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Abstract

Let (G,G,) be a quasi-lattice-ordered group with positive cone G,. Laca and
Raeburn have shown that the universal C*-algebra C*(G, G, ) introduced by Nica
is a crossed product Bg, x, G4 by a semigroup of endomorphisms. Subsequent
research centered on totally ordered abelian groups. We generalize the results in
[2], [3] and [5] to extend it to the case of discrete lattice-ordered abelian groups. In
particular given a hereditary subsemigroup H, of G we introduce a closed ideal
Iy, of the C*-algebra Bg,. We construct an approximate identity for this ideal and
show that Iy, is extendibly a-invariant. It follows that there is an isomorphism
between C*-crossed products (Bg, /In,) Xa G+ and B/, Xg G4. This leads to
one of our main results that B m), X3 G4 is realized as an induced C*-algebra
Indgl (B(/my, %~ (G/H)4). Then we use this result to show the existence of the

following short exact sequence of C*-algebras
0 — Iy, xo G4 — Ba, o Gy — ndS. (Bemy, - (G/H);) — 0.

This leads to show that the ideal I, x, G is generated by {Z'BG+ (1-1,):ue H}
and therefore contained in the commutator ideal Cq of the C*-algebra Bg, X, G4.
Moreover, we use our short exact sequence to study the primitive ideals of the C*

algebra B, X, G4 which is isomorphic to the Toeplitz algebra 7 (G) of G.



CHAPTER 1

Introduction

The theory of crossed products of C*-algebras by endomorphisms has been developing
rapidly. This theory is a generalization of the theory of crossed products of C*-
algebras by semigroups of automorphisms, which is an interesting area of the modern
theory of operator algebras. The significance of that theory have led many authors
to consider more general cases of crossed products of C*-algebras by semigroups of
automorphisms such as Murphy in [27] and the crossed products by semigroups of
endomorphisms ([1], [2], [4], [9], [24]).

The origins of the theory of crossed products by semigroups of endomorphisms
can be traced back to Cuntz’s work in which he observed that the Cuntz algebra O,
which is generated by certain families of isometries, can be viewed as an isometric
crossed product of a UHF-algebra by a single endomorphism [11]. This work was
later generalized and attracted many authors. It was not until Stacey’s paper [38|
that a crossed product by an endomorphism was explicitly described as an abstract
object. In particular, for any C*-algebra A and any endomorphism a : A — A;
Stacey found a family of covariant representations for which the crossed product,
which was denoted by A %, N, is universal. Since then this idea has been improved
and authors have studied isometric crossed products by actions of the semigroup N
using Stacey’s work (see [9], [10]), actions of totally ordered abelian groups ([3],
[4]) and by actions of quasi-lattice ordered groups ([21], [32]). Crossed products by
semigroups of endomorphisms have been used in a number of settings and provide
good models for Toeplitz algebras ([4], [21]).

In this thesis, we work on crossed products by semigroups of endomorphisms,

actions of general semigroups, namely the positive cone G, of a partially ordered



discrete abelian group G and with C*-algebras A which may not have an identity. For
A unital and (G, G) a quasi-lattice ordered group, it was shown in [21, Corollary 2.4]
that the C*-algebra C*(G, G ) is the crossed product Bg, X, G4 of the dynamical
system (Bg,, G, o) consisting of the C*-subalgebra B¢, of £>°(G.) spanned by the

functions {1, : © € G4}, where

1(y) = 1 ify >z,
=)= 0 otherwise,

and the action « given by a,(1,) = 1,4, for z,y € G,. Moreover, denote by
{e. : * € G} the usual basis for the Hilbert space (?(G. ). For each x € G, there
is an isometry T, on (*(G,) satisfying T, (e,) = .4, for all y € G.. The Toeplitz
algebra of G is the C*-subalgebra 7 (G) of B({*(G,)) generated by the isometries
{T, -z € G.}.

We are interested in the crossed product Bg, X, G because it is generated by
the elements {ig, (z) : © € G1} and has the following universal property: for every
covariant isometric representation V' of GG there is a unital representation 7y, x V' of
Be, x4 G4 such that my x V(ig, (z)) = V, [21, Proposition 2.3]. Moreover, since we
are working with abelian groups, my x V' is faithful if and only if ] (1-V,, V) # 0
whenever x4, 2, ..., ,, € G4 \{0} [21, Theorem 3.7]. Another interesting thing about
the crossed product Bg, X, G4 is that using its universal property, Laca-Raeburn
have showed in [21, Corollary 3.8] that for any amenable quasi-lattice ordered group
(G, G4) the crossed product Bg, X, Gy is isomorphic to the Toeplitz algebra of G.
Thus 7 (G) is itself universal for covariant isometric representations of G .

To talk about crossed products of a non-unital algebra A, we need the endomor-
phisms {a, : © € G4} to be extendible, that is each a, has a strictly continuous
extension ay : M(A) — M(A); where M(A) is the multiplier algebra of A. We
need to consider algebras without identity because we will study the crossed product

Iy, xo G4 of an extendibly ag-invariant ideal I, of Bg, .
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We give now an outline of what we do in each chapter. We begin with a chapter
of background material and some results we proved about quasi-lattice and lattice-
ordered groups. The first section is about the definition of partially ordered groups.
We also discuss the definitions of lattice and quasi-lattice ordered groups and we
give our notion of them (G, G, ), and for that we refer to ([18], [21], [25]). Also we
prove some results about lattice and quasi-lattice ordered groups, in particular we
show that every lattice ordered group is a quasi-lattice ordered group. In the second
section, we discuss some examples of quasi-lattice ordered groups and lattice-ordered
groups and we also give some examples of hereditary subsets of G .

In Chapter 3, we introduce the crossed product of a dynamical system and we
give a detailed definition of the crossed product of a C*-algebra A by a semigroup
of endomorphisms « : G4 — End(A) in terms of the universal property. In the first
section we give the definitions of multiplier algebras and extendible homomorphisms,
and we give some important results that we need in this work. In section 2, we define
dynamical systems (A, a, G ) and crossed products for dynamical systems. Then we
give our notion for crossed product A x, G, and we remark on when a crossed
product should exist (Remark 3.2.4). In section 3, we introduce the C*-subalgebra
B¢, and we prove some results about it. Then we use the universal property of the
crossed product A X, G to prove the existence of a strongly continuous action of
the group G := {y:G — T :~is a homomorphism} in Lemma 3.4.6. This says that
for a quasi-lattice ordered group (G, G, ) and a dynamical system (A, o, G ) with A

unital, there is a strongly continuous action
a:G — Aut(A x, G,)

satisfying a,(ia(a)) = ia(a) and @, (ic, () = v(x)ig, () for all z € G, a € A.
Next, in Chapter 4, we give a detailed definition of extendibly a-invariant ideals

of C*-algebras. In the first section, we fix firstly our hypothesis about the group G,

which is a partially-ordered group with a positive cone G such that (G,G,) is a

lattice-ordered group and H, is a hereditary subsemigroup of G.. We introduce the
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ideal

Iy, =span{l, — l,.p:he Hy ,z € G}

+

of the C*-algebra B, in Lemma 4.1.1. Then we introduce an approximate identity
Cr of the ideal Iy,
O = {11(%) = 3 O = L) s (B € D}
0£ACF z€A

in Proposition 4.1.5. At the end of the first section we prove in Corollary 4.1.6 that
Iy, is an extendibly o.-invariant ideal of Bg, , for all z € G. In section 2, we
discuss the relationship between the C*-algebras B /my, and Bg, /Ig,. The main
result in this section is in Proposition 4.2.4 which shows that there is an isomorphism
® of B, /I, onto Ba/m), -

In Chapter 5, we talk about inflated dynamical systems and induced C*-algebras.
In the first section, we talk about irreducible representations of C*-algebras and state
the necessary definitions and important results needed to study them. In section 2,
we discuss the relationship between the crossed products (Bg, /In,) Xa G+ and

B/my, xp G4+ (Lemma 5.2.2), and we prove that they are isomorphic. Then in

Proposition 5.2.3 we show that there is a surjective homomorphism

Q: B/my, Xp G = Biaymy, X7 (G/H)y.

In section 3, we talk about induced C*-algebras Ind? (A, ). If K is a compact
group and « : S — Aut A is an action of a closed subgroup S on a C*-algebra A,
the induced C*-algebra Ind% (A, a) is the subalgebra of C(K,A) consisting of the
functions f satisfying f(gh) = a;'(f(g)) for g € K and h € S [6, page 3]. Then
we give our main result about these induced algebras in Theorem 5.3.2 which is an
analogue of Theorem 2.1 of [3] with modifications as we work here with partially
ordered groups (lattice-ordered) and this has added many challenges to the proof
and made it more interesting. Our theorem shows that we can realize the C*-algebra
B(c/my, XG4+ as the induced C*-algebra Indgi (B(ymy, x+(G/H)<). To introduce

that theorem we proved some lemmas and propositions (Proposition 4.2.4, Lemma

12



5.2.2, Proposition 5.2.3). We also used [2, page 2] and Remark 5.2.1 to realize that
the composition 7 o ¢ of the action 7 : (G/H); — End (B(g/m),) which satisfies
Tott(Lysn) = lyyyrm, with the quotient map ¢ : G — G/H is an action of G on
B(c/m), by extendible endomorphisms. Although the proof of our theorem (Theorem
5.3.2) is similar in outline to that of [6, Theorem 2.1], problems associated to the
fact that we are working with a partially ordered group and with crossed products of
systems which are not Toeplitz algebras, make the argument harder and interesting.
Then we prove that since the system (Bg,,«,Gy) has the extendibly a,-invariant

ideal Iy, then there exists a short exact sequence of C*-algebras
0 — Iy, Xo Gy — Ba, o Gy — IndS. (Bemy, - (G/H)) — 0

in which I, xq G4 is isomorphic to the ideal D := span{ic, (z)"ip., (a)ic, (y) :
a € Iy, ,x,y € Gy} of Bg, xo G4 which is generated by {iBG+(1 —1,) :u € H+}.
In section 4, we show that we can view the crossed product By, X, H, as a C*-
subalgebra of the crossed product Bg, X, G4

In Chapter 6, we talk about primitive ideals and irreducible representations of
C*-algebras. We dedicate the first section to give the definitions and background
results needed about irreducible representations and primitive ideals, then we prove
some general lemma about irreducible representations. In section 2, we prove in
Proposition 6.2.2 that there is a well-defined map F' : (H,~v) — ker (Q o @_1 o0py)
from the disjoint union | |[{H : H € 3" G} to Prim (Bg, X4 G4). Then we show in
Corollary 6.2.4 that for any irreducible representation of Bg, X, G4, p is equivalent
to M(y,m) oY for some 7 € G

Conventions. We use the standard conventions of our subject in this thesis.
Thus, for example, homomorphisms between C*-algebras are always *-preserving,
ideals are always assumed to be closed and two-sided and representations of C*-
algebras are homomorphisms into the set B(H) of bounded linear operators on a

Hilbert space H (or into some C*-algebra A).
13



Background. It might be helpful to mention some non-trivial facts about C*-

algebras which we use frequently.

(i) Every C*-algebra A has a faithful non-degenerate representation ([35, The-
orem 24]).

(ii) Every homomorphism between C*-algebras is norm-decreasing (and there-
fore continuous), and every injective homomorphism is norm preserving ([8,
Corollary 11.2.2.9)).

(iii) The range ¢(A) of every homomorphism ¢ : A — B between C*-algebras
is closed, and is therefore a C*-subalgebra of B ([35, Corollary 23]).

14



CHAPTER 2

Preliminaries

In this chapter we will discuss the basic definitions of lattice and quasi-lattice ordered
groups. We begin by showing that for a discrete group GG under certain conditions

there is a particular partial order on G which we will be using throughout this work.

2.1. Lattice and quasi-lattice ordered groups

Let G be a discrete group. A binary relation < defined on G is a partial order if for

x,y,z € G, we have

(i) x <z (reflexivity)

)
(ii) <y and y <z = z = y (antisymmetry)
(ili) z <y and y < z = x < z (transitivity)
(iv) 2 <y = zz < z2y.
A non-empty group G together with a partial order < is called a partially ordered

group.

DEFINITION 2.1.1. The positive cone of a partially ordered group G is the set of
all positive elements of G (x € G is positive if x > e, where e is the identity of G)

which is a semigroup.

A pair (G,G.) consisting of a group G with identity e and a subsemigroup G
of G satisfying G, (G' = {e} might be equipped with a relation “<” on G with
respect to G where x < y if 7'y € G,. This relation is a partial order on G
which is left invariant. To see this, let z,y, 2 € G. Note that 7'z = e € G so the
relation is reflexive. The relation is anti-symmetric, since if z < y and y < x then

r 'y € G, and y 'z € G, which means that 7'y = (y'2)"! € G, ﬂGjrl = {e}
15



and hence x = y. To show the transitive condition, suppose that + < y and y < 2
then 7'y € G4 and y~ 'z € G4 and so (z7'y)(y~'2) = 2712 € G, since G, is
a semigroup. About being left invariant, assume that < y. Then (zz) '(2y) =

1

272y =27y € G4. Thus zz < 2y.

CONVENTION. From now on we use (G,G,) to refer to the group G with the

natural partial order < on G determined by G.

DEFINITION 2.1.2. The partially ordered group (G,G.) is quasi-lattice ordered

if every finite subset of G with an upper bound in G, has a least upper bound in

G..

Equivalently, (G, G ) is quasi-lattice ordered if and only if every element of G
with an upper bound in Gy has a least upper bound in G, and every two elements
in G4 with a common upper bound in G, have a least upper bound in G, [32,

Section 2.1].

DEFINITION 2.1.3. The partially ordered group (G,G.) is said to be a lattice-

ordered group if every two elements of GG have a least upper bound in G.

We got our definition for lattice-ordered groups from [18] with slight changes to
it because in [18] they insist that every two elements of G' have a least upper bound

and a greatest lower bound in G.

NOTATION. The least upper bound or sup of the elements x and y will be denoted

by z V y.

REMARK 2.1.4. There are two possible definitions for lattice-ordered groups the
one we have in Definition 2.1.3 and the one mentioned in [32] which restricts our

definition to elements from the semigroup G .

We now give two minor results to show that our definition implies the one in

[32], and that every lattice-ordered group is a quasi-lattice-ordered group.

16



LEMMA 2.1.5. Let (G,Gy) be a lattice-ordered group. Then every two elements

of G4 have a least upper bound in G .

Proor. If z,y € G, then by assumption z and y have a least upper bound
xVyeGG. Sincee<zx<xVythenzVyecG,. O

COROLLARY 2.1.6. Suppose that (G, G4.) is a lattice-ordered group. Then (G, G )

18 a quasi-lattice ordered group.

PROOF. For z € G we know that e <z Ve € G, is an upper bound for z in G..
We claim that x V e is a least upper bound for x in G,. To see this suppose that
y € Gy and y > x, then y > e. Hence x Ve < y, and thus e V x is the least upper
bound of x in G.

To finish our proof, take z,y € G then Lemma 2.1.5 implies that z Vy € G,.
Thus (G, G) is quasi-lattice ordered group. O

COROLLARY 2.1.7. Suppose that (G, G.) is a lattice-ordered group with G abelian.

Then every two elements of G have a greatest lower bound in G.

ProoOF. Let z,y € G. Then —z,—y € G and (—z V —y) € G (as (G,G4)
is lattice-ordered group). Since —z,—y < (—x V —y) then x > —(—z V —y) and
y > —(—xV —y). Hence —(—z V —y) is a lower bound for = and y.

We claim that —(—x V —y) is the greatest lower bound for x and y. To see this,
suppose that there is z € G such that z < z and 2z < y. Then —z > —x and
—z > —y, and so —z > (—x V —y). Therefore z < —(—z V —y) which means that
—(—z V —y) is the greatest lower bound for x and y. O

LEMMA 2.1.8. Let G be an abelian group. Then G is generated by its positive
cone Gy if and only if G =G, — Gy

PROOF. Suppose that G is generated by its positive cone G,. Let S =G, — G,
and notice that G, C S and S is a subgroup of G. Then G C S (as G is generated
by G.), and hence G =S5 =G, — G,.

17



Conversely, suppose that G = G, — G and take S to be a subgroup of G such
that G, C S. Then G;' = —G, C S (as S is a subgroup of G) and so G — G, C S.
Hence G = S, and thus G is generated by its positive cone. 0

DEFINITION 2.1.9. Let (G,G.) be a quasi-lattice ordered group and H C G..
Then H is said to be hereditary if for any z,y € G4, e < x <y and y € H imply
that © € H [25, Definition 2.3].

2.2. Examples

We now discuss some examples on the definitions of the previous section.

2.2.1. Totally ordered groups.
Suppose that (G,G,) is totally ordered group. Then for any pair z,y € G, either
x < yory <z Suppose that x < y. We know that y < y therefore y is the least
upper bound for z and y in G. Similarly for the case when y < z. Hence (G,G.) is

lattice-ordered group.

2.2.2. The concrete example (Z? N?).
If G =7%and G, = N? (0 € N). Then we claim that the partially ordered group
(Z?,N?) is lattice-ordered.

To see this, fix (m,n),(k,1) € Z*. Then as Z is totally ordered group then we
know that m V k and n V[ exists in Z. Hence (m V k,n V1) € Z? is the least upper
bound for (m,n) and (k,l) in Z?. Therefore (Z? N?) is a lattice-ordered group.

2.2.3. Continuous functions over an arbitrary topological space C(X).

Let X be an arbitrary topological space and C(X) be the additive group of all
continuous functions from X to R (where R equipped with the usual topology); that
is, (f +g)(x) = f(x) + g(x) for all z € X. Then C(X) is a lattice-ordered group

under the relation

f < gif and only if f(z) < g(x) for all z € X.
18



One can see that C'(X) is an abelian group and routine calculations show that
the relation on C'(X) is a partial order.

To show that C'(X) is lattice-ordered, let f,g € C'(X). Then f(z),g(x) € R for
all z € X and so f(x) V g(z) = max{f(x),g(x)} is in R. Define h(x) := f(z) V g(x)
then h is a continuous function (this is a well-known fact so we skipped the details),
we claim that h is the least upper bound of f,¢ in C(X). To see this, notice that
f(z),g(x) < h(x) for all z € X and so f,g < h. Hence h is an upper bound for f, g.
To show that h is the least upper bound for f,g. Suppose that there is T € C'(X)
such that f,g < T. Then f(x),g(x) < T(x) and hence f(x)V g(z) < T(x) for all
x € X. Thus h < T and so C(X) is lattice-ordered.

2.2.4. Vector spaces over ordered fields.
Let V' be a vector space over an ordered field S with basis {b; : i € I'}. Let v,w € V;
say v = Zz’e[o ¢;b; and w = Zielo r;b; where I, is a finite subset of I and ¢;,r; € S.!
Define

v<w<= q <r; forall i € I.

Then V is a lattice-ordered abelian group.

Since V is a vector space it is an abelian group and routine calculations show that
the relation on V' is a partial order. To see that V is lattice-ordered, fix v,w € V.
Then v =} ;. qib; and w =, r:b;. Since g, r; € S for all i € Iy then ¢; V r; =
max{q;,r;} € S. Choose z =}, ., (¢ Vr)b; € V. Then v,w < z. We claim that z
db; eV

satisfies v, w < a. Then ¢;,r; < d; and so ¢; V r; < d; for all i € I,. Hence z < a and

is the least upper bound of v,w in V. To see this, suppose that a = )

i€lp
therefore V' is a lattice-ordered group.

2.2.5. The continuous functions from X to R(J{co, —oc0}.

IThe way we write v, w is possible because if v = ZjEJo gjb; and w = ZkeKo ribr. Then take
Iy := Jo (Ko \ Jo) and write v, w in terms of Ij.

19



Let X be a Hausdorff space and D(X) be the set of all continuous functions from
X to RJ{oo, —c0} (with the order topology) with {z € X : f(x) ¢ R} nowhere
dense.? Then D(X) is an abelian lattice-ordered group under addition.

We know that D(X) is an abelian group with partial order as in Example 2.2.3
and that for f,g € D(X), h(z) = f(z) V g(z) exists. So we only need to show that
h e D(X). Let

I'={r€X:h(z)==4oo}={x€X:hzx)=o0}| J{zr € X:h(z)=—o0}.
The case when h(z) = —oo is straightforward by noticing that

{reX:h(zr)=—-c0} C{reX: f(xr) =00 0r — oo}

Hence

Int({z € X : h(z) = —o0}) CInt({zx € X : f(x) =00 or —o0}) =

Notice that with the order topology {x € X : f(z) ¢ R} is a closed set. So the
closure of {z € X : f(z) ¢ R} is itself.

We now look at
{reX hx)=0}={re X: f(r)=o00or g(x) =0},
which gives
{r € X :hz) =00} ={xeX:fz) =00} J{z € X:g(x) =00}

Since the union of two nowhere dense subsets is nowhere dense®, then

Int({z € X : h(zx) = oo}) = Int({z € X : f(z) = oo} | J{z € X : g(z) = o0})
=0,
and hence
Int() = Int({z € X : h(z) = oo} | J{z € X : h(z) = —o0})
= 0.

2A is nowhere dense if Int(4) = 0.
3See Appendix A for the proof.
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Thus h € D(X) and so D(X) is lattice-ordered.

2.2.6. Direct products.

Consider the family {(G;,G;,) : i € I} of quasi-lattice ordered groups. We claim
that the direct product G = [],.; G; with a semigroup G, = [[,.; Gi, is a quasi
lattice ordered group with the order determined by G..

To show that this is true, we first show that G, ((G3' = {e}, where e is the
identity of Gi. To see this, suppose that x,y € G such that + = y~!. Then x; = ;!
for all i € I and hence z; = y; = e;, e; is the identity of Gj, since G;, [ G: = {e;}.
Therefore x = y = e and thus G, (G3' = {e}.

Notice that for all z,y € G, (z7'y); = x;'y;. Hence 7'y € G, if and only if
xty; € G, for all i € I. This implies that <y if and only if z; < y; for all ¢ € I.

Now we check the quasi-lattice order conditions. To start let € GG and suppose
that there is y € G such that + < y. Then z; < y; for all ¢+ € I and hence
x; < Va; <y;. Thus @ < (Vay)ier <y and (Va;)ier is the least upper bound for z in
G.. Now, suppose that z,w € GG, have a common upper bound s € G,. Then we
have that z;, w; < s; for all i € I, and so z; V w; < s;. Thus z,w < (2; V w;)ier < 8,

which imply that (z; V w;);er is the least common upper bound for z, w in G.
2.2.7. Examples on hereditary subsets.

EXAMPLE 2.2.1. Let (G, G) be a quasi-lattice ordered group. For zy € G \{e},
let H = {z € (G, : there exists n € N such that z < :cg}. Then H is a hereditary
subset of G ..

To see this, notice that H C Gy and suppose that x,y € G, e < x < y and
y € H. As y € H then there is m € N such that y < z3*. Hence x < z" since
e<z <y, thusx € H.

EXAMPLE 2.2.2. Let (G,G,) = (Z? N?) be the lattice-ordered group in Example
2.2.2. The only hereditary subsemigroups of N? are {(0,0)}, N x {0}, {0} x N and
N2,

21



To see this is true, notice first that all the subsemigroups mentioned are hered-
itary. Now suppose that H, is a hereditary subsemigroup of N? which is different
from {(0,0)}, N x {0} and {0} x N. Then H, contains an element of the form
(a,b) for some non-zero a,b € N. As H, is a hereditary subsemigroup we have
(1,0),(0,1) € Hy and so (m,n) € Hy for all m,n € N. Hence N> C H, and so
H, = N2. The other case is when the element has the form (b,0) for some b € N and
b > 0. Then as H, is hereditary, we have (1,0) € H,. But H, is a subsemigroup
so it is closed under the binary operation, hence {(m,0) : m € N} C H,; that is
N x {0} € H,. But H, is different from N x {0}, so H, should contain an element
not in N x {0}, say (0,k). If so then by the same argument above we deduce that
{0} x N C Hy. Since H; is a subsemigroup then (m,0) + (0,n) = (m,n) € Hy for
all m,n € N. Hence N> C H, and therefore H, = N2

22



CHAPTER 3

Semigroup dynamical systems and crossed products

We devote the first section of this chapter to stating the necessary definitions and
required results about multiplier algebras and extendible homomorphisms. We use
these results throughout this thesis. We have presented only the minimum amount
of background needed to keep this thesis as self-contained as possible. More detailed

treatments of the different topics can be found in the references provided.

3.1. Multiplier algebras and extendibility

DEFINITION 3.1.1. A multiplier (or double centralizer) of a C*-algebra A is a

pair (L, R) of bounded linear maps of A into A such that

L(a)b = L(ab),aR(b) = R(ab) and R(a)b = aL(b).

LEMMA 3.1.2. If (L, R) is a multiplier of a C*-algebra A, then ||L| = ||R] [26,
Lemma 2.1.4].

If Ais a C*-algebra, we denote the set of its multipliers by M (A). We define the
norm of the multiplier (L, R) by ||(L, R)|| := ||L|| = || R||. If (L1, R1) and (Lo, Ry) €
M(A), we define

(L1, Ry)(La, Ry) := (L1Lo, ReRy), and
ALy, Ry) + (Lo, Ry) := (ALy + uLo, ARy + puRy),
as the product and addition respectively. Also define (L, R)* := (R*, L*), where
T*(a) := (T(a*))* (for details see [26, §2.1]).

THEOREM 3.1.3. Let A be a C*-algebra, then M(A) is a C*-algebra under the

multiplication, involution, norm and addition defined above [26, theorem 2.1.5].
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REMARK 3.1.4. [26, § 2.1]

(i) We can identify any C*-algebra A as a C*-subalgebra of M(A). In fact A
is an ideal of M(A).
(ii) M(A) is unital (the multiplier (id,id) is the identity), and A = M(A) if

and only if A is unital.

DEFINITION 3.1.5. Suppose that A is a C*-algebra and a € A. Let ||.||, be the
seminorm on M (A) defined by ||b]|, = ||ab|| + ||ba||. The strict topology on M(A) is
the topology generated by the seminorms {||.||, : a € A} ([37, Definition C.4]).

DEFINITION 3.1.6. Let ¢ be a homomorphism from a C*-algebra A into a C*-
algebra B. Then ¢ is non-degenerate if there exists an approximate identity {a;}
in A such that ¢(a;) converges strictly to 1 in the multiplier algebra of B (i.e.
¢(a;)b — b for all b € B) [1, page 20]. A homomorphism ¢ : M(A) — M(B) is
strictly continuous if for each net (uy) in M(A) converging to u € M(A) in the strict

topology, we have 1(u,) converges strictly to ¢(u) in M(B).

DEFINITION 3.1.7. A homomorphism ¢ : A — M (B) (the multiplier algebra of
B) is extendible if there exists an approximate identity {ay }ea for A and a projection
py in M(B) such that v(ay) converges strictly to p, in M(B). One can see that
every non-degenerate homomorphism is extendible (by taking p = 1ap)). In [1,
Proposition 3.1.1] Adji proves that the extendibility of ) : A — M (B) is equivalent
to the existence of a strictly continuous homomorphism extension ) of M(A) into

M(B). An extendible homomorphism satisfies the condition that 1 (ax) — ¥(1r(s))
(see [24, §1]).

3.2. Definition of the crossed product

Let B be a unital C*-algebra. An element u € B is said to be an isometry if u*u = 1p

[26, section 2.1].
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DEFINITION 3.2.1. Let G4 be a semigroup of a group G, B a unital C*-algebra
and V a map from G, to B. Then V is said to be an isometric representation of G
if it satisfies the following three conditions:

(i) Ve = 15;

(ii) V)V, = 1p for any = € G4;

(iii) V.V, =V, for any =,y € G4.

DEFINITION 3.2.2. A semigroup dynamical system is a triple (A, G, a) where
A is a C*-algebra and « is an action of the semigroup G on A by endomorphisms
(i.e. a: G4 — End(A) is a homomorphism such that o, is an endomorphism of A
for each x € G). Two dynamical systems (A, G4, «) and (B, G4, 3) are equivalent
(isomorphic) if there is an isomorphism ¢ : A — B such that ¢ o a, = (3, 0 ¢ for all
x e Gy,

A covariant representation of a dynamical system (A,G,,«) is a pair (7, V),
where 7 is a non-degenerate representation of A on a Hilbert space H, and V is an

isometric representation of GG, on H satisfying

m(ayz(a)) = Vym(a)V) for all x € Gy, a € A.

DEFINITION 3.2.3. A crossed product for a dynamical system (A,G,,«) is a
C*-algebra B together with a non-degenerate homomorphism i4 : A — B and a
homomorphism i, of G into the semigroup of isometries in M (B) (the multiplier

algebra of B) such that:
1. ia(ag(a)) =ig, (x)ia(a)ic, (x)* for z € G4 and a € A;
2. for every covariant representation (7, V') of (A, G, «) there is a non-degenerate

representation m x V of B such that
(mxV)oig=mand 7w x Voig, =V,

3. B is generated by {ia(a)ic,(z) :a € A,z € G4}
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NOTATION.

e We write A X, G, to denote the crossed product for the dynamical system
(A> G+7 OZ).

e The homomorphisms (i4,%¢, ) are the universal covariant representation.

REMARK 3.2.4.

(i) If Ais unital and (A, G4, «) has a non-trivial covariant representation, then
it is shown in [21, Proposition 2.1] that there is a crossed product and it
is unique up to isomorphism.

(ii)) Let G4 be an Ore semigroup (a cancellative semigroup which is right-
reversible, in the sense that G ax(Giy # 0 for all z,y € G.), (4,G4, )
is a dynamical system with extendible endomorphisms and has a non-zero
covariant representation. Then there exists a crossed product for the system

which is unique up to isomorphism [24, Proposition 1.4].

REMARK 3.2.5. [23, page 11] If A has a unit, the representation 7 of Definition
3.2.2 and the homomorphism i, of Definition 3.2.3 must be unital, and condition
(2) of Definition 3.2.3 reduces to the existence of a unital representation m x V' of B

such that

(mxV)oig=mand (m x V)oig, =V.

DEFINITION 3.2.6. Let (G, G, ) be a lattice-ordered group and B a unital C*-
algebra. A covariant isometric representation V of G, by isometries in B is an

isometric representation of G which satisfies V, V)V, V" = V., V3, forallz,y € G.

xVy

The covariant isometric representations are an important feature of research in
crossed products because Bg, X, G4 is universal for covariant isometric represen-
tations. That is, if W is a covariant isometric representation of GG, , then there is
a representation my of Bg, such that my(1,) = W, W2, and the pair (my, W) is

covariant for the dynamical system (Bg,, Gy, o).
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3.3. Covariant isometric representations of N?

In this section we prove two results about the covariant isometric representations

of the semigroup N2

LEMMA 3.3.1. Suppose that V is an isometric representation of N?> on H, then
there exist isometries W, X on H such that WX = XW and V) = WTX".
Conversely, if W, X are isometries on 'H such that WX = XW, then Vi, n) =

Wm™X™ is an isometric representation of N? on H.

PROOF. To see this, suppose first that V is an isometric representation of N2,
Take W := V{1 9), X := V(g,1). Then W, X are isometries on H satisfying WX = XW
and Vign) = V(TO)V(EJ) =WwmXxn,

Suppose now that W, X are isometries on H such that WX = XW. Then
calculations show that V{,, ) = W™X" is an isometric representation of N? on

H. U

COROLLARY 3.3.2. Suppose that X, W are isometries on H such that WX = XW
and WX* = X*W. Then Vipyyn = WTX" is a covariant isometric representation

of N? on 'H.

Proor. We have seen in Lemma 3.3.1 that V' is an isometric representation of

N2 on ‘H. So we only need to show the covariance condition here. Suppose that

(m,n), (k,l) € N, then

(3.3.1) Vi) Vimm Vi Viey = WX W X WEX W X

Now we consider the following different cases.

(i) If m < k and n <, then
L.H.S.(3.3.1) = WM X"W*W* X" X'W** X* since WX* = X*W

— WX Em Xl yyek X
— kM xn X ln ek o
= Vien Vi
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Similar argument works for k£ < m and [ < n.
(ii) If m > k and n <[, then
L.H.S.(3.3.1) = WX "W*m X** X'WEW** X* since WX = XW
— WanW*leankW*kX*l
= WmX" X TrWrmrWEW R X since WX = X'W
— WleW*m—kW*kX*l
= WX X
= V(m,l)v(jn,m-
(iii) If m <k and n > [, then
L.H.S.(3.3.1) = W™ X"W*WrX*" X' W X* | since WX* = X*W
= WX Whm Xk X
= WmWwhm Xk XX since WX = XW
— WanW*kX*n
= Ve Vi) -

Thus V' is a covariant isometric representation. U

3.4. The C*-subalgebra B, of (*(G.)
In this section we introduce the C*-algebra B¢, as in [4] and [21]. Then we prove
some results which will be used later in this work.

Let (G,G4) be a quasi-lattice ordered group. We now consider a particular C*-

subalgebra of /*°(G). Denote by 1, the function on G defined by

(3.4.1) L(y) = {1 ity =z,

0 otherwise.

The quasi-lattice condition gives

(3.4.2) L1 = 1w if 2,y have a common upper bound,
- R 0 otherwise.
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The algebra B, :=5span{l, : x € G} is a commutative C*-algebra with multipli-
cation satisfying Equation (3.4.2) [21, page 418 |.
We now introduce our action o on the C*-algebra B, which was mentioned in

[21, page 423].

LEMMA 3.4.1. Let Bg, = 8pan{l, : © € G1}. Then there is a left action o of
G on Bg, by translation on (*(G.) restricted to B, defined by

f(s7'z) ifx > s,
0 otherwise.

(3.4.3) as(f)(z) = {
The action o leaves Bg, invariant and satisfies o (1,) = 1g, for s,z € G

PROOF. We first show that « is an action. To see this, fix f, g € £*°(G ) and let
A € C. Then

(i) For s,z € G4

as(A\f +g)(x) = (M + 9)(s™'x)
= M(s7'w) + g(s7 ')
= Nas(f)(x) + as(x).

Hence «; is linear.

(i)

(iii) For y,z € G4 we have

0y 0 0-() (1) =y (0:(1) (@) = o (N)y ')
= 1y )
= a:(f)(e).

29



Thus « is a left action. We now show that for s,z € G, as(1,) = 14, To see this,

fix y € G4. Then

as(1z)(y) = 1m(5713/)
{1 if v < sy,

0 otherwise.

1 if sz <uy,
0 otherwise.

Lo (y).

Hence o leaves B, invariant and satisfies o(1,) = 14, for s,z € G . O

COROLLARY 3.4.2. Let (G,G4) be a quasi-lattice ordered group and A a unital

C*-algebra. If {L, : x € G4} are projections in A such that
(3.4.4) Le=1and LyLy, = Ly, for x,y € G4,

then there is a unital homomorphism 7y, : B, — A such that wp(1;) = L,.

Proor. We know that the C*-algebra A has a non-degenerate faithful represen-
tation ¢ on a Hilbert space H. Then ¢ o L : Gy — B(H) satisfies the hypothesis
of [21, Proposition 1.3] and hence there is a representation ¢ : Bg, — B(H) which
satisfies ¢(1,) = ¥ (L,). To define 1! o ¢ we need that range ¢ C ranget). To see
this, we only need to observe that range is a C*-subalgebra of B(H) and contains
every ¢(1,), hence it contains ¢(span{l,}) = span{¢(1,)} and hence by continuity
it contains ¢(span{l,}) = ¢(Bg,). Take mp := "' o¢. Then 7 : By — A and
mr(le) =¥ (8(12)) = v ((Ls)) = Ly and m(le) = Le = 1. O

REMARK 3.4.3. To see that the crossed product B, xo G4 is non-trivial (non-
zero C*-algebra) we obtain a specific covariant pair for the dynamical system (Bg, , G+
,«) with the group G abelian. Let each f € Bg, act as the multiplication operator
My on (*(G.), and T, be the isometry on (*(G,) defined by T,(d,) = d,4,, where
a4 61 ={y
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Then M, =T,T;. Since

Maz(ly) = leer - Tl"“'yT*

v, =0T, = T,M,T;

x )

the pair (M, T) is covariant. Thus the crossed product Bg, X, G4 is non-trivial (for

more details see [21, §2]).

LEMMA 3.4.4. Let (G,G,) be a lattice-ordered group, « be the action of G4 in
Lemma 3.4.1 and (iBG+,iG+) denote the universal representation of the dynamical
system (Bgq,,Gy,a). Then the homomorphism i, is a covariant isometric repre-

sentation of G .

ProoOF. We know by definition of i, that it is an isometric representation of

G. So we need only to show the condition of covariance. Fix z,y € G, then

la, ()i, (2)"i6, (y)ia, (y)" = ing

=i, (x Vy)ia (zVy)"

REMARK 3.4.5.

(i) [21, Corollary 2.4] If (G,G) is a quasi-lattice ordered group, then the
maps ¢ Bg, and ig, are faithful.

(ii) Because the group G is a discrete group, its dual G = {y:G—T:
7 is a homomorphism} is a compact group under pointwise multiplication

[17, Proposition 4.4].

LEMMA 3.4.6. Let (G,G4) be a quasi-lattice ordered group with G abelian, « be

an action of the semigroup G, by endomorphisms of a unital C*-algebra A and G
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be the compact group in Remark 3.4.5. Then there is a continuous action

a:G— Aut(A x, G,)

satisfying a,(ia(a)) = ia(a) and ay(iq, (x)) = v(z)ic, (x) for all x € Gy,a € A.
Further, if v, — ~ pointwise in G, then Qn, (b) — @, (b) for allb € A x, Gy; the

action @ is called the dual action ofCAJ on A x4 Gy

REMARK. In the proof of [4, Theorem 1.2] they mentioned the existence of the
continuous action @& in the case of totally ordered abelian groups, here we prove
in detail that this action exists for any partially ordered group G under certain

conditions.

PROOF. Fix v € G and define (Fic,)(x) = v(z)ic, (). We claim that (A x,
G.,14,7i¢, ) is a crossed product for the dynamical system (A, G, a). To see this,

we need to check the followings.

(i) Let = € G4, then

(Fic)(@) ((Tie,) (@) = (@) ic, (2)(2) ic. (z)
= [1(2)ig, () ic, (v)
= lax,c.-
Hence 7i¢g, is an isometric representation.

(ii) For a € A,z € G4, then

ia(az(a)) = ic, ()ia(a)ic, (z)"

Yig, (v)ia(a)ic, (v)

*

(@)

@) g, (@)
@) (1@ ia, (@)

(iii) Suppose that (7, V) is a covariant representation of the dynamical system

= (@) ig, (z)ia(a)
(@) (

Y(x) i, ())ia

(A,G4,a) on a Hilbert space H. Then (7,vV) is also a covariant repre-

sentation for (A, Gy, «). Hence there is a unital representation

p:AxqGy — B(H) such that poiy =7 and poig, =~V.
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For x € G4 we have

po (Tig,)(x) =(x)p(ic, (v))
z)y(z)V (z)
(z).

I I
< 2

Thus p is a unital representation of A x, G on H satisfying pois = 7
and po%ig, =V.

(iv) Since the C*-algebra A is unital, then [21, Proposition 2.1] implies that
{ia(a) :a € A} U {ic, (z) : © € G;} generates A x, G, . Since y(z) € T
for all z € Gy, {ia(a) : a € A} {fy x)ig,(x) : © € G.} generates
Ax, Gy

By uniqueness of the crossed product there exists an isomorphism, say @, : A X,
Gy — A x, Gy such that @,(ia(a)) = ia(a) and &, (ic, (x)) = v(z)ig, (z) for all
reGyae A

Our next step is to check that the map v — @, is a homomorphism. To do so we
will check that (@, 0 @y)(ia(a)) = Gy (ia(a)) and (@, 0 @y (ic, (z)) = Ay (ic, (2)).
On one hand, both @, o @, (ia(a)) and @,y (ia(a)) equal i4(a). On the other hand,

(@, 08y (ic, (2) = &, (@ ic, (1)) = 3, (@) ic;, (2))
(

So the map v — @, is a homomorphism.

To establish continuity, fix v € @, be Ax,Gy and € > 0. Choose a finite sum

c:= Z)‘WZG+ “ia(agy)ic, (y) such that ||b—c|| < e/3.
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The map v — v(x)7(y) is continuous, because it is the the product of two continuous

functions. As scalar multiplication is also continuous then so is the map
v y(e) =Y Ay @)V (W)ic, (@) ia(aayic, ().
,y

Now choose a neighborhood N of 7 such that if ¢ € N, then ||a,(c) — a,(c)| < /3.
Then for x € N, we have
[0 (0) = @y (D) | = [[ax (b) = ax(e) + @y (e) = @y (e) + @y (c) — ay (D)
< 18 B) = B + 1 () — &y @) + 13,(e) — (B
— @b — Ol + 3 (b — )l + 134(e) - @ (©)]
=|lb—c||+[|b —c| + ||ay(c) — a,(c)||, each @, is an automorphism
<e/3+¢/3+¢/3=c¢.
Thus @ is continuous.

Finally, suppose that -, — 7 pointwise in G. To prove that a., (b) — a,(b) for
all b € A x, G;. We will check that on generators. On one hand

@, (ia(a) = ia(a) = &, (ia(a)).

On the other hand,

&, (ic, (1)) = Tu(@) i, (1) = (@) i, (2) = @ (i, (2)).
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CHAPTER 4

Extendibly invariant Ideals

In this chapter we discuss the definition of extendible a-invariant ideals of C™*-
algebras. Then we introduce a specific extendibly a-invariant ideal of the C*-algebra

Bg

i

DEFINITION 4.0.7. Suppose that « is an extendible endomorphism of a C*-
algebra A and I is an ideal of A. Let ¢» : A — M(I) denote the canonical non-
degenerate homomorphism defined by t(a)b = ab,a € A,b € I. Let v be the strictly
continuous extension of M(A) into M (I). Then [ is called extendibly a-invariant if
it is a-invariant, in the sense that a(/) C I, and there exists an approximate identity
(in) for I such that a(iy) converges strictly to ¢(a(1ya))) in M(I) [24, Definition
1.6).

REMARK. The homomorphism ¢ : A — M(I) in the above definition is non-
degenerate because if {ay} is an approximate identity of A, then for any b € I we

have

Y(ax)b=axb — b= 1ymb.

4.1. Construction of the ideal I,

Henceforth we assume that G, is the positive cone of a partially ordered discrete
abelian group G, (G, G) is a lattice-ordered group and H is a hereditary subsemi-
group of G.. Moreover, we change to additive notation rather than multiplicative
for the group operation. We now introduce the ideal Iy, of Bg, and prove that it

is extendibly a-invariant.
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LEMMA 4.1.1. Let (G,G4) be a lattice-ordered group with G abelian and let H
be a hereditary subsemigroup of G.. Then

Iy, = Span{lx —lgn:heHy x € G+}

is a closed ideal in Bg, .

PROOF. Let v € G4, h € H, and take 1, € B, . Then

(4.1.1) 1,(Ly — Losn) = Lyly — Lylopn = Lyve — Lyvarn):

To show that 1,(1, — 1,15) € Iy, , we show first that y vV (z + h) < (y V) + h. To
see this, note that (y Va)+h >y Ve and y Ve > y. Therefore (y V) + h > y.
Now as yVa > x then (yVz)+h >x+h. ThusyV (x+h) < (yVax)+h. Observe
that y V (z + h) — (y V 2) < h (left invariant property of the order < on G) also
yV(z+h)—(yVz) € G4. As H, is hereditary, then yV (x+h)— (yVz) € H,. Hence
by (4.1.1), 1,(1; — 1,44) is an element of I, and by continuity of multiplication in

Bg, we conclude that Iy, is a closed ideal in Bg, . O

+

REMARK 4.1.2. Let (G,G,) be a lattice-ordered group and « be the action of
G4 in Lemma 3.4.1. Since Bg, is a unital C*-algebra with unit lpg, = 1l then

M(Bg, ) = Be, and so each a, is an extendible endomorphism of B, .

LEMMA 4.1.3. Let (G,G4) be a lattice-ordered group with G abelian and let H
be a hereditary subsemigroup of G. Then the set

D = {(F,h) : F is a finite subset of G4, h € H.}

is a directed set when (F,h) < (F',h)<= F CF’' and h <I.

Proor. To show that the given relation directs D we need to show that it is
reflexive, transitive and any two elements of D have an upper bound. To see this,
consider (F,h),(F' 1), (F",h") € D. This relation is reflexive, since ' C F and
h < h. It is transitive, since if (F,h) < (F'/,h') and (F'',h') < (F'",h") we have
FcCcF',h<hand FF' Cc F'", k¥ < h” and hence FF C F'” and h < h”. For the

last condition, take any (F,h), (F'',h') € D. Choose F" = FUF"and h" =hV h'.
36



Then F” € D and because h” < h + h’ and H, is hereditary then h” € H,. Thus
(F" h")> (F,h) and (F",h") > (F',h"). O

LEMMA 4.1.4. Let (G,G4) be a lattice-ordered group with G abelian, Hy be a
hereditary subsemigroup of G, D denote the directed set in Lemma 4.1.3 and let
E(F.h):={ye Gy : 3z € F such thaty > x andy ? =+ h}. Then

Lipn = Z (—1)‘/““ H(lz — loyn) = XE(F,h)

P£ACF €A

for all (F,h) € D.

Proor. Fix (F, h) € D and y € G;. For x € G, and h € H, we have

i > d h
(L~ 1) (y) = 1 ?fy_xan y*x+h,
0 fy>x+hory#ua.

Define E(z,h) :={y: y > x and y # =+ h}, then we can write

(412) 1, — ]-.r+h = X{y:y>= and yFa+h} = XE(z,h)

Using equation (4.1.2) we have

Limn(y) = Z (_1)‘A‘+1 H(lm = Loyn)(y)

0£ACF €A

= Z (‘U‘A‘HHXE(:C,;L)(?J)

0£ACF €A

= Z (‘U‘AHIXQIGA B, h) ().
0£ACF

Suppose first that B = {J: € F:yeFE(, h)} is non empty. Then y € ﬂE(x, h)
reB
and y ¢ ﬂE(x, h) for A ¢ B, and hence
T€EA
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Lirm(y) = Z (—1)|A|H
0£ACB
|B|

-y (_1)k+1(|§\)

k=1

(20
(% (D))

= —((1 + (—1))|B| — 1>, by the binomial theorem
=1.

Now suppose B = {z € F :y € E(z,h)} = 0 then 1(5 ) (y) = 0. Thus

]]'(F: k) = X{y:3z € F such that y>z and yfa+h} — XE(F,h)-

4

PROPOSITION 4.1.5. Let (G,G.) be a lattice-ordered group with G abelian, H
be a hereditary subsemigroup of G4, Iy, be the ideal in Lemma 4.1.1 and D denote
the directed set in Lemma 4.1.3. Then the set

Cp = {11(”) = Y DM T~ L) < (FoR) € D}

0£ACF rEA

is an approzvimate identity for Iy, .

ProoF. To prove this proposition we need to check that C} satisfies the condi-
tions of approximate identity. Firstly, if 1(z ) € Cr then 1z ) = XE(F, W X B(F, h) >0
and ||L¢gp) || =sup |Lpn(y)| < 1.

Secondly, suppose that (F, h) < (F'',1'). Fory € G, we know from Lemma 4.1.4
that 1(s ) (y) = 1 if and only if there exists € F such that y > z and y # = + h.
As F C F'thenxz € F'andso xz+h < x+h (since h < h'). Therefore if y € E(F, h)

then y € E(F', 1'). Hence, L(pn) < Lps, ny.
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We now show that 1z ) f — f forall f € Iy, . To do so we will show first that it
is true for 1, — 1,44 € Iy, and then we show it for any f € Iy, . For 1, — 1,44 € Iy,

take F' = {z} C G and choose h = k € H,. Then

Lk, k)(la: — L) = X{y:3z € F such that y> z and y# z+k} X{w: w>z and w} z+k}
= X{w:w>x and wketkys a8 F = {z}
=1, — Loy
For f € Iy, we know that f is a limit of finite sums of elements in the spanning
set of Iy, . Take € > 0 and choose f, € span{lx —1lyp tx € Gy,h € H+} such
that || f — fol| < €/3. Choose (F,hy) € D such that for (F’ k) > (F,hgy) then
Lp+ k) fo = fo. Therefore, for (F'”, k) > (F, hy) we have
1Lrn wf = flIl = (L (f = fo) + Lpv wyfo— fot+ fo— fll
<L (f = Sl + (L fo = foll + 1L = foll
<[ Lrmlllf = foll +e/3+¢/3
<e/3+¢/3+¢/3
=e.

Thus Cf7 is an approximate identity for Iy, . O

COROLLARY 4.1.6. Let (G,G) be a lattice-ordered group with G abelian, H, be
a hereditary subsemigroup of G, Iy, be the ideal in Lemma 4.1.1 and o denote the
action in Remark 4.1.2. Then Iy, is an extendibly a.-invariant ideal of B, for all

Z€G+

PrOOF. For (1, — 1,4%) in the spanning set of Iy, we have
(1, — 1pwk) = (1) — @ (1,44), since a, is a homomorphism
= 1z+z - 1(z+m)+k € ]H+-

By linearity and continuity of o, we conclude cv.(f) € Iy, , forall f € Iy, . Hence Iy,

is a,-invariant. Our next step is to show that for (1, —1,4%) € I, , the approximate
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identity {1(s 5} in Lemma 4.1.5 satisfies

aZ(]l(F, h))(lx - 1x+k) - @Z)(az(lBGJr))(laf - 1x+k)-

Since az(lBG+) = 1, this is equivalent to

(4.1.3) CVZ(]l(F, h))(lx — Logr) = (1) (1o — logr) = 1.(1o — Lags) -

To prove (4.1.3) it is enough to find (F,h) € D (directed set in Lemma 4.1.3) such
that if (F'/, h') > (F, h), then

(414) @z(ﬂ(F’,h’))(lx - 1m+k> = 12(11 - 1m+k> .

We claim that (F, k) = ({(z V ) — z}, k) suffices. Notice that

1, — 1x+k = X{y:y>= and yFa+k}:

Fix (F', ') > (F, h) and y € G;. If y # x or y > = + k, then

(L) (Le = Lapr) () = 0= 1.(1e = Loyi)(y) -

So we are left to consider y which satisfies y > z and y # z+k. Then (1,—1,44)(y) =
1, and so we need to check that o, (1 »7))(y) = 1.(y). Using Lemma 4.1.4 we have

(L wn)(y) = Ly — 2)
_ {1 if there is 2’ € F' such that y —z > 2’ and y — z # 2/ + I,
0 otherwise.

Now we check what happens when y 7 z and when y > 2. If y # z then y 2 2/ + 2z
for all " € F' and therefore 1.(y) = 0 = a.(L(p/,17))(y). On the other hand, if
y > zthen 1,(y) =1. Asy > xtheny > zVz. Sochoosex’ =(xVz)—z€ F CF'
then y > z’+z and since y # x+k then y # (xVz)+k. Thereforey # (xVz)+h' =
x'4+ 2+ N So a,(Ir/ ry)(y) =1 and hence the functions in (4.1.4) agree at every
yeGy.

To finish off, let b € Iy, we know that b is a limit of finite sums of elements in the
spanning set of Iy, . Take € > 0 and choose by € span {1x —lyn:xeGyhe H+}

such that ||b — bo|| < /3. Choose (F,ho) € D such that for (F', k) > (F, hy) then
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a.(Lpr,ky)bo = 1.bg (this is true by (4.1.4)). Therefore, for (F’, k) > (F, hy) we

have

s (Lerr )b — LBl = flas(Lier i) (b — bo) + (L y)bo — L by + L b — 1. ]
< e (L7 1) (b = bo) | + [z (L (pr 1)) bo — Lz bol| + [[1:(b — bo) |
<e/3+¢/3+¢/3
=c.

Thus Iy, is an extendibly «,-invariant ideal of B, . ]

4.2. The C*-algebras B¢/ u), and Bq, /Iu,

In this section we will introduce the C*-algebra B(g/p), and to do so we need the
group (G/H) to be lattice-ordered. Let H = H, — H, which is a subgroup of G,
q : G — G/H be the quotient map of G onto G/H and define the positive cone of
(G/H) tobe (G/H)y = {q(z) :z € G4 }.

LEMMA 4.2.1. For z,y € G, we have q(y) — q(x) € (G/H), if and only if there
exists h € H such that x <y + h.

PROOF. Suppose that z,y € G and q(y) —q(x) € (G/H),. Then thereis z € G
such that ¢(y) —q(z) = q(2), and so (y —x)+ H =2+ H. Then y —x — 2z € H, and
hence there is h € H such that y — z — z = h. Therefore y — h = x 4+ z > x. Thus
r<y-+k, fork=—-heH.

Conversely, suppose that x,y € GG and there is h € H such that x <y + h. Then
y+h—x >0 (ie € Gy), and hence there is w € G such that y —x + h = w.
Which implies (y —z) —w = —h € H, and so (y — z) + H = w + H. Therefore
q(y) — q(z) = g(w), and thus q(y) — q(z) € (G/H). O

LEMMA 4.2.2. The quotient group G/H is a lattice-ordered abelian group with
order

q(z) < qly) < there exists h € H such that x <y + h.

Moreover, q(z V y) = q(z) V q(y).
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PRrOOF. The group G/H is abelian because G is abelian. We now show that
the relation on G/H is a partial order, and to do so we need only to show that
(G/H), N(G/H):' = H. Suppose that t € (G/H)y((G/H):'. Then there are
z,w € G4 such that t = ¢(z) and t = ¢(—w), which imply that ¢(z) = ¢(—w). So
z+w € H, which means that there are hy, hy € Hy such that z+w = hy — hy (since
H=H,;—H,). Hence z+w+hy = hy € H. C H. Noticing that 0 < z < z+w+ hy
and H, is hereditary, then z € H, C H. Therefore q(z) = ¢(0) = H (that is,
t=H).

Now we show that every two elements of G/H have a least upper bound in G/H.
Fix z,y € G. We know that z < z V y (x V y exists because G is lattice-ordered),
and so ¢(x) < q(z Vy). The same is true for y, therefore ¢(z V y) is an upper bound
for q(x) and ¢(y). Suppose that for z € G, ¢(z) is an upper bound for ¢(x) and ¢(y).
Then there exists hy, ho € H such that © < z+ hy and y < z 4+ hy. Without loss
of generality we may suppose that hi, hy € H, (this is true because h; =t —t’ for
some t,t' € H, so z+t—t —x > 0 and then 2+t —2 >t > 0 and a similar
argument works for hy). Then z,y < 2z + hy + he and hence z Vy < z + hy + hs.
Thus ¢q(z Vy) < q(2), and it follows that ¢(z V y) is the least upper bound of ¢(x)
and ¢(y) in G/H. Hence G/H is lattice-ordered. O

REMARK 4.2.3. Since (G/H,(G/H)4) is a lattice-ordered group, then by [21]
applied to G/H we have Bg/m), = span{lq(x) L x € G+} is an abelian C*-algebra

with unit 1) = 1g.

PROPOSITION 4.2.4. Let Iy, be the ideal of Bq, defined in Lemma 4.1.1 and q be
the quotient map of the group G onto the group G/H. Then there is an isomorphism
® of Ba, [In, onto Bg/my, such that ®(1, + Iy, ) = lyw) for all v € G

We will now state and prove some lemmas and corollaries which will lead to the

proof of this proposition.
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LEMMA 4.2.5. Let q be the quotient map of the group G onto the group G/H.

Then there is a surjective unital homomorphism ¢ : Bg, — B/m), such that

¢(1$) = 1q(x) forxz e G,

ProoF. Take the set {Lm = ly@) 1T € G+} in the C*-algebra B(g/x),. Then

for x,y € G4+ we have

Loy Lay) = Lg@vat) = la@vy) and leo)le@m) = Leova) = Levo) = Lo

and this is true in B(g/ ), because G/H is lattice-ordered group and ¢(x) V ¢q(y) =

q(x Vy) (Lemma 4.2.2). Hence Ly = 140) = 1.y, and LyLy = Lyyy. Thus by
Corollary 3.4.2 there exists a unital homomorphism ¢ : Bg, — Bg/m), such that
#(1;) = 14z and since the range of ¢ contains all the generators of Bg/m),, ¢ is

surjective. O

COROLLARY 4.2.6. Let q be the quotient map of G onto G/H and Iy, be the ideal

of Bg, in Lemma 4.1.1. Then there exists a unital homomorphism 5: Be, /Iy, —

Bc/my, satisfying o1, + In,) = Ly

PRrOOF. To prove this corollary we need first to show that Iy, C ker(¢) (¢ is the
unital homomorphism of Lemma 4.2.5). To see this, take x € G4, h € H,. Then

1y — 1pqn) = ¢(12) — ¢(1z4n), since ¢ is a homomorphism

a@) ~ Lo(e+n)

= 1q(w) — 1q(x), since h € H,

= 0.
Now, for any f € Iy, we know that f is a limit of elements in the spanning set of I,
so by linearity and continuity of ¢ we have ¢(f) = 0. Hence Iy, C ker(¢) and as Iy,

is a closed ideal in Bg , there exists a unital homomorphism 5 : Ba., /In . — B/,

with the desired properties. 0
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LEMMA 4.2.7. Let Iy, be the ideal of Bg, in Lemma 4.1.1 and q be the quotient
map of G onto G/H. Then there is a unital homomorphism v : B/my, — Ba, /Iu.
satisfying ¥ (1qw)) = 1o + I, forx € G4.

PROOF. Take the set {Lq(z) =1, + Iy, v € G+} in the C*-algebra B¢, /Iy, .
We want to apply Corollary 3.4.2, so we need first to show that L) is well-defined.
To see this, suppose that z,y € G, satisfy ¢(x) = ¢(y). Then x —y € H, and
since H = H, — H,, we have x — y = hy — hy for some hy,hy € H,. Notice
that 1, = 1,44, + (1o — 144,) and so 1, € lyqp, + Iu,. But as @ + hy = y + hy,
then 1, € 1,44, + Iuy,. Now 1,4, + Iy, = 1, — (1, — 1yqn,) + In,, therefore
Lyt + Ig, = 1, + Iy, . Hence 1, € 1, + Iy,. Thus 1, + Iy, = 1, + Iy, which
means that L) = Lg(,). Our next step is to check the conditions of Corollary 3.4.2.

For f € Bg, we have
(Yo + I, )(f + In,) = (Lo f) + Iu. = [+ In,, since 1o = 1p,, € Bq.
and since Bg, is commutative, (f + I, )(1o + Ig,) = f + g, . Hence Ly =1
€ Ba, /Iu,. Moreover,
Ly@)Lgwy = (Lo + L )y + Ty ) = Loy + Tu,
= lovy + In,
= Lg(avy)
= Lg(z)vq(y), by Lemma 4.2.2.

Since G/H is a lattice-ordered group, then Corollary 3.4.2 gives a unital homomor-

phism ¢ : Bia/u), — Ba, /In, such that ¥(1yq)) = 1z + I, . O

Proof of Proposition 4.2.4. To show that the two C*-algebras B/x), and
B¢, /In, areisomorphic, consider the homomorphisms (Z and 1) of Corollary 4.2.6 and
Lemma 4.2.7 respectively. It is enough to show that wogg and 5 o1 are the respective
identity maps. Since ¢ and 5 are both continuous and linear it suffices to check that
¥ 0 (14) = Lo and ¢ o (1, + Iyy,) = 1, + Iy, . By the definitions of ¢ and 1)

in Corollary 4.2.6 and Lemma 4.2.7 respectively. The conditions v o 5(1[1(36)) = 1y
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and 50 Y(1y + In,) = 1, + Iy, for z € G4, follow immediately. Thus take the
isomorphism ® to be the unital homomorphism 25 in Corollary 4.2.6 which has the

desired properties. O
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CHAPTER 5

Inflated dynamical systems

We use the first section of this chapter to give the necessary definitions and
results on the subject of irreducible representations of C*-algebras. We use these

results throughout the last two chapters.

5.1. Irreducible representations of C*-algebras

DEFINITION 5.1.1. A non-zero representation m of a C*-algebra A on a Hilbert
space H is called irreducible if the only closed subspaces K of H such that w(a)K C K
are K = {0} and K = H [37, A.1].

The following lemma gives a necessary and sufficient conditions for a represen-
tation 7 of a C*-algebra A to be irreducible. The proof can be found in [Lemma

A.1)[37].

LEMMA 5.1.2. A representation m of a C*-algebra A is irreducible if and only if

the only operators commuting with w(A) are multiples of the identity operator 1y.

The following theorem says that for any element a of a C*-algebra A, there is

an irreducible representation 7 that preserves the norm of a. For the proof see [37,

Theorem A.14].

THEOREM 5.1.3. Let A be a C*-algebra. Then for each a € A there is an irre-

ducible representation m of A with ||7(a)| = |la]|.

REMARK 5.1.4. We can read the previous theorem in the following way. For any
C* algebra A and any non-zero element a € A, there is an irreducible representation
7w of A such that m(a) # 0. This means that if 7(a) = 0 for every irreducible

representation 7 of A, then a = 0.
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We now prove a minor corollary which we use later in section §5.3.

COROLLARY 5.1.5. Suppose that ¢ : A — B is a homomorphism of C*-algebras
and that for every irreducible representation w of A there is a representation p of B

such that m = po ¢. Then ¢ s injective.

PROOF. Let a € A and suppose that ¢(a) = 0. Then p o ¢(a) = 0 for any
representation of B. Therefore, m(a) = 0 for all irreducible representations of A.

Hence Remark 5.1.4 implies that a = 0 and thus ¢ is injective. O

5.2. The relationship between inflated systems

Let Iy, be the ideal of B, in Lemma 3.4.2 and a be the action of G by endomor-
phisms of B, in Lemma 3.4.1. By Remark 4.1.2, each o, is extendible. Since I,
is an a,-invariant ideal of B, (Corollary 4.1.6), then as in [2, page 2] it follows that
each o, induces an endomorphism «, of the quotient C*-algebra B¢, /Iy, charac-
terised by (1, + In, ) = a,(1,) + Iy, . Because a, o oy = @zyyy, @ is an action of
G+ on Bg, /Iy, . Since the C*-algebra Bg, /Iy, is unital (because I, is a closed

ideal of Bg, ), then each &, is extendible.

REMARK 5.2.1.

(i) Since (G/H,(G/H)4) is a lattice-ordered group, then there is an action
7 : (G/H)y — End (B/m,) such that 7,4 n(lyrny) = loryrn and every T,y
is extendible because B(q,/p), is unital. If we define 3 := 7 0 ¢, then 3 is an action
of G1 on Bg/m), by extendible endomorphisms.

(ii) Isomorphic dynamical systems give isomorphic crossed products. That is,
suppose (A, P, ), (B, P,() are two dynamical systems and ¢ is an isomorphism of
A onto B satisfying ¢ 0 & = (; 0 ¢ for all t € P. Then there is an isomorphism ¢ of
A X¢ P onto B x, P satisfying

V(ia(a)) =ip(d(a)) and I(ip(t)) =ip(t) for all a € A,t € P.
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LEMMA 5.2.2. There is an isomorphism Q of the crossed product (B, [In,) Xa

G onto the crossed product Big/my, Xg G-

PROOF. Proposition 4.2.4 gives an isomorphism & : BG+/IH+ — B(g/m), sat-
isfying ®(1; + Iu,) = lgu). So to prove this lemma it is enough to show that
boa, =pF,0® forall x € G,. Let y € G, then
(5.2.1) P o, (ly+1In,) =P(Losy + In,) = Loty

= Tx+H(1y+H>
= Be(lg))
= Fro®(1,+ In,).
Since ®, ., and @, are all continuous and linear then ® o a,.(b) = (3, o ®(b) for every

be Bg,/In, . Thus (Bg, /In,) xa G+ and Bg/m), %3 G4 are isomorphic. O

PROPOSITION 5.2.3. Let (Z'B(G/H)+ , i(G/H)+) and (jB<G/H)+,jG+) denote the univer-
sal representations of the dynamical systems (B(G/H)+, (G/H),, 7') and (B(G/H)+, Gy,
ﬁ) respectively and let q be the quotient map of G onto G/H. Then there ezists a

surjective homomorphism
Q : By, X G+ = Baymy, %+ (G/H),
such that Q OjB(G/H)+ = iB(G/H)+ and Qo jo,. = ic/H), ©q-

PROOF. The map %(g/m), © ¢ is a homomorphism of the semigroup G into the
semigroup of isometries of B my, X- (G/H)+ and the map iB(g), 1S @ unital
homomorphism such that, for € G and a € B(g/n), we have

iB(G/H)+ (ﬁw(a» = iB(G/H)+ (Tq(z)(a)) = i(G/H)+(q(x)>/L'B(G/H)+ (a)i(g/H)+(q(:L’))*.
Therefore the pair (z Biaymy, 1(G/H)+ oq) is a covariant representation of the dynamical

system (Bg/m),,G+,8) in the C*-algebra B/, x- (G/H).. Thus there exists a

unital homomorphism

Q: Bia/my, Xp Gy = Boymy, x- (G/H)+
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satisfying () o jB(G/H)+ = iB(G/H)+ and @) o jg, = i/m), ©¢. And since the range
of @ is a C*-subalgebra of B my, %, (G/H)4 containing all the generators, @ is

surjective. 0

REMARK 5.2.4. Since H is a subgroup of G, then (G/H)" is isomorphic to H+ =
{f €qG: E(x)=1forall x € H} and @/Hl is isomorphic to i [17, Theorem 4.39].

5.3. Crossed products of inflated systems

DEFINITION 5.3.1. Suppose that K is a compact group and a : S — Aut A
is an action of a closed subgroup S of K on a C*-algebra A. Then the induced
C*-algebra Indh (A, a) is the subalgebra of C(I, A) consisting of the functions f
satisfying f(gh) = a;, *(f(g)) for g € K and h € S [6, page 3].

To proceed, let us review our assumptions. Suppose that (G, G ) is a lattice-ordered
group with G abelian , H, is a hereditary subsemigroup of G, and ¢ is the quotient
map of the group G onto the group G/H. We now introduce one of our main results
in this chapter which shows that we can realize the C*-algebra B(g/m), Xg G4 as
the induced C*-algebra Indfp (Big/my, %~ (G/H)4). This theorem is an analogue
of Theorem 2.1 in [3]. The argument of the proof of our theorem is similar in outline
to the one of Theorem 2.1 in [6] with extra work to be done. However, under our
assumptions especially that we are working with lattice-ordered not totally ordered
groups more challenges to the proof have been added, for example there are no

analogues of claims 2, 5, 6 and 7 in [6].

THEOREM 5.3.2. Let B\ be the dual action as in Lemma 5.4.6, T be the action
in Remark 5.2.1 and Q) be the surjective homomorphism of Proposition 5.2.53. Then
there is an isomorphism W of the crossed product Big ), xg G4 onto the induced
C*-algebra IndgL (Biaymy, %~ (G/H)y) such that ¥(a)(y) = Q(B\;l(a)) for a €
Ba/my, X3 Gy and vy € G.

PROOF. Given u € H+ = (G/H)" (Remark 5.2.4). We claim that

(5.3.1) Qo B;l = 5:“—1 o @, (T is the dual action as in Lemma 3.4.6).
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For b € Bg/m), , we have

X)

Qo B;;l(‘7‘15"(c,~/H)Jr (b)) = Q( ;1(jB(G/H)+ (b))) = Q(jB(G/H)+ (b))

= iBgm, (b)
- ?u_l (iB<G/H>+ <b))

= ?/:1 © Q(jB(G/H)+ (b))

and for x € G we have

~

Qo B, (o (x) = QB (o (+))) = Q(p(x)je, (x))
(@) (i, o a(x))
7 (lig/my, 0 0)(@))
=7, 0 Qjc. (x))-
Thus the homomorphisms @) o B‘l and 7, Lo () agree on generators and hence on all
of the C*-algebra Bq/my, Xg G4.

Because [ is continuous, by Lemma 3.4.6, then U(a) : G— B/my, %+ (G/H)4

is continuous. For v € @, @ € H+ we have

U(a)(yp) = (B, ()

Q(

I
)

Boﬁ())
Q5 (@)
H((

Il
‘&:\]|>

)

Hence V¥(a) € IndgL (BG/m), %+ (G/H)4). Further routine calculations show that
U is a homomorphism of C*-algebras. For details, see appendix A.

Our next step is to show that WU is injective and to do so we will apply Theorem
A.14 of [37] and Corollary 5.1.5. Given that 7 is an irreducible representation of
B my, g G4, we need to find a representation o of IndgL (B, x- (G/H)y4)
such that m =0 o W.

CLAIM 1. 7o jg, is an isometric representation of G which is unitary on H.
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PROOF. We know that the composition of any isometric representation with a
unital homomorphism will give an isometric representation. So we only need to

show that 7 o jg, is unitary on H,. For y € H,, we have

(ﬂ'ojG-;_(y)) (ﬂ-ojG+ ) 7T(]G.~. ]B(G/H)+ (1B(G/H)+)jG+(y)*)

jB(G/H ﬁy Ba/my, ))>

I
3

Il
=

(jB(G/m+ Ba/m, ))
7T(13<G/H>+ x4Giy)

= 1.

O

Cram 2. For x € Hy, 7o jg, (x) commutes with every 7o jq, (v), 7o ja, (y)*

and 7o jp/m), (f), for y € Gy and f € B/my, -

PROOF. Let x € H, and y € G, then

(1) (w0 ja, (@) (7 0 jo. (y) = 7 (jo. (z +y))

=7(ja., (y +))

= (moja, () (70 ja. (2)),
and

(2) (WOjG+(x)) (7TOjG+(y)*) =7(J

|
—~
.
@
—~
<
~—
*
.
@
+
—~
~—
~—



Finally, for y € Gy we have

(7T °Jja. (x» (7T © jB(G/H)+ (111(11))) = 7T<jB(G/H)+ (ﬁx(lq(y)))jGJr (I)>

= ﬂ.(jB(G/H)+ (1m+y+H)jG+ (:C>)

7T<jB(G/H)+ (1y+H)jG+(x)>7 as x € H+ CH
= (7T © jB(G/H)+ <1Q(y))) (W © jG+ (I))
Since both 7 and jp iy, are linear and continuous and by limit properties we have

(70 jg, (x)) and (70 jp,,  (f)) commute for every f € Bg/m, - =

/
By Claim 2 we have (7 o jg,(z)) € 7T(B(G/H)+ X g G+> = C1y (since 7 is
irreducible) and so there is a character y of Hy such that (7 o jg, (2)) = y(z) 1.

CrAmM 3. The character v: H, — T has an extension y to G.

PROOF. Since 7 o jg, is unitary on Hy, vy(x) has |y(z)| = 1 for all x € H.,.
Notice that the abelian subgroup H = H, — H, of G is generated by H,, which is
a normal subsemigroup of H. So by [20, Lemma 1.1] there exists a unique group
homomorphism ~’ extending v to all of H. Since H is a closed subgroup of G,
then [17, Corollary 4.41] implies that there exists a character y of G such that
Xlu=7". O

Consider the isometric representation U : x +— x(z)7(jg, (x)) of G1. Then

U, =1for all x € H, since x|y, = 7.
CLAIM 4. U is constant on H cosets.

PROOF. suppose that z,y € G, satisfy t + H =y + H. Then z —y € H and as
H=H, — H, we have x —y = hy — hy for hy, hy € H,. Therefore x + hy =y + hy,

and as Uy, = 1 = Uy, we have
Uy = UthQ = Ya+hy — Vyt+hy — UyUh1 = Uy :

Thus U is constant on H cosets. ]
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To construct o, let ¢ be the quotient map of G onto G/H and define W :
(G/H)+ — B(H) by Wy(s) = Uy, then W is an isometric representation of (G/H);.
We claim that W is covariant. To see this let z,y € G, since 0 < z < x V y and
(G,G.) is lattice-ordered then z Vy € G,. Lemma 3.4.4 says that since (G,G) is
lattice-ordered group then jg, is covariant isometric representation of the semigroup

G into the semigroup of isometries in B(g ), X3 G4. Then

WayWeioy Wa) Wyt = IX(@) 7 (Jo, ()7 (o, (2) Ix(W) 7 (e, ()7 (o, (9))”
= 7 (ja, (2)ja, (2) o, W)ia. (¥)")
= 7(ja. (& Vy)ia, (@ Vy)*)
= UavyUyy,

*

= q(zVvy) Wq(ac\/y)

= q(z)Vq(y)W;(x)\/q(y), by Lemma 4.2.2.

Thus W is covariant isometric representation of (G/H), as claimed. We know
from [3] that B(q/m), X+ (G/H); is universal for covariant isometric representations
of (G/H)4, hence there is a representation pw of Biq/m), X (G/H)4 such that
oW (z'(G/ H) +(q(az))) = Wy(). Notice that py is an irreducible representation since it
has the same range as 7. We know from [37, Proposition 6.16] that every irreducible
representation of Indfp (B, - (G/H)4) has the form M(y,p) : f — p(f(7))
for some v € G and some irreducible representation p of By, - (G/H)4. So we

take for o the representation M (, pw) and check that m = M (x, pw) o V.
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Fix y € G4, then

(%) M(x, pw) o ¥ (ja, () = pw

Since ( JB, )y Jja +) is the universal representation of the dynamical system (B(G JH)+ s
G+, ) then I8y, Ly+r) = ja. (y)je, (y)* and so the elements je, (y) generate the
C*-algebra B my, Xp G4. Therefore (x) implies that M(x, pw) o ¥ = 7 and thus
V¥ is injective.

We still need to show that W is surjective. To do so we make the following claims.

Cram 5. For fixed v € @ the set {W(b)(’y) tb e B(G/H)+ X3 G+} = B(G/H)Jr X7
(G/H)s.

PROOF. Let a € Big/m), X, (G/H). Proposition 5.2.3 implies that there exists
¢ € Bg/my, xp Gy such that Q(c) = a. Then

~

CLAIM 6. range(V) D C(@/HL) =~ C(H) (Remark 5.2.4).

54



PROOF. For x € H, and v € G we have

¥ (o (2) () = QB (jo. (1)) )

= Q(v(@)jo. (@)
) iaymy, © 4(z)
ic/m), (x + H)

1 Bia/m), x+(G/H)+ since 4(q/m), 18 an isometric representation.

Moreover, for x € H, we claim that \If(jG N (:c)) is constant on H1-orbits. To see
this, suppose that v, u € G satisfy yH* = pH*. Then uy~! = py € H+ and
U (je. (2)) (7) = 1(@) L my, x-G/m)-

= () (17) () Lp gy, (G0

= () (V@) 11(2)) 18,6y, (6700

= |y(z)Pp() 1B ), x-(G/H)+

=V (jo, () (1)-
So U (j, (z)) is really a function on G/H*. We now show that the set 5 = span {e, :
YH*+ — ~(z) : © € H} is dense in C(G/HY). To do this we apply the Stone-
Weierstrass Theorem, so we need to show that S is a x-subalgebra of C’((A;/ HY)
which contains the constant functions on G/H* and separates points of G/H*. To
begin, fix z,y € H, yH* € CA;/HL and A € C. Then

exey(YH") = eo(YH ey (YH") = 1(2)y(y) = v(x +y) = eary(yH ).

So eze, € S and hence S is a subalgebra of C (G/H*). Furthermore,

eo(VHY) = v(2) = v(—2) = e, (vH").

Hence S is a *-subalgebra. Now, Aeg is the constant function of value A, so §
contains the constant functions on G J/H*. Moreover, let YH-, yH* € CAJ/ H* such

that YH+ # yH*. Then vy ' ¢ H+ which implies that there is z € H such that
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v(x)x 1(z) # 1, and hence y(x) # x(7). So e (yH*) # e.(xH') and therefore S
separates points of G /H=*. Hence by the Stone-Weierstrass Theorem S is dense in
C(G/H™Y).

Notice that every h € H has the form hy; — hy for some hy,hy € H,, and so
e, = ep, €} ; then the clements {e, : € H, } generate C(G/H') as a C*-algebra.

There is an obvious embedding © of C((A}/HL) into IndgL (Baymy, %+ (G/H)y)
given by O(f)(v) = f('yHL)lB(G/HMXT(G/H)H and so O(e;) = ¥(jg, (x)). Therefore
the set {U(je, (z)) : © € Hy } generates C(G/H"), and hence the range of ¥ -which
is a C*-algebra- contains C(G/H™). O

CLAIM 7. VU is surjective.

PROOF. Given f € IndgL (B, x-(G/H),). Since rang(¥) is a C*-subalgebra
of IndgL (B, % (G/H)4), to show that f € range(V) it is enough to approx-
imate f by elements of rang(V). Fix ¢ > 0. For v € CA}, Claim 5 implies that there
exist a, € Bg/m), %3 G4+ such that W(a,)(y) = f(v). Since both ¥(a,) and f are

continuous on (A}', there exists an open neighborhood V,, of v such that

(5.3.2) x €V, = |[¥(a,)(x) — f) <e

Hence, for p € H+ we have

fow) =7, (f () =7, (¥(ay)(7))

o A*(B;l(av)), by Equation (5.3.1)

Suppose that o : G — CAJ/ H*' is the quotient map of the compact group G onto
G/H*. Since the quotient maps of topological groups are open, then o(V,)=V,H*
is an open neighborhood of vH*. Therefore, we have

XH" e V.H' = ||¥(a,)(x) — f()Il <e.
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Now choose a finite subset {V,, H+}"  of {V, H*} such that G/H- =", V, H*.
By [37, Lemma 4.34] we have a partition of unity ¢; : CAJ/HL —[0,1], 2 =1,...,n
(continuous functions) subordinate to {V,, H L}?Zl such that Y " | ¢i(yH*) =1 for
all yH- € G/H* and supp ¢; C V.,H*. Let a; = a.,, and notice that ¢; € C(G/H™Y).
Claim 6 says that C(G/H?) is contained in range(¥) C IndgL (Bia/my, x-(G/H)s+).
Therefore, for each i there exists b; such that ¥(b;) = ¢;. Hence Y ", ¢;¥(a;) =
\I/( Yoy biai) belongs to the range of ¥. Now for y € G we have

(S ovwten) = £00]| = (S ovtan) 0 = - et
| 2 8.00H) (¥a) () — 100)|
< ia)i(xﬂﬂuwcm(x) — 100l
< é@(XHl)g

= ¢, since Zgbi(vHL) =1 forall yH- € G/H".
i=1
Hence VW is surjective. 0
Thus ¥ is an isomorphism of B(g/my, Xg G4 onto IndgL (B(G/H)+ X, (G/H)+)
and this completes the proof of Theorem 5.3.2. 0

LEMMA 5.3.3. Let (iBG+,z'G+) and (jB(G/H)+,jG+) denote the universal represen-
tations of the dynamical systems (BG+, Gy, ) and (B(G/H)+, Gy, 6) respectively and

q be the quotient map of G onto G/H. Then there ezists a surjective homomorphism
On : Ba, Xo G+ — By, Xg Gy,

such that O o iBg, (1,) = jB<G/H)+(1q(x)) and O o i, (y) = ja, (y) for all x,y € G

PROOF. Lemma 4.2.5 says that there is a surjective homomorphism ¢ : Bg, —

Bia/my, satistying ¢(1,) = 14 for © € G4, so the map JBam, © ¢ Ba, —

BG/m)+ X3 G4+ is a unital homomorphism. The map jg, is a covariant isometric

57



representation of G into the semigroup of isometries of Bq/m)+ X3 G4. For x,y €

G, we have

(5.3.3) IB@sm, © W((Ly) = inem, La@ty)
= By, (Bo(low))
= Ja.(%)iBi ), (Law)ia, (2)"
= ja: (2)IB ), (0(1y))da, (2)".

Hence by linearity and continuity of jp,, m,» @ and g, the calculations in (5.3.3)

are true for every a € Bg,. Therefore the pair ( o P, ja +) is a covariant

jB(G/H>+
representation of the dynamical system (BG+, G, a) in the C*-algebra B(g/m), Xz

G. Thus there exists a unital homomorphism
0H : BG+ Xa G+ — B(G/H)+ X3 G+,

such that 0y oic, (y) = ja, (y) and O o iBG+ (1z) = jB(G/H>+ (¢(1x)) - jB(G/H)+ (Lg@))
for all z,y € G.. Moreover, since the range of 0 is a C*-subalgebra of Biq/m, xgG+

containing all the generators, 6y is surjective. U

THEOREM 5.3.4. Let Iy, be the extendibly o, -invariant ideal of Bg, in Corollary
4.1.6, W be the isomorphism of Theorem 5.5.2, (iBG+,iG+) and (jB(G/H)+,jG+) denote
the unwersal homomorphisms of the crossed products Ba, Xo G4 and Bg/m).,

x 3G respectively and 0y be the homomorphism of Lemma 5.3.53. Define Y = Woly.

Then the following is a short exact sequence of C*-algebras
(534) 0= Iy, xa Gy 5 Ba, xa Gy —dS. (Bamy, - (G/H);) — 0

in which ¢ is an isomorphism of Iy, Xo G+ onto the ideal D := span{ic, (v)"ip,, (a)

i, (y)ra€ly, v,y € Gyt

ProoOF. We will apply Theorem 1.7 of [24] and to do so we need first to check
that G4 is an Ore-semigroup of GG. Since G is a subset of GG then it is cancellative.
We still need G to be right-reversible, so for y, 2 € G, we have y+ G, () z+G, # ()

sincey+z €y+ Gy and z+y € z+ Gy therefore z+y € y+ G, [z + G. Hence
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G is Ore-semigroup of G. Therefore [24, Theorem 1.7] implies that there is a short

exact sequence
0 — Iy, o G4 5 Bg, xo G4 5 Ba, /1y, x5 G — 0
in which
poips, (1a) = JBe, /1w, (1o + 1n,) and v oia (y) = ja, (v),

and Iy, X, G4 is isomorphic to the ideal D := span{ic, (z)"ip,, (a)ic, (y) : @ €
Iy ,xz,y € Gy} in B, Xq G4. But Lemma 5.2.2 says that B my, xg G4 is

isomorphic to Bg, /Iu, Xa G4. Therefore there is a short exact sequence
(5.3.5) 0— Iy, X0 Gy Ba, o Gy 2 Biamy, x5 Gy — 0
in which

On o ipg, (o) = JBgm, (Law) and O i, (y) = ja, (y)-

Now as B(q/m), X 3G+ is isomorphic to Indgl (B(G/H)+ XT(G/H)+), then T = Woly
is a map from B¢, X, G4 onto IndgL (Bia/my, %~ (G/H)+) with kernel Iy, x, G4
(this is true by exactness of (5.3.5) and because V is an isomorphism of B m), xgG+

onto Indg 1 (Be/my, %+ (G/H)4)). Thus we have the following short exact sequence
0 ¢ T G
— Iy, Xo Gy — Bg, xo G4 — Indj. (B(G/H)+ X (G/H)+) — 0.

O

COROLLARY 5.3.5. Let (iBG+ , iG+) be the universal homomorphisms of the crossed
product Ba, XoG+. Then the ideal D = span{ic. (z)"ip,, (a)ic,(y) 1 a € In,,z,y €
G1} of Ba, xXo Gy in Theorem 5.3.4 is generated by {iBG+(1 —1.)u € H+}.

PROOF. Since iq, (7)*,iq, (y) € Ba, Xo G4, D is generated by {Z'BG+ (@) :a €
Iy, }. So to prove this corollary it suffices to show that for a € Iy, , B, (a) is in the
ideal generated by {z’BG+(1 —1,) :uw € Hy}. To see this, fix € G4 and h € H,.
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Then

iBg, (1o = Lasn) = ing, (1a) —ing, (Lotn)
=iq, (v)ic, (x)" —ia, (x +h)ig, (x +h)*
=g, (#)(1 —ig, (h)ic, (h)")ic, (x)"
=ic, (¢) i, (1 —1n)ic, (2)".
Hence iBg, (1,—1,44) is in the ideal generated by {z’BG+ (1-1,):u € H+}. Therefore

by continuity of i, we have that ip, (a) is in the ideal generated by {z’BG+ (1-1,) :

u€H+} for all a € Iy, . U

REMARK 5.3.6. Let (@ BG+,iG +) be the universal covariant representation of the
dynamical system (Bg,,G+,a). Then ip, (1;) = ig,()ic,. ()" and from 21,

Corollary 2.4] we know that the map iBG+ is injective, so for simplicity we write

*

1$ for iG+($)iG+(l’) .

(5.3.5) is generated by the set {1 — 1, :u € H,}.

Hence one can say that the crossed product Iy, X, Gy in

5.4. The crossed product By, x, H, and its commutator ideal

The following proposition is interesting as it allows us to view the crossed product

Bu, X Hy as a C*-subalgebra of the crossed product Bg, X, G4.

+

PROPOSITION 5.4.1. Let (G, G) be a lattice-ordered group with G abelian, H be
a hereditary subsemigroup of G and (iBG+,iG+) denote the universal representation
of the dynamical systems (BG+,G+,04) in which « is the action in Lemma 3.4.1.

Then there is an isomorphism v of By, Xo Hy into Bg, X, G4.

Proor. The existence of the crossed product By, X, H, follows directly from
Remark 3.2.4 and Remark 3.4.3. Let V :=iq, |g,. Then V is a covariant isometric
representation of H,. Since By, X, H, is universal for covariant isometric rep-
resentations, there is a unital representation my : By, — Bg, Xo G4 such that
mv(l,) = V.V for all x € H,. Hence, there is a unital representation 7y x V :
By, xo Hi — Bg, %o G4 such that (my x V) oip,, =Ty and (my x V)oiy, =V.
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Notice that

7TV(1Z’) = VZ“/(E* = iG+ (x)iG'+ (ZL’)*

= ipg, (1,), since (z Ba,lG +) is the universal representation.

Then 7 and iBG+ agree on the generators of By, . Therefore my = i Ba, and

|BH+

so my is faithful (see Remark 3.4.5). By Proposition 3.1 and Theorem 3.7 of [21]

Ty Xo V' is faithful. Taking ¢ := m, X, V we obtain the desired result. ]

DEFINITION 5.4.2. Let A be a C*-algebra. The commutator ideal C of A is the
closed ideal generated by {ab —ba : a,b € A}.

REMARK 5.4.3. The commutator ideal of a C*-algebra A is the smallest closed

ideal C in A such that A/C is commutative [26, §3.5].

The following results will lead us to identify the commutator ideal of the C*-

algebra By, X, H, . We first introduce the algebra

Adji in [1] has talked about the commutator ideal in the case of totally ordered
groups. Here, we are generalizing her results to more general cases (lattice-ordered

groups) so extra work need to be done and more challenges to the proofs have been

added.

LEMMA 5.4.4. Suppose that (G, G.) is a lattice-ordered group with G abelian and

suppose that H is a hereditary subsemigroup of G4. Then the algebra By, o 1s the
closed span of {1 —1,:h € H,}.

PROOF. Let A be the closed span of {1 —1,:h € H,}. Fix he€ Hy, foru>h

we have
(1 —=1p)(u) = 1(u) — 1x(u) = 0.

Therefore lim, (1 — 14)(u) =0 and so 1 — 1, € By, .
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For any f € A, f = lim,, . fn where f, = >, o Ai(1 —13,) and F, is a finite
subset of H. Fix ¢ > 0 then there exists n € N such that ||f — f.|| < e. Let
h, = VF,, then for u > h, we have

[f ()] = [f(u) = falu) + fu(u)]
< [f(w) = fa(w)] + [ fn(w)]
<e+0=e¢, since [f(u) = fu(u)| < [If = full-

Hence f € By, o and so A C By, ..

To show that By,  C A, we need first to show that for any f € By, , lim,_. f(u)
exists. To see this, suppose that f € By,. Then f = lim, . f, where f, =
Zhian Ailp, and F), is a finite subset of H,.

CLAIM. Suppose that x, := lim, .o fn(u), then {z,} converges.

PROOF. Notice that every x,, € C so it is enough to show that {z,} is a Cauchy
sequence (this is true since C is a Hilbert space). But {f,} is a Cauchy sequence in
By, therefore {z,} is a Cauchy sequence. To see this, fix € > 0 then there exists N

such that

| fr — [l < e for all n,m > N,
where an - fm” = SUPgeH, |fn($) - fm(I)| . Now

= ] = | 1 fo(u) — lim £ (o)
= | lim (fa(w) — fu(u)
= T [fu(0) = ()]
< M= il

<E.
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Fix £ > 0 and choose m € N such that || f — f.|| < &/2 and |lim,, o T,y — | <
e/2. Let h,, = VFE,. Then for u > h, we have

£0) = Tim @] = £(0) = f(u) + fu(w) = lim |
< [F(0) = FuW)] + | fnw) = lim |
<el24 |xy — nh_)Igoan as u > h,
<ef2+¢e/2=c¢.
Hence lim,, o f(u) exists.
To complete the proof, suppose that f € By, such that lim, . f(u) = 0. Then
there exists { f,} such that f, — f where f,, =>_ ner, Niln; and F, is a finite subset

of Hy. Let z, = lim, . f,(u), then lim, ., x, = 0 (by the previous part of this
proof). Define g,, := f,, — 2,1 then g, = >, . —Ai(1 —1;,) € A and

lim g, = lim (f, —z,1) = f.

n—oo n—oo

Therefore By, ., C A. Consequently, A = By, . O

LEMMA 5.4.5. Suppose that (G,G.) is a lattice-ordered group with G abelian,
H, is a hereditary subsemigroup of G4 and « is the action in Lemma 3.4.1. Then

the algebra By, o is an extendibly a-invariant ideal of By, .

PRroOOF. To see that By,  is a closed ideal, fix t,u € H. Then
L(l—1,) =1 —1lpu=010—-1pu) —(1=1,) € By, oo

and by continuity of multiplication in By, we conclude that By, . is a closed ideal
of By, .

Calculations show that the set S = {1—1, : u € H,} is an approximate identity
for By, . For details, see appendix A.

For z € Hy, a, is linear and continuous so routine calculations show that By, o
is a-invariant. Another routine calculation shows that for (1 — 1;) € By, « the
approximate identity S satisfies
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where ¢ is the canonical map in Definition 4.0.7. For any b € By, o, standard £/3
argument (see the argument in the proof of Corollary 4.1.6) shows that it satisfies
Equation 5.4.2 with (1—1;) replaced by b. Thus this completes the proof that By,

is an extendibly a-invariant ideal of By, . 0

REMARK 5.4.6. In [3, §3] Adji shows that for a totally-ordered group I' with

positive cone I'", there is a short exact sequence
Brs s - Br+ > C
0 — Br+s — Br+ = C—0,

where 0 : Br+ — C defined by 6(f) = lim,_o f(z). This result still holds for a
lattice-ordered group (G,G.).

COROLLARY 5.4.7. Suppose that (G, G ) is a lattice-ordered group with G abelian,
H ., is a hereditary subsemigroup of G, « is the action in Lemma 3.4.1, (iBH+,z'H+)
is the universal covariant representation of (B, , Hy, o) and By, « is the extendibly

a-tnvariant ideal in Lemma 5.4.5. Then there is a short exact sequence of C*-algebras
0 — By, 00 Xa He 5 By, xo Hy — C(H) — 0,

in which ¢ is an isomorphism of By, X oH, onto the ideal D = span{ic, (z)"ip,, (a)
i, (y):a € By, o0, x,y € Hy} of By, Xo Hy. Moreover, By, o Xo Hy is the com-

mutator ideal of By, X Hy.

PROOF. Since H. is an Ore-semigroup of H (this is true, because in the proof of
Theorem 5.3.4 we showed that G, is an Ore-semigroup of G and as H is a subset
of H). Then [24, Theorem 1.7] implies that there exists the following short exact

sequence
(543) 0— BH+,oo Xa H+ — BH+ Xa H+ — (BH+/BH+,OO) Xa& H+ — 0

with By, o Xo Hy isomorphic to the ideal D = span{ic. (z)"ip., (a)ic, (y) : a €
B, oo, ©,y € Hy} of By, xo H,.
We know from Remark 5.4.6 that By, /By . o is isomorphic to C. Moreover, no-

tice that C has only the trivial action, i.e. id, so the crossed product By, /By, - Xa
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H, will be isomorphic to C x;q Hy. Since C has only the unital representation
z — z 1, then the covariance condition gives that the system (C, H,id) consists of
unitaries. Moreover, since H = H, — H, then [29] gives that C x;q H, is isomorphic
to C*(H) and as H is abelian then C*(H) is isomorphic to C’(I/-\I) Thus we have the
desired short exact sequence.

We know from Corollary 5.3.5 that the ideal D = span{ic, (z)%ip,, (a)ic, (y) :
a € By, o0, v,y € Hy} of By, xoH. is generated by {1-1, :u e H,}. Forue Hy,
1-1, = tg, (u)ipg, (v)—ig, (w)ig, (u)* € Cy (the commutator ideal) of By, xoHp,,
which means that By, o Xo Hy C Cy. Moreover, since (B, Xo Hy/Bp, oo XaHy )
C’(ﬁ) is commutative then Cy C By, oo XoHy. Thus By, oo XoHy is the commutator

ideal of By, x4 Hy. O
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CHAPTER 6

Primitive ideals in the crossed product Bg, X, G

We start this chapter with a section on the necessary definitions and results about

primitive ideals in a C*-algebra A.

6.1. Definitions and background material

DEFINITION 6.1.1. A non-zero representation m of a C*-algebra A on a Hilbert
space H is called irreducible if the only closed subspaces K of H such that 7(a)C C K
are K ={0} and K =H for all a € A [37, A.1].

DEFINITION 6.1.2. A primitive ideal of a C*-algebra A is an ideal which is the

kernel of an irreducible representation of A [8, Definition I1.6.5.1].
We now prove a minor lemma in order to use it later in some results.

LEMMA 6.1.3. Suppose that A, C' are two C*-algebras, ¢ : A — C is surjective
homomorphism and 7 : C'— B(H) is an irreducible representation of C. Then wo ¢

is an 1rreducible representation of A.

PROOF. Suppose that K C H is a closed subspace of H such that o ¢(a) C K
for all a € A. Since ¢ is surjective, then for each ¢ € C there is a € A such that
¢(a) = c. Notice that

m(c) = m(¢(a)) = 7o ¢(a),
and hence
mo¢(a)K =m(c) C K.
But 7 is an irreducible representation, therefore either K = {0} or K = H. Thus

o ¢ is an irreducible representation of A. U
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The following proposition talks about primitive ideals and their relation to other

ideals in a C*-algebra A. The proof can be found in [37, proposition A.17].

PROPOSITION 6.1.4. Let A be a C*-algebra. Then

(i) every closed ideal I in A is the intersection of the primitive ideals containing
it;

(i) if I is a primitive ideal in A, and J, K are two ideals such that J(\K C I,
then either J C I or K C I.

6.2. The composition () o E;l o0y and primitive ideals

In this section we use our construction theorem (Theorem 5.3.4) to study the

primitive ideals in the crossed product Bg, x, G 4.

REMARK 6.2.1. Given a lattice-ordered abelian group (G, G ), the set > (G) of
all subgroups H := H, — H,, where H, is any hereditary subsemigroup of G, is

partially ordered by inclusion.

The following proposition is a version of Adji-Raeburn theorem [5, Theorem
3.1] about primitive ideals in the crossed product B, X, G4. Our proposition is
interesting and has more challenges since we are working under the assumption that

the group G is lattice-ordered, which extends their result to more general cases.

PROPOSITION 6.2.2. Let (G,G) be a lattice-ordered abelian group, > (G) be the
chain of subgroups H in G as in Remark 6.2.1, () the homomorphism in Proposition
5.2.3, 3;1 the dual action in Lemma 3.4.6 and 0y be the surjective homomorphism in
Lemma 5.5.8. Then for H € Y (G) and vy € G, ker(QoE;loGH) is a primitive ideal of
Be, %o Gy which depends only on y|g and the map (H,y) — ker (QoggloHH) induces
a well-defined map F from the disjoint union | |{H : H € 3" G} to Prim (Ba, xaG4).
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REMARK 6.2.3.

(i) We write (H,~) for the element of the disjoint union | | H corresponding to
v e H.
(ii) Since H is a closed subgroup of G' and G is discrete, then by [17, Corollary
4.41] for any v € H there exists a character x of G such that x|y =~
(iii) Given 7y € ﬁ, then we choose y € G such that X|u = 7 in order to realize
F(H,~) as a kernel. Thus

F(H,v):=ker(Qo B;l o fy) in which x € G satisfies Xlg =7

Proof of proposition 6.2.2. To prove this proposition we are going to use two
facts, one is the short exact sequence in Corollary 5.3.4 and the other is from [37,
Proposition 6.16] which proves that every irreducible representation of Indg n (B(G JH)4 X
(G/H)4) has the form M(v,p) : f — p(f(7)) for some v € G and some irreducible
representation p of B my, X, (G/H)4.

Since the identity representation ¢ of B(g/m), X, (G/H)4 is irreducible (see [30,
Theorem 3.13]), then

ker(Q o ;' 0 0) = {a € Ba, %o Gy : Q(B;(0n(a))) = 0}
= {a € Bg, xa Gy : (Q(F;1(9u(a)))) = 0}, since ¢ is faithful
= {a € Ba. xa Gy 1 1t(¥(0n(a)(7) =0}, ¥ = Qo 3
={a € Bg, xa Gy : M(y,0) 0 ¥(fy(a)) =0}
={a € Ba, xa Gy : M(7,0)0Y(a) =0}, T =Voby
= ker M(v,0) 0.

The map M (7, ) is an irreducible representation of Indg L (Be/my, %+ (G/H)4) and
T is a surjective homomorphism, therefore Lemma 6.1.3 implies that M (v,¢) o T is
an irreducible representation of Bg, X, G4. Hence ker(Q o B;l o fy) is a primitive
ideal.

To show F' well-defined recall Equation (5.2.1) which says

Qof;l =7"0Q, for pe H- = (G/H)".
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Suppose that v, i € G such that vH* = pH*, then yu~! € HL. Therefore

ker(Q o B\;l 00py) = ker(Q o 6wlu‘1 00y), since pp~*t = id
= ker(Q o ﬁ;wlu L 00g)
= ker(Q o ﬁwl L0 6 Y5 0y), B lis a homomorphism
(7
(@

= ker 1_loQoﬂ Yo fy), since yu=' € H*

T

1

= ker(Q Yo 0y), since ?@_1 is injective.

Thus F' is well-defined. O

COROLLARY 6.2.4. Suppose that p is an irreducible representation of Bg, Xq
Gy. Then there are a subgroup H € > (G), a character v € G and an irreducible
representation ™ of B my, X+ (G/H) such that p is equivalent to M(y,m) o Y.

PROOF. Let V := poig,. Then V is a covariant isometric representation of G.

To see this, fix z € G,. Then

ViVe = (poic,(2))"(poic, (v))
= plic, (z)%ig, (z))

=p(1 Bg, %G .), since i¢, is an isometric representation
= 1lp0y.

So V' is an isometric representation of G and since i¢, is covariant (Lemma 3.4.4),
then V is a covariant isometric representation of G,.. Hence we have p = py for
V' = poig, (thisis true because if § was the map associated to V', then 6(i¢, (z)) =V,
for all z € G4. But V, = p(ig,(2)), hence 0(ic, () = p(ic, (x)). Since {ig, (z) :
x € G4} generates B, X, G4, then § and p agree on generators and thus § = p).

We now construct the subgroup H. Let H, := {x € G, : V,V* =1}, then H, is
a hereditary subsemigroup of GG,. To see this, suppose that y € H; and 0 <z < y.
Then

1=V, V, =V, V.V V,
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and conjugating by V"
H = H+ — H+.

implies that V,V) = 1, so that + € H,.. Hence take

x

We know that the short exact sequence (5.3.4) has an ideal I, x, G generated

by {1 -1, :h € H.}. Sofor h € Hi, we have
pv(l—1;) =1— py (1)
=1-pv(ic, (h)ic, (h)")
=1—pylia, (h)pv(ic, (h)*
=0,

and hence py vanishes on Iy, X, G4. Thus it follows from the exactness of (5.3.4)
that there is a representation o of Indfp (Bimy, %~ (G/H)4) such that py =00
and since o and py have the same range we deduce that o is irreducible. Therefore
by [37, Proposition 6.16] we have o is equivalent to an irreducible representation
M, m) for some v € G and some irreducible representation p of B/my, x+(G/H).
Thus py is equivalent to M (y, 7)o T. O

6.3. Examples

EXAMPLE 6.3.1. We know that (Z, N) is a lattice-ordered abelian group. By [30]

we have a short exact sequence of C*-algebras
0—-K—T(Z)>CZ) -0,

in which K = K(¢%(N)) is the set of compact operators on ¢?(N), a C*-subalgebra of
B(f*(N))). We also know that the primitive ideals of 7(Z) (the Toeplitz algebra of
Z, for details see the introduction page 10) are of the form {0} and ®'(I,) where
~ is an element of Z and L ={f¢€ C(Z) : f(y) = 0}. We want to compare those
primitive ideals with the ones we get from our construction theorem (Theorem 5.3.4).
First of all notice that we have only two hereditary subsemigroups H, of N namely
{0} and N itself.

For H = {0}, G/H = Z/{0} = Z and so the ideal Iy, x, G4 will be the zero

ideal. Moreover, 05 and ) will be both isomorphisms of By x,N = 7 (Z) onto itself.
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For any v € H , we can extend v to id € 7 so B\; 1is the identity map and therefore
ker(Q o @_1 00y) ={0}. We know from [30, Theorem 3.13] that {0} is a primitive
ideal of 7 (Z).

If H. =N, H=N-N=7Zand G/H =Z/Z = {0}. Therefore

IndZ, (Byoy x- {0}) = IndZ, (C), since By x, {0} = T({0}) = C.
Now Z=* contains the identity character only, hence
mdZ, (C) = C(Z) = C(T).
Now for v € Z we have

THL) ={T7(f): f(v) =0}
={a€T(Z):a="""(f) and f(y) = 0}
={a€7T(2):T(a)(y) =0}
={a € T(Z) : Q(3," (9u(a))) = 0}
= ker(Q o 3,1 0 Or).

EXAMPLE 6.3.2. We know that (Z?, N?) is a lattice-ordered group with Z? abelian.
We will compare the primitive ideals in the crossed product By2 x, N? with those
we can get from our decomposition theorem (Theorem 5.3.4). Recall that we have
four different hereditary subsemigroups of N?, 7(Z) = C*(N) and 7 (Z*) = T(Z) ®
T (Z) = Bye x4 N2

For H={(0,0)}, G/H = Z?/{(0,0)} = Z?. The ideal Iy, x, G, is generated by
{1 -1, : h e Hy} = {0}, so Iy, xo Gy = {0}. Hence, {0} is a primitive ideal
of By: X, N? since the identity representation of Byz X, N? is irreducible (see [30,
Theorem 3.13]), and Bye X, N? & Ind%i(BNz X, N?).

For H=Nx{0}—-Nx{0} =Zx {0} 2Z = {0} xZ, we have G/H = 7Z*|Z = 7
and Iy, x N? is generated by {1 — 1(;n0) : m € N} (one can see that Iy, x N? is
generated by one element 1 — 1(;gy). The set {Omn : m,n € N} in which

Omm = ic, (M, 0)(1 —ig, (1,0)ig, (1,0))ig, (n,0)",
71



is a set of matrix units (a set of non-zero elements {e;;} satisfying the relations
€iiCrp = and e, = e;;) in the ideal Iy, X, N*, which we will now
show. First we write S, 0) for i¢, (m,0) and notice that
(i) Each Oy, # 0 since 1 — S1,0)5(, # 0. (Remember that we write
Sm.05(m,0) 1 Lim0))

(i1) 67, = Sn0)(1 = 501,0)571,0))Sm0) = Onm-

(ili) O,nOpy = S(m70)(1 - S(LO)SEKLO))S(*n,o)s(p,o)(1 - 5(1»0)8(41,0))5?1,0)’
if n = p then
@m,n(_)p,l = S(m,0)<1 - S(l,O)Sa’o))S(Z,O) = @m,l-

If n # p then either n > p or n < p. Suppose first that n > p then

Om.nOp1 = S(m@)(1 - 5(1,0)5?1,0))5&717,0)(1 - S(LO)SEKLO))SEFI,O)
= Smo) (1 = S1.0)5(1,0) Sn—p-1,0500) (L = S.0)5(1,0) S0

= 0, since S(; o) (1 = S(1,0)501,0)) = 0.
For n < p we have

OmnOp1 = Stm.0) (1 = 51.0)5(1,0)) Sp-—n.0) (1 = S1.0)5(1,0))51.0)
= S(m,0) (1 = 50,0)5(1,0)50,0)5p-n-1,0) (1 = S01,0/5(1,0)) Sz,0)
=0, since (1 — S(LO)S(*LO))S(I,O) =0.

Hence {©,,, : m,n € N} is a set of matrix units in the ideal Iy, x, N? which
generates a copy of the compact operators K(¢£2(N?)). Notice that we are dealing here
with nuclear C*-algebras and so further calculations show that the ideal Iy, X o N2 =2
K®T (Z). Hence the primitive ideals in Iy, x,N? will be K®.J for some J € Prim(A)
and they are primitive ideals in By2 X, N2. Moreover, using our short exact sequence
we have

d%, o2 (By x N) = (T(2) © T(2)) /(K © T(2)) = C(T) © T(Z),
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so the primitive ideals in Ind(zzx{o})J_(BN x N) are

I®7T(Z)+ C(T)® J for some I € Prim(C(T)) and J € Prim(7 (Z)).
Hence
Y YL) where L = I ® T(Z) + C(T) ® J for I € Prim(C(T)) and J € Prim(7 (%))

are the primitive ideals in Byz x,N? (T is the surjective homomorphism in the short
exact sequence (5.3.4)).

For H = {0} x Z, G/H = 7Z*/7Z = 7. This case is similar to the previous case
with minor differences. Here the ideal Iy, X, N? will be isomorphic to 7(Z) ® K,
and therefore the primitive ideals will have the form J ® K for some J € Prim(A)

and they are primitive ideals in By2 X, N2. For the induced algebra we will have
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Ind@,, o (By x N) = (T(Z) @ T(2)) /(T (Z) © K) = T(Z) ® C(T),
and the primitive ideals in the induced algebra will be

I®C(T)+7(Z)® J where I € Prim(7(Z)) and J € Prim(C(T)).
Hence this will give the primitive ideals
YT~ Y(D) where D =1 ® C(T) + 7 (Z) ® J for I € Prim(7(Z)) and J € Prim(C(T))
in BN2 Xa N2.

For H = N?> — N? = 72, G/H = 72/Z2 = {0}, and

Ind%. (Bgoy X, {0}) 2 Ind55.,. (C); since Bygy x, {0} 2 T({0}) = C.
We know that (Z2)* has only one character, namely id. So for f € Il’ld(z;lQ)L(C),
we have f(yid) = 77 (f(7)) = f(7) and hence IndZ.. (C) 2 C(Z2) = O(T?).
Therefore each element of the set {Y1(I,) : v € 72}, where T is the surjective
homomorphism in the short exact sequence (5.3.4) and I, := {f € 0(22) : f(v) =0},

is a primitive ideal of By2 X, N?. The ideal Iy2 x N? is generated by {1 — 1(p. . :
(m,n) € N*}. Write V}, for ig, (m) for m € N?, and define

Omn = V(1 = ViLo)Vii0) (1 = Vioy Vo))V
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then calculations show the set {©,,, : m,n € N?} is a set of matrix units and that
the ideal Iy, X, N* 2 K ® T(Z) + T(Z) ® K. To identify the primitive ideals in
Iy, X N? notice that K ® 7(Z) is an ideal in K ® 7 (Z) + T (Z) ® K and so we will

have the following short sequence
0-KQT(Z) - KoT(Z)+T(Z) 9K > C(T)okK —0

in which @ is the quotient map. Hence the primitive ideals in Iy, x, N? will be the
ones in K ® 7 (Z) which we already know, and ®~'(D) where D = I, ® K for some
L, € Prim(C(T))}.
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CHAPTER 7

Some concluding remarks

The study of crossed products of C*-algebras by endomorphisms and their tractable
use as models for Toeplitz algebras has attracted many authors. In this thesis we
are generalizing the work in [2], [3] and [5] to cover the crossed product of C*-
algebras by semigroups of endomorphisms and actions of the positive cone G of a
lattice-ordered discrete abelian group G.

One of our early results is the existence of a strongly continuous action
a:G— Aut(A x, G,)

for any lattice-ordered abelian group (G,G).

The next main result is producing an extendibly a-invariant ideal of the crossed
product Bg, X, G4 which was important for the rest of this thesis.

The realization of the C*-algebra Bq/m), xXg G+ as the induced C*-algebra
Indgl (B(my, %+(G/H).) was a goal of this thesis and is used to show the existence
of a short exact sequence of C*-algebras involving B, x G4 which is a generalization
of the work in [6, Theorem 2.1].

Then we show the existence of an isomorphism of By, x H, into Bg, X, G4+
(which allows us to realize By, x H, as a C*-subalgebra of B¢, x, G ) and identify
the commutator ideal of By, x H,.

Later in this work, we use our short exact sequence and give some results about
primitive ideals of the C* algebra Bg, X, G4 which is isomorphic to the Toeplitz
algebra 7T (G) of G.
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APPENDIX A

We give here the proof that the map ¥ of Theorem 5.3.2 is a homomorphism of
C*-algebras.

ProoOF. To see that ¥ : B/, x5 G4 — Indgl (B(G/H X, (G/H), ) is a
homomorphism. Fix a,b € Bg/m), X3 G4, 7 € Gandte C, then
(i)
U(ta)(y) = Q(B; ' (ta))
= Q(t@;l(a)) : B;l is linear
=tQ (B\;l(a)), Q is linear

=
—
~—
S
—
~—
_l’_
O
—~
&
—
A
\_/
~
O
—-
]
=
o=
@
&
=

(iii)



V(a)"(7) = Q(8; ' (a)”
— Q(B;l(a)*), @ is a homomorphism
— Q(A;l(a*)) : B\; ! is a homomorphism
= V(a")(7).
Thus ¥ is a homomorphism of C*-algebras. O

LEMMA A.0.3. Suppose that (X, T) is a topological space and A, B are subsets of
X such that A is nowhere dense and Int(B) = (). Then Int(AU B) = 0.

PRrROOF. Take v € AU B. Then for any open subset V' containing z, there is
y € V such that y ¢ A (this is true since Int(A) = (), ie. A contains no open sets).
Now we have y € V' \ A = V N (A)° which an open subset. So thereis z € V' \ A
such that z ¢ B. Hence, z € V'\ (AU B) (which means that AU B does not contain
any non-empty open subsets). Thus Int(A U B) = 0. O

LEMMA A.0.4. Suppose that (X, T) is a topologigal space and A, B are nowhere
dense subsets of X. Then AU B is a nowhere dense subset of X.

PROOF. We know that A = A, therefore Int(j) = () and hence A itself is nowhere
dense (this is true because A is nowhere dense). Since B is nowhere dense, then by
Lemma A.0.3

Int(AU B) = Int(AU B) = 0.
Thus AU B is nowhere dense. U

Proof related to Lemma 5.4.5. To show that the set S={1—-1,:uve H;}
in Lemma 5.4.5 is an approximate identity for By, o, we show that S satisfies the
conditions of approximate identity. Firstly, for any 1—1, € S, 1 —1, is a projection
and therefore ||1, — 1,]] < 1.

Secondly, we show that (1 —1,)f — f for all f € By, «. To do so we start by

showing that it is true for any 1—1, € By, o and then we show it for any f € By, .
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For 1 —1; € By, o we have
[(1=1)(1 = 1) = (A= 1) = |1 = L¢ = L+ Luve — 1+ L¢]
= Hluvlf - 1u||
= 0, if u is large enough such that u > t.

Similar calculations show that this is true for (1 —1;)(1 —1,). For f € Iy, we know
that f is a limit of finite sums of elements in the spanning set of I, . Fix € > 0 and
choose fo € span {1 —1,:t € H,} such that ||f — f.|| <&/3. Choose hg € H, such
that if ¢ > hg then ||(1 — 1;) fo — fol| < /3. Hence,
[(L=1)f = fll=1A=1)(f = fo) + X =1)fo — fo+ fo— [l
<1 =1)(f = )l + 1 = 1) fo = foll + 1 = foll
< L=l L = foll + 11X = 1) fo = foll + I f = foll
<e/3+¢/3+¢/3=¢.

Thus {1 —1, : uw € H, } is an approximate identity for By, .
+ +
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