, quaternary and quinary alloys. In particular, the
quinary CoCrFeMnNi HEA was investigated. The interdiffusion analysis was
investigated theoretically and computationally making use of newly derived
straightforward expressions for the interdiffusion matrix using parameters of fitting into
the closed form solution (the linear combination of two error functions). This approach
was developed for a general multicomponent alloys under the assumption that the
interdiffusion matrix does not depend on composition. Results of the simulations in
ternary Cu-Ni-Zn alloys were compared with the available experimental data to assure
the reliability and validity of the introduced method where possible.
The main results of the present study of interdiffusion are briefly summarized here for
ternary, quaternary and quinary alloys:
First, in ternary metallic system, the detailed study was performed in Chapters 3 and 4 for
quasi-binary and non-quasi-binary diffusion couples using the composition independent
interdiffusion matrix. The main purpose of this ternary study was to determine the full
matrix of interdiffusion coefficients with the proof of the reliability through the back test
of the composition profiles. The interdiffusion coefficients were determined from the
initially generated composition profiles obtained using the closed form solutions. In
Chapter 3, two previously available methods for the analysis of ternary systems were
investigated: the SQRD method and the Curve fitting tools (Cftool in Matlab, Origin, and
a custom-written Matlab fitting program (MFP)) together with the previously used
expressions for the interdiffusion matrix. From the analysis of all the fitting tools it was
concluded that the MFP provides very good outcomes for the quasi-binary and non-quasibinary diffusion couples. An additional advantage of the MFP is that it is readily
extendable to higher component systems with good access to accuracy control. It was also
found that the SQRD method performs well but only for the non-quasi-binary diffusion
couples.
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In Chapter 4, the newly developed expression for the matrix of the interdiffusion
coefficients was extensively investigated in ternary systems with use of single couples
and two couples. It was found (as expected) that even for the case of constant
interdiffusion coefficients, the use of the single diffusion couple does not guarantee
enough information to obtain a reliable interdiffusion matrix. However, in some cases, a
single couple analysis may give a satisfactory result (this was definitely the case in
Chapter 3). Nevertheless, to be completely sure, in ternary alloys two couples are needed.
Furthermore, there is strong evidence that the back test of the composition profiles for
only one diffusion couple must not be accepted as the proof of the reliability of the
methods used. In addition, in Chapter 4, the available ternary data from [1] in the Cu-NiZn alloy was applied to investigate the matrix of the interdiffusion coefficients using the
MFP which proves the reliability of the present investigations.
Following the ternary case, a general approach of the interdiffusion analysis in quaternary
and quinary metallic systems was investigated in Chapter 5 numerically by making use
of the closed form solution. The custom-written MFP was again used to obtain the
required fitting parameters and to calculate the full interdiffusion matrix. A single
diffusion couple, two couples and three couples analyses were applied for the quaternary
systems; and a single diffusion couple, two couples, three couples and four couples
analyses were applied for quinary systems using CoCrFeMnNi HEAs for test purposes.
It was shown as a trend that the error in the interdiffusion coefficients decreases with an
increase of the couples used. In general, the use of 𝑛 − 2 couples in the interdiffusion
analysis gives satisfactory results with average relative error terms of the order of several
percent. The use of 𝑛 − 1 couples gives results with an accuracy comparable to the
computer simulations accuracy.
Next, composition dependent interdiffusion matrices were treated in Chapter 6 for a
detailed investigation of CoCrFeMnNi HEAs. There, interdiffusion coefficients were
calculated using tracer diffusion coefficients estimated in [2] at temperature 1273K.
Further in Chapter 6, the key application of the present CoCrFeMnNi HEAs modelling is
to systematically investigate the interdiffusion phenomenon with substantial changes in
composition. The Darken and Manning formalisms were used to calculate the
composition dependent interdiffusion matrices and corresponding composition profiles.
It was found that the use of Darken or Manning approaches made a significant difference.
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7.2 Recommendations for Future Research
For the purpose of future development of the present study, the following suggestions can
be outlined:
i)

In this research, investigations of interdiffusion coefficients in ternary metallic
systems is mainly based on closed form solutions. The investigations of the
interdiffusion coefficients for the ternary system can be extended using other
methods. The Dayananda and Sohn [1] method, the Dayananda [3] method in
combination with Cftool and/or Origin, the SQRD method, and customwritten Matlab fitting program (MFP) should be used for further studies of the
interdiffusion analyses.

ii)

The analysis of the interdiffusion coefficients should be extended for the
quaternary metallic system by making use of Cftool, Origin and the SQRD
method and, possibly, the method in [4]. Both numerical as well as closed
form solutions need to be investigated with an in-depth comparison of the
methods.

iii)

The quaternary metallic systems can also be analysed through the Darken and
Manning approximations within the framework of the numerical analysis.

iv)

The analysis for the ternary as well as the quaternary metallic system can be
extended for specific alloys rather than general investigations. For example
Cu-Ni-Zn, Fe-Ni-Al, Ni-Cr-Al, Ni-Mn-Ga, Cu-Al-Si, Al-Cu-Ag, Ni-Cr-AlMo, Cu-Ni-Zn-Mn, and Pd-Ni-Cu-P alloy combination can be used for the
analysis.

v)

The HEAs with the fcc crystal structure were investigated in the present
research. Multicomponent alloys with other types of crystal structures, most
likely bcc, can be used in future work.

vi)

In the present research the diffusion kinetics analyses were analysed up to the
quinary system. These analyses can be extended to senary, septenary, octonary
and up to tridenary alloys. Some HEAs can be extended for possible alloys
such as: AlCoCrFeNi, TiZrHfCrMo, AlCoCrFeNiTi, AlCoCrCuFeNi,
TiZrHfCoCrMo, AlCoCuCrFeNiMn and so on.

vii)

The extension to senary and septenary metallic system can be performed with
the help of the Darken and Manning approximations.
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viii)

The same fundamental parts of the present analysis for ternary and
multicomponent solid metallic alloys should be extended to liquid metallic
alloys.
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