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Abstract—In the absence of plant parameter uncertainties,
inversion-based feedforward techniques have been known to
deliver accurate tracking performance. Due to changes in oper-
ating conditions like ambient temperature, humidity and load-
ing, piezoelectric-stack actuated nanopositioning platforms can
undergo significant changes in their system parameters. Nonlinear
effects of hysteresis, an inherent property of a piezoelectric
actuator, are also present; charge actuation is applied to reduce the
effects of hysteresis. In this work, a suitable feedback controller
that reduces the effects of parameter uncertainties is integrated
with the inversion-based feedforward technique to deliver accurate
nanopositioning over a large bandwidth. It is shown experimen-
tally that by integrating closed-loop damping, inversion-based
feedforward and charge actuation, the tracking bandwidth of the
platform from can be increased significantly from 310 Hz to 1320
Hz.

Index Terms—Nanopositioning, Feedforward, Feedback, high-
speed tracking

I. INTRODUCTION

Due to their simple and robust construction, low cross-
coupling between the axes and substantially large motion
ranges, piezoelectric-stack actuated nanopositioning platforms
are gaining popularity in many nanopositioning applications.
They have a relatively narrow tracking bandwidth due to the
highly resonant low-frequency mode (in the hundreds of Hertz)
dominating their frequency response. As a result, significant
research interest has been genereted by control strategies that
can increase the tracking precision and bandwidth of these
platforms.

Various nano-scale positioning approaches have been re-
searched in the past. Salapaka et. al. reported robust tracking
in [1]. Force-feedback for nanomanipulation was investigated
by Sitti et. al. in [2]. Sebastian et. al. researched H∞ control
algorithms for nano-scale tracking [3]. Inversion-based feedfor-
ward techniques for continuously tracking a desired trajectory
have been under investigation [4], [5]. Zhou et. al. applied
inversion-based feedforward technique to nanopositioning sys-
tems [6]. Compensating for the nonlinear effects of hysteresis
and creep using inversion-based feedforward was reported in
[7], [8]. High sensitivity to modeling errors and plant parameter
uncertainties are the two main drawbacks of the feedforward
control strategy. Feedback has been shown to improve the
bandwidth of feedforward strategies by suppressing the effects
of uncertainties [9]. An in-depth overview of this field has been
documented in [10], [11].

Change in resonance frequency is a commonly occurring
system uncertainty for the positioning stage. Change in ambient
temperature, humidity, atmospheric pressure and mechanical
loading are some of the reasons that contribute to changes in
resonance frequencies. The most effective method to make the
system less sensitive to this change in resonance frequencies
is to damp the structure using a feedback controller. Passive
damping techniques such as shunts have been effective but may
need constant tuning to avoid performance degradation under
resonance frequency changes, thus defeating the initial purpose
of using one. To handle these system uncertainties, more
evolved adaptive shunts are needed [12], [13]. Various feedback
controllers that impart substantial damping to the system have
been formulated and documented over the years [14], [15], [16].
Positive Position Feedback control (PPF) [17] and Resonant
control [18] have all shown substantial damping capability.
A polynomial-based controller is one of the simplest control
design method that imparts substantial damping to the system
[19]. This controller is easy to construct for second-order
plants and is robust under resonance frequency variations as
documented in [20], [21]. Combining such damping controllers
that are insensitive to change in resonance frequencies with a
Proportional Integral controller (PI) has been reported earlier
[22]. The high gain needed by the integrator to track a given
trajectory limits the achievable scan speed using this technique
to 4 Hz.

In this paper, the polynomial-based damping controller is
integrated with the inversion-based feedforward technique. The
polynomial-based damping controller increases plant insensitiv-
ity to changes in resonance frequency and thus, when combined
with the inversion-based feedforward technique achieves a
much larger positioning bandwidth with substantial tracking
accuracy. A custom-built charge amplifier capable of driving the
high capacitive loads presented by the piezoelectric stacks (≈
10 μf) is employed to reduce the nonlinear effects of hysteresis
present in piezoelectric stacks. An 89% reduction in hysteresis
has been reported due to the charge actuation approach in [23].

A. Objectives and Outline

The main objective of this work is to increase the positioning
bandwidth of a typical piezoelectric-stack actuated nanopo-
sitioning platform using closed-loop damping and inversion-
based feedforward techniques. Section II provides details of
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(a) (b)

Fig. 1. (a) Working principle of the monolithic XY piezoelectric-stack actuated nanopositioning platform.(b) A snapshot of the experimental setup used in this
work

the experimental setup used in this work as well as the system
identification carried out in lieu with this work. Section III will
begin by discussing the inversion-based feedforward technique
and its achievable positioning bandwidth. The drawbacks of
using feedforward alone will be enumerated and possible
solutions will be put forth. This will serve as the motivation
for using a suitable feedback controller in conjunction with
the feedforward technique. The improvement in positioning
bandwidth due to this approach will be presented. Experimental
results that validate the expected improvement in positioning
bandwidth are presented in Section IV. Section V concludes
the article.

II. EXPERIMENTAL SETUP AND SYSTEM IDENTIFICATION

We use a two-axis piezoelectric stack-actuated platform
based on a parallel-kinematic design, manufactured by PI (PI-
734). This design provides mounting independent orthogonality
and reduced cross-coupling between the two axes. Friction and
stiction are eliminated by using a flexure guidance system. The
platform is equipped with a built-in integrated lever motion
amplifier to increase the range of motion whilst maintaining
the sub-nanometer accuracy. Each axis of the nanoposition-
ing platform is fitted with a two-plate capacitive sensor that
provides a direct position measurement. A simplified diagram
of the nanopositioning platform is given in Figure 1 (a). The
piezoelectric stack actuators take voltage input in the range of 0
V - 100 V for each axis. The resultant motion produced by the
platform is within 0 μm - 100 μm. This motion is detected by
the two-plate capacitive sensors and fed to an electronic sensor
output module. The output of this module is within 0 V - 6.7
V.

A dSPACE-1005 rapid prototyping system equipped with 16-
bit ADC(DS2001) and DAC(DS2102) cards is used to imple-
ment the proposed strategy. The sampling frequency of this
system is 20 kHz. An in-house, custom built charge amplifier
with an equivalent voltage gain of 20 was used to drive the
piezoelectric stack actuator. The charge amplifier is calibrated
such that the voltage gain it provides remains constant in the
voltage as well as charge mode. To measure the frequency
response of one axis of the nanopositioning platform, a band-

limited random noise input signal was generated by an HP
signal analyzer, of amplitude 1 Vpk within the frequency range
of 10 Hz - 3.2 kHz. This signal was fed to the charge amplifier
as input and the equivalent charge output of the amplifier was
used to excite the piezoelectric stack. This input corresponds to
a displacement within 0 - 1 μm, or 1% of the total range of the
platform. Throughout this work, the piezoelectric stack actuator
was kept at a bias of +40 V, to avoid depolarization due to
application of negative voltages. As the identification was done
from 10 Hz onwards, the effect of creep was eliminated due
to the absence of any low-frequency components. The piezo-
electric stack on the other axis is shorted out to eliminate its
effect. The input is a charge signal applied to the piezoelectric
stack (u in nC), and the output is the displacement (d in μm)
obtained by scaling the measured capacitive sensor voltages by
the proportional scaling factor (0.067 V/μm). A picture of the
complete setup is given in Figure 1(b).

A subspace-based modeling technique, [24], is used to obtain
accurate models of the open- and closed-loop system. Fig 2
shows the measured frequency response for the open-loop sys-
tem. A subspace-based second-order model accurately captures
the system dynamics in the bandwidth of interest and is used
throughout this work for further analysis and computations.

III. FEEDFORWARD AND FEEDBACK

This section briefly presents both the feedforward and the
feedback algorithms. The polynomial-based controller designed
to damp the platform resonant mode is also discussed in brief.
For a more detailed explaination, the reader is referred to [25].

A. Inversion-based feedforward technique

The goal of the inversion-based feedforward technique is
to find the input ’u’ that when fed to a linear system with
known dynamics ’Gxx’ produces the desired output ’yd’. In
other words, it is desirable to acquire a u such that

Yd(iω) = Gxx(iω)U(iω) (1)

where U(iω) and Yd(iω) are Fourier transforms of u and the
desired trajectory yd respectively.
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Due to practical issues such as sensor and actuator band-
width, ambient noise, sampling, quantization and machine
precision the system can be accurately identified for only a
finite bandwidth. As the system is identified over a finite
bandwidth, it is logical to construct inputs which are also
strictly bandlimited. Thus, the desired trajectory yd is shaped,
using either a suitable filter or truncation of terms, such that
it is bandlimited and all or most of its frequency content lies
within the bandwidth of the identified system. In this work,
we construct scan trajectories whose frequency components lie
totally within the bandwidth of the identified system model, i.e.
are strictly bandlimited.

If G(s) is the actual system and Gm(s) is the identified model
then, due to practical limitations such as machine accuracy
and limit on model order, there are bound to be errors in the
identified model with respect to the actual system. Let this error
be given by Δ(s) = Gm(s)− G(s). Then, it has been shown
earlier that feedforward always improves output tracking for
any feedback as long as |Δ(ω)|< |Gm(ω)|, [26]. In the presence
of such uncertainty, the achievable positioning bandwidth of the
platform is substantially reduced. To elaborate this further, the
resonance frequency of the platform is changed from 426 Hz
to 350 Hz by manually loading it with some mass. Figure 2
shows the positioning bandwidth achievable by the inversion-
based feedforward technique in the presence of uncertainty.
As seen, the positioning bandwidth is limited to 310 Hz.
Feedback controllers aid in improving the tracking performance
of the feedforward control techniques provided they reduce the
sensitivity of the system to uncertainties such as changes in
resonance frequency.

B. Polynomial-based controller design

For a system Gxx whose transfer function is of the form

Gxx = =
kx

s2 +2σxωxs+ω2
x

+Dx, (2)

where Dx is a feed-through term, a polynomial-based controller
is defined by the second order transfer-function, [21],

KPoly(s) �
Γ1s+Γ2

s2 +2ξ ws+w2 , (3)

where ξ ,w,Γ1 and Γ2 are the design parameters. For the axis
of interest, the polynomial-based controller design is described
below. Note that poles of Gxx(s), computed, are

p± = −33.8± i2644.6. (4)

Here, the desired closed-loop poles are set to

P1+ = P2+ = −2030.23± i2644.5,

(5)

P1− = P2− = −2030.23± i2644.5,

which amounts to placing the closed-loop poles of the system
further into the left half plane by about 2000 units. It can be
checked that the polynomial coefficients corresponding to the
desired poles (5) are K1 = 8.1352× 103, K2 = 3.8806× 107,
K3 = 9.0548×1010 and K4 = 1.2388×1014.

Solving for the controller parameters Γ1,Γ2,ξ and w gives
the controller

KPoly(s) �
−3678s+1.09106

s2 +7594s+3.267×107 , (6)

that would render a closed-loop system having poles at
P1+,P2+,P1− and P2−. This controller damps the resonant mode
of the system by 23 dB, as shown.

Figures 2 and 3 plot the difference in frequency response of
the unloaded and the loaded system for both the the undamped
(open-loop) and the damped (closed-loop) configurations. It is
clear that the unloaded and loaded system responses differ in
open-loop undamped configuration by a substantial amount.
On the other hand, there is minimal change in the equivalent
closed-loop responses when the resonance has been damped
using a polynomial-based controller. Applied to the open-loop
(undamped) system, the inversion-based feedforward technique
can only achieve a bandwidth of 310 Hz. On the other hand,
when feedback (closed-loop damped) is combined with the
feedforward technique, the positioning bandwidth of the system
increases substantially. It is seen that for the closed-loop plots
shown in Figure 3(b), Δcl(ω) < Gcl(ω) for ω < 1320Hz. Thus,
the positioning bandwidth has been increased by more than
1 kHz. A 5th-order model accurately captures the closed-
loop plant dynamics up to this frequency and is used for the
inversion-based input generation. The overall control strategy
implemented to achieve the high positioning bandwidth is
shown in Figure 4.

IV. EXPERIMENTAL RESULTS

A charge input equivalent to 15 Vpk−pk was used to ensure
that the current limit of the charge amplifier is not reached
during the experiments. This corresponds to a 15 μm scan
range. We have used the triangle waveforms as our reference for
comparison as they are commonly used as desired trajectories
for scanning applications,. It is known that the triangular
waveform has infinite bandwidth and accurate tracking of this
waveform is not practically possible. In general, a triangle wave
can be approximated with additive synthesis, by adding odd
harmonics of the fundamental, multiplying every (4n − 1)th

harmonic (where n=1,2,. . .) by -1 (or changing its phase by
π), and rolling off the harmonics by the inverse square of
their relative frequency to the fundamental, see Eqns. (1 - 4).
A quantification of how close this approximation is to the
perfect triangle wave, when truncated at different harmonic
components, is given in Table I. From the table, we can say that
if the scan signal is constructed using the first 2 odd harmonics
(1st and 3rd) of the fundamental then, 6.84% of the total scan
will be within 1% of the perfect triangle. Similarly, if the scan
signal is constructed using the first 7 odd harmonics (1st , 3rd ,
5th, 7th, 9th and 13th) then, 90.72% of the total scan will be
within 1% of the perfect triangle. The rest of the table can be
read in the same fashion.

It should be noted that perfect inversion will result in perfect
tracking. As perfect inversion is impossible (due to plant uncer-
tainty) and the system is identified for a limited bandwidth, the
model suffers from unknown high-frequency dynamics. Due to
the sensor noise, quantization noise from the ADC/DAC system
and the modeling errors (the open-loop is a second-order model
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Fig. 2. (a) Open-loop frequency response for the unloaded and the loaded platform. Note that after loading, the resonance frequency shifts from 426 Hz to 350
Hz (b) A plot of modeling error due to plant uncertainty |Δol | and the plant model used for inversion |Gm(w)|. As can be seen from the plot, |Δ(w)| > |Gm(w)|
at w = 310 Hz. Thus, the maximum positioning bandwidth achievable in the presence of system parameter uncertainty using feedforward alone is 310 Hz.

Fig. 3. (a) Closed-loop frequency response for the unloaded and the loaded platform. (b) A plot of modeling error due to plant uncertainty |Δcl | and the plant
model used for inversion |Gm(ω)|. As can be seen from the plot, |Δ(ω)| > |Gm(ω)| at ω = 1320 Hz. Thus, the maximum positioning bandwidth achievable
in the presence of system parameter uncertainty using feedforward and feedback to damp the system resonance is 1320 Hz. This is an increase in positioning
bandwidth of more than 1 kHz compared to the one achieved by feedforward alone.

Number of odd harmonics includ-
ing the fundamental

Percentage of scan within 1% er-
ror

Percentage of scan within 2% er-
ror

Percentage of scan within 5% er-
ror

2 6.84 15.92 94.40
3 12.38 74.24 98.24
4 77.44 96.48 99.96
5 83.12 97.72 100
6 85.12 98.52 100
7 90.72 99.4 100

TABLE I
TABLE SHOWING THE PERCENTAGE OF SCAN WITHIN A PARTICULAR ERROR RANGE FROM THE PERFECT TRIANGLE

and the closed-loop is a fifth-order model), the measured scans
will have a higher level of error and therefore a lower acceptable
scan range than that given in Table I. Scans with three different
fundamental frequencies (10 Hz, 40 Hz and 100 Hz) each with
two different number of harmonics included (5 and 7) were
obtained to test the performance of the feedback-feedforward
algorithm implemented on the nanopositioning platform. The
results are plotted in Figure 5.

A. Tracking performance in presence of resonance frequency
variations

Data was collected for open- and closed-loop unloaded and
loaded system for 10 Hz, 40 Hz and 100 Hz scan signals
including 7 odd harmonics, to verify that the feedback damping
controller does make the system more robust under changes in
resonance frequency,. The results are provided in Figure 6.

Change in resonance frequency due to loading is equivalent
to a modeling error due to plant uncertainty. As feedforward
alone cannot handle uncertainties, the loaded system when
excited by the inversion-based input procured using the original
model, results in poor tracking performance. On the other hand,
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Fig. 4. Implemented control strategy. Note that positive feedback is implemented.

% error from the perfect
triangle

% of 10 Hz + 5 odd harmonics
within limit

% of 40 Hz + 5 odd harmonics
within limit

% of 100 Hz + 5 odd harmonics
within limit

1 62.4 59.2 48.7
2 93.1 94.4 94.2
5 100 100 100

% error from the perfect
triangle

% of 10 Hz + 7 odd harmonics
within limit

% of 40 Hz + 7 odd harmonics
within limit

% of 100 Hz + 7 odd harmonics
within limit

1 67.7 64.2 41.2
2 96.8 96.8 95.6
5 100 100 100

TABLE II
TABLE SHOWING THE PERCENTAGE OF SCAN WITHIN A PARTICULAR ERROR RANGE FOR MEASURED SCAN SIGNALS WITH THREE DIFFERENT

FUNDAMENTAL FREQUENCIES.

if feedback is used to desensitize the system to resonance
frequency changes, a similar scenario will yield better tracking
of the desired signal. The following table presents the results
of this analysis.

At relatively low frequencies (10 Hz), the addition of feed-
back only marginally improves the tracking performance of
the overall system. Also, at frequencies close to the end of
the bandwidth (7th odd harmonic of 100 Hz is 1300 Hz, the
edge of achievable bandwidth), the system does not achieve
perfect tracking in the presence of uncertainty. Yet, for most
frequencies in between these extremes, the addition of feedback
to feedforward, improves the tracking performance of the
system substantially, as evident from the results at 40 Hz shown
in Figure 6 (c) and (d).

V. CONCLUSIONS

We successfully implemented the polynomial-based feedback
for damping integrated with inversion-based feedforward con-
trol for tracking on a piezoelectric-stack actuated nanoposition-
ing platform. The addition of feedback has shown to increase
the positioning bandwidth of the nanopositioning platform by
1 kHz, from 310 Hz (using feedforward alone) to 1320 Hz
(feedback and feedforward together). The experimental results
show that a perfectly band-limited 15 μm input scan signal
with the fundamental frequency of 100 Hz (about a fourth
of the resonance) and frequency components as high as 1300
Hz was tracked with high accuracy. It was further proved
experimentally that in the presence of resonance frequency
uncertainties, feedback also improves the tracking performance

of the feedforward control.
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