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Abstract

A recentbut rapidly maturingfield in theareaof systemidentificationhasbeenthatof
‘estimationin ��� ’. Greatlyinfluencingthis work hasbeenthephenomenonthatno linear
(in-the-data)algorithmexists which is ‘robustly convergent’. This paperconductsa study
of thenatureof this issueby combiningspecificnew analysistogetherwith existing results
from themathematicsliteratureon thetopicof polynomialapproximationtheory. Particular
attentionis paid in this paperto therole of modelorder, andthis leadsto theconsideration
of modelorderselectionfrom adeterministicworst-caseperspective.
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1 Intr oduction

This paperis concernedwith exploring certainaspectsof usinglinear-in-the-dataalgorithmsin
an ‘estimationin � � ’ context. Very early in the developmentof this field, it wasrecognised
thatsuchalgorithmsarenot worst-caseconvergent,andsincethenthemajorfocushasbeenon
morecomplicatedbut effective nonlinearmethodsthatareconvergent(Helmicki et al. October
1991a, Gu et al. 1993,Giarŕe et al. 1997,Hakvoort andP.M.J. Van denHof 1994,Partington
1997,Mäkiläetal. 1995).

However, almostequallyearly (Gu andKhargonekarJuly 1992b), it wasalsopointedout
that linear methodscanstill performwell for finite datalengths,despitetheir poor asymptotic
performance.Theresultspresentedin this paperaremotivatedby this,andtheemphasishereis
not on presentingnew methodswhich competewith pre-existing ones.Rather, theinteresthere
is three-fold;

1. To explore links betweenthe linear estimationin � � problemandthe mucholder and
betterstudiedproblemof real valuedpolynomialinterpolationon the real line. To date,
theseconnectionsappearnot to havebeenfully exploitedin theengineeringliterature.�

This work was supportedby the AustralianResearchCouncil and the Centrefor IntegratedDynamicsand
Control (CIDAC), University of Newcastle,Callaghan2308, Australia. This author is with CIDAC and the
Departmentof Electrical & ComputerEngineering,University of Newcastle,Australia and can be contactedat
email:brett@ee.newcastle.edu.au or FAX: +612 49216993.
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2. To provide a betterunderstandingof thenatureof linearestimationin � � by presenting
analysisof bothnew andpre-existingmethods;muchof this is aimedatproviding abetter
understandingof how theso-called‘noiseerror’ behaves.

3. To quantify, aspreciselyaspossible,theinfluenceof modelorderon estimationerrorand
via this, to introducetheideaof optimalmodelorderselectionin adeterministiccontext.

An overview of thecontentof thispaperin termsof its contributionsis asfollows:� In 	 3, a non-divergentlinearalgorithmis derived. To our knowledge,this is thefirst time
thatsuchanalgorithmhasbeenexhibited,andit providesa counter-exampleto any mis-
placedbeliefthatthenoise-inducederrortermin alinearalgorithmisnecessarilydivergent.� In 	 4, links to classicalreal-valuedpolynomialinterpolationareexplored,andresultsfrom
thatareaareappliedto establishthefollowing:

– For thespecialcaseof modelorderequalto numberof datapoints,a preciseexpres-
sion for thenoiseinducederror is obtainedby usingresultson so-called‘Lebesgue
constants’from themathematicalliterature.This appearsto bethefirst time sucha
resulthasbeenprovided,with all similarresultsbeingonly over-boundsonerror, not
expressionsfor theactualerror.

As well, in deriving theresult,it would alsoappearto be thefirst time that the link
betweentheLebesgueconstantof interpolationon therealline hasbeenshown to be
relatedto linear � � estimationproblem;the mathematicalliteraturein the former
areaappearsto bepreviouslyunreferencedin theengineeringcommunityconcerned
with estimationin � � .

– In termsof choiceof excitation frequencies,equallyspacedpointsminimiseworst
casenoiseinducederror. Again this is obtainedby establishinghow work from the
mathematicalliteratureaimedatquantifyingLebesgueconstantsis relatedto thelin-
ear‘estimationin � � ’ problem.� In 	 5 theideaof constrainingthederivativesof interpolatingpolynomialis investigated.A

closedform formulafor suchan interpolantis provided,andworstcaseerrorboundsare
derivedfor variousnormsandnoisesmoothnessassumptions.Thecontribution hereis to
highlighthow suchthingsasworst-caseerrorareaffectedby thenormusedandthenature
of thenoisemodel.� In 	 6 the mannerin which modelorderaffectsworst caseerror is investigated.Previ-
ousstudiesin this area(Partington1998)have deriveddivergencerateunder-bounds,but
lessdirectly than is donein 	 6. As well, 	 6 alsoderivesrateover-bounds,andvia this
establishesanactualexpressionfor theworstcasenoiseinducederror.� Finally, in 	 7, theresultsof 	 6 areusedtosuggesttheideaof optimalmodelorderselection.
For thecaseof linearalgorithms,theexistenceof anoptimalorderis establishedsubject
to acheckinvolving theassumedrateof decayof trueimpulseresponse.
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In orderto presentthesenew results,it is necessaryto put themin context by definingthe ‘es-
timation in � � ’ framework beingaddressed,andalsoto provide someremarksof a historical
naturethatclarify theimportanceof theproblemsbeingconsidered.

2 ProblemSettingand Historical Remarks

The problemsconsideredin this paperare the identificationonesaddressedin the ‘estima-
tion in � � ’ literature(Helmicki et al. October1991a, Gu and Khargonekar1992a, Gu and
KhargonekarJuly 1992b, Partington1991b) whereina set of 
 (complex valued) measure-
ments �
����������������������� areavailablethat representevaluationsat 
 regularly spacedfrequencies����� �"!���#��"!��������$��%&
('*)�+,�"!�� , �"!.-/#�021

 of a lineartimeinvariantsystemdescribedby adiscrete
time transferfunction 34%657+ which is itself definedas34%658+9- �: ; < ��= ; 5

; > (1)

Herethesequence� = ; � is thediscretetime impulseresponseof thesystemunderinvestigation.
The definition (1) thereforerepresentsthe moreusualtransferfunction definition (Oppenheim
andSchafer1989)evaluatedat 5@?BAC)�1D5 . It is assumedthat 34%657+FEG� � %&HJI���KL+ wherethelatter
is definedastheclass� � %6HJI���KM+N-C��3O?N34%658+ is analyticon HJI and P 3Q%&58+�PSRTK on HJI�� (2)

where K is somefinite constantreal number, and HJIU-V��5WEYX ?ZP[5\P^]`_a� is the radius _
disk with X denotingthefield of complex numbers.In theremainderof this paperit is always
assumed(asin work by otherauthors)that _QbM) .

A key componentof theproblemis thatit is alsoassumedthatthefrequency responsemea-
surements�
� ; � arepossiblyadditively corruptedas� ; AT34%6c �
dfe�g ; +ihWj ; (3)

where �
j ; � is somecomplex valuedandunknown ‘noise’ sequencethat is assumeduniformly
boundedas Pkj ; PSRml
for someknown boundln]po .

Theengineering-relevantproblemtobesolvedis thatof usingtheavailabledata�
�����������������������
in orderto constructanestimateq3Z�a%657+ of 34%657+ which is of theform

q3r�a%658+NA sut ��vw���: ; < � q = �; 5
; > (4)
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Herethenotation xy%&
$+ in (4) for theorderof theestimate q3Z�a%657+ is meantto emphasise(aswill
becomeclearin thesequel)thepossibledependenceof modelorder x onthenumberof frequency
responsemeasurements
 .

In the context of systemidentification,the considerationof this estimationproblem(in the
specialcaseof xy%z
i+{A/
 ) appearsto have begunwith Parker andBitmead(Parker andBitmead
1987),andthereaftera largenumberof otherworkershave alsocontributedto theproblem,of
which a small sampleis (Helmicki et al. 1989,Helmicki et al. 1990a, Helmicki et al. 1990b,
Helmicki etal. 1990c, Helmicki etal. October1991a, Helmicki etal. 1991b, JacobsonandNett
1991,Partington1991b, Mäkilä andPartington1991,Partington1991a, Gu andKhargonekar
1992a, GuandKhargonekarJuly1992b).

This latter intenseactivity is stronglyinfluencedby the surprisingbehaviour, first exposed
in (Parker andBitmead1987),that (leastsquarescalculated)solutionsfor theestimate(4) that
interpolatethefrequency responsemeasurements�
� ; � arenotconvergentin a worst-casesense.

To bemorepreciseon this point, perhapsthemostobviousway of constructing q3Z��%&58+ is to
try to make thefrequency responseof q3Z�a%6c �
d,e + thesameasthemeasurements:s�t ��vw���: ; < � q = �; c �
dfe�g6|

; AL��| }u~`AT������������
�'�) > (5)

If the choiceof the modelorderis xy%&
i+�]Y
 thenthe equations(5) areover-determinedanda
naturalchoicefor theco-efficients q = �; wouldbeonethatminimisedthetotal squarederrorin (5).
Thissolutionis mosteasilyseenby vectorising:q� ��-�� q= �� �������$� q = �sut ��v����f��� � ��-Y�������������i���������,� �

���^��� ; � � AMc �
d ; � e�g � �@AM���������$�u
�'�)7� ��AT���������$��xy%&
$+"'�)
sothat(5) becomes�^� q� ��AT� with solutionminimisingthesquarederrorasq� ��AC%6�N�� �^�7+ ��� �N�� �/A�
 ��� �N�� �
( � � denotes‘conjugatetranspose’)which implies

q = �; A )
 sut ��vw���:| < � ��|^c d ; e g | > (6)

If, in fact,thechoicemadein (Parker andBitmead1987)of xy%&
$+.AT
 is used,then(6) leadstoq3r�a%658+9A )
 �����: ; < � �����: � < � � � c d ; � e g 5 ; A )
 �
���: � < � � � �����: ; < � ��c d � e g 5 � ; A )
 �����: � < � � ��� )�' 5 �)F' c d � e�g 5i¡ (7)

wherein progressingto thelastexpressionthefactthat 
y�"!.AL#�0 wasused.
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Unfortunately, ascalculatedin (ParkerandBitmead1987,Parker1988)andlaterextensively
corroborated(Helmicki et al. October1991a, Gu and KhargonekarJuly 1992b), the tightest
upperboundavailableon theworst-caseestimationerrorinvolvedwith (7) is of theformc���- ¢�£�¤¥7¦u§8¨ª©k«�¬u­ ®°¯±z²³± ¨ª´Sµ ¶¶¶ 3M'·q3Z� ¶¶¶ � R #DK_ � %&_�'�)�+ h¸l � )^h #0º¹¼»7½ 
 ¡ (8)

whichclearlydivergeswith increasing
 .
Aspreviouslyalludedto, thisphenomenonhasstronglyinfluencedthelargebodyof work(Helmicki

et al. October1991a, Helmicki et al. 1991b, JacobsonandNett1991,Partington1991b, Mäkilä
andPartington1991,Partington1991a, Gu andKhargonekar1992a, Gu andKhargonekarJuly
1992b) thatseeksto avoid thedivergentbehaviour by developingso-called‘robustlyconvergent’
estimatesq3Z�a%657+ whosedefiningpropertyis that

¹¿¾¼Àµ,Á �� Á � ¢�£a¤Â\Ã�Ä ¨ tÆÅ ¬ � Ç v±z²�± ¨ ´Sµ ¶¶¶ 3M'Yq3Z� ¶¶¶ � AM� (9)

is satisfied.
Germaneto this latter studyis the major resultof Partington(Partington1991b) which ex-

posedthat therewasno algorithmthatwasa linearoperationon thedata �
�����������$�����
����� which
wouldsatisfythecriterion(9). Consequently, thereis nohopethatby regulatingthemodelorderxy%&
$+ in (6), (4) thatadivergentworstcaseboundlike (8) mightbeavoidedand(9) satisfied.

Thepurposeof this paperis not to contribute to thealreadyrich literaturethatdoesin fact
satisfy(9) by variousnon-linearin thedataestimationstrategies(Helmicki etal. October1991a,
JacobsonandNett 1991,Partington1991b, Mäkilä andPartington1991,Partington1991a, Gu
andKhargonekar1992a, GuandKhargonekarJuly1992b).

Rather, theaim hereis to delvemoredeeplyinto thegenesisandprecisenatureof thediver-
gencephenomenonunderlying(8). Part of this studyhasalreadybeenundertaken in (Ninness
1998)wherea mainresultis thatprovided xy%z
i+ÈA o �7É 
°� as 
ËÊ o , thenin facttheestimate
(6), (4) doessatisfytherobustestimationcriterion(9) excepton a setof measurezero,themea-
surebeingtheprobabilitymeasureusedto characterise�
j ; � asa (possiblenon-stationary)zero
meanstochasticprocesswith someconstraintson its ‘memory’; see(Ninness1998)for more
detail.

However, in examiningtheperformanceof linearin thedatamethods,thispaperhasadiffer-
entscopeto (Ninness1998)in that it examinesschemesotherthan(6), (4) andalsocompletely
eschewsany probabilisticformulationof theassumptionson �
j ; � .
3 A Non-DivergentLinear Scheme

Thesectionderivesalinearestimationalgorithmwhichis notworst-casedivergent.It is believed
that this is thefirst time thatsucha schemehasbeenexhibited. It’s engineeringutility ascom-
paredto pre-existing schemesis problemdependent,but quiteapartfrom this it is of interestas
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acontributionto theunderstandingof thenatureof linear � � estimationmethods.For example,
it appearsto bea widely heldperceptionthatany linearalgorithminheritsits divergencefrom
thenoiseinducederror. By way of contrast,thealgorithmpresentedvia Theorem3.2below has
anoiseinducederrorwhich is worst-caseconvergent.

Beforepresentingthenew algorithm,somenecessarybackgroundinvolvesrecognisingthat
althoughlinearestimatorssuchas(4), (6)startby takingnoisecorruptedmeasurements�
�����������$�����
���u�
anddeliveringanestimate3r��%&58+ÈEG� � %6Ìn+ 1 they could,by assuming(asin (Partington1991b))
that the �
j ; � areevaluationsat the points ��c d ; e g � of a continuousfunction 2 jCEÎÍQ%&Ì(+ , be
equallywell consideredasparticularlinearoperators,call them Ï�� , suchthatÏ��@?SÍ4%6Ìn+�Ê � � %6Ìn+Ð� (10)3Q%&58+ih�j$%&58+ÒÑÊ q3r��%&58+ > (11)

With thisnotationin hand,thekey resultof (Partington1991b) is 3

Theorem 3.1. Partington (Partington 1991b). There doesnot exist a sequenceof uniformly
boundedlinear mapsÏ��@?7ÍQ%&Ì(+9Ê � � %&Ì(+ such that for everypolynomial= EÔÓ(%6H�+¹¿¾¼À� Á � Õ Ïa� = ' = Õ � AM� > (12)

Now, sincetheoperatorÏa� is linear, thenÕ 3M'Öq3r� Õ � R Õ 3T'×Ïa�73 Õ � h Õ Ïa�7j Õ � > (13)

Therefore,if analgorithmis to berobustly convergentthenfor every disturbancesequencej in
some Õ � Õ � constrainedball, thecomponentÏ��a%Øj�+ mustalsobeconstrainedto a ball for all 

greaterthansomeÙ . Also, in a completespacepoint-wiseboundednessof anoperatorimplies
boundednessof operatornormso that theremustexist someÚ ]Yo suchthat Õ Ïa� Õ ]OÚ for
all 
ÛbÜÙ . However Theorem3.1 assertsthat no suchuniformly boundedoperatorsequence�
Ïa��� exists suchthat (sincethe polynomialsare densein ÍQ%&Ì(+ ) the ‘undermodelling’errorÕ 3M'×Ïa�
3 Õ � tendsto zero.Hence,norobustlyconvergentalgorithmexists.

Onanintuitivelevel, thereasonthatthenoiseterm Õ Ïa�a%6ja+ Õ � growswith increasing
 for the
particularestimator(4), (6) is thatvia its formulation(7) for thecaseof x\%z
i+{A�
 , theestimate
is formedasa convolution betweenthemeasurements�
����� andan interpolatingfunction %Ý)r'c �
dfe�� +�1a%f)�'/c d t � e�gf�8eDv + . The magnitudeof this interpolatingfunction is PÞ%z¢ ¾¼ß �N
$17#7+³%&¢ ¾¿ß %w�M'à �á!Ý+ 17#7+ ��� P , andthesumof themagnitudesof themaximaof this latterfunctiongrowswith 
 at
the rate ¹¼»7½ 
 . It is thereforepossibleto find a boundeddisturbancewhich givesanestimation
errorthatgrows like ¹¼»7½ 
 . Hencethebound(8).

This heuristicexplanationleadsto the first result of the paper. Namely, that an obvious
solution to avoiding the ¹¼»7½ 
 growth in the noiseterm Õ Ïa�8j Õ � is to make the interpolating

1whereâËãGä�åÈæZçéè
ê åDê³ãÔë�ì is thecomplex unit circle,and í{îrïðâNñ is thesetof functionsthatareof bounded
essentialsupremumon â andareanalyticon ò , theopenunit discthatis interior to â .

2 ó ïðâNñ is theclassof functionsthatarecontinuouson â .
3 ô ï¿òõñ is theso-calleddiscalgebraof functionscontinuouson â andanalyticon ò sothat ô ï¿òõñyã�í{î�ïðò�ñSöó ïðâªñ .
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functiondie in magnitudemorequickly, andthis caneasilybeachievedby simply squaringthe
original interpolatingfunction(7). Theanalysisof thismodificationis presentedin thefollowing
theorem.

Theorem 3.2. Considerthelinear in-the-dataestimationschemeq3Z�a%657+NA )
�÷ �
���: � < � � ��ø �
���: ; < � ��c d � e g 5
�
;Ðù ÷

(14)

then ¢�£�¤¥7¦u§ ¨ ©k« ¬ ­ ®°¯±z²³± ¨È´Sµ ¶¶¶ 3M'·q3Z� ¶¶¶ � R � KT__n'�) ¡mú #Zûûû ¢ ¾¿ß �N
# ûûû h )
\_ � h #_ ÷ �^ü
hõl � )ªhÎý
 hÖþ0 ¹¼»7½ 

 ¡ > (15)

Proof. Write � � A�ÿ � h�j � where ÿ � - 34%6c �
dfe�g � + andusethe linear operatornotationas in
(10), (11) and(13). Considerthenoiseinducederrorcomponentfirst. Thenwith thedefinition# � A à �"!°' �

PkÏa�Dj2PLA )
 ÷ ûûûûûû
�
���: � < � j ��ø �
���: ; < � c d ; t � e�gf�8eDv ù ÷ ûûûûûûR l
�÷ �
���: � < � ûûûûûû ø

�����: ; < � c d ÷�� ;�ù ÷ ûûûûûûA l
 ÷ �
���: � < � ûûûû %�� » ¢y# � '��N¢ ¾¿ß # � + � ¢ ¾¼ß ÷ 
 �¢ ¾¿ß ÷ � ¡ c d ÷�� � ûûûûA l
�÷ �
���: � < � ûûûû ¢ ¾¿ß ÷ 
 � � %Ý)F' #á¢ ¾¿ß ÷ � +¢ ¾¼ß ÷ � '�� #á¢ ¾¿ß � � » ¢ �¢ ¾¼ß ÷ � ¡ c d ÷ � � ûûûûR l
�÷ �
���: � < � ûû � » ¢
	�� ÷ � '×#�' #��
� » � � ûû ¢ ¾¼ß ÷ 
 �R l
�÷ ¢ ¾¿ß ÷ �N
# �
���: � < � � � » ¢
	�� ÷�� � # ' 0 à
�� hW#�hW#rûûû � » � � � # ' 0 à
�� ûûû � >
However, by equation14.1.1onpage259of (Hanson1975)�
���: � < � � » ¢�	�� ÷�� � # ' 0 à
�� A�
 ÷ � » ¢�	�� ÷ �N
# >
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UsingthisandLemmaA.2 thenprovidesP[Ï��7j2P RmlFh #�l
 h #�l
 � ) > ý h #0 ¹¼»7½ 
 ¡ A�l � )^h ý
 h þ0 ¹¿»7½ 

 ¡ >
This takescareof the ‘noise’ term Ïa�8j . For the ‘undermodelling’term 3·'MÏa�73 useof the
notation � = ; � for theimpulseresponseof 34%658+ provides)
�÷ �
���: � < � ÿ � �����: ; < � c d t � e�gÝ�8eDv ; �
���:| < � c d t � e�gf�8e7v�| A )
\÷ �����: ; < � c �
d,e ; �
���:| < � c �
dfe�| �����: � < � ÿ � c d � e�g t ;�� |"v

A )
\÷ �����: ; < � c �
d,e ; �
���:| < � c �
dfe�| �����: � < � �: � < �"= � c �
d � e g � c d � e g t
;�� |"v

A )
 ÷ �����: ; < � c �
d,e ; �
���:| < � c �
dfe�| �: � < � = � �
���: � < � c d t ;�� |9� � v ÷�� ��� �
A )
\÷ �����: ; < � c �
d,e ; �
���:| < � c �
dfe�| �����: � < � �: � < �"= t | �a; v t�� ��! � � � ��v >

Now, %&~`h/�a+a% À »#" 
$+4A � for 
 'Û) differentpermutationsof ~ and � for ~G���pR 
 '�) .
Therefore�
���:| < � �
���: ; < ��= t | �a; v t$� �%! ��v c �
dfe t |

�a; v A = �'&(9)^h×c �
dfe�� h×c �
dfe�� hp������hWc �
d,e
�) *�+ ,�
��� terms

-. h
= �/&(2c �
dfe hWc �
dfe t � � �6v h×c �
dfe t � � �6v hp������hWc �
d,e t � � �6v) *�+ ,����� terms

-. hp������h
= �����0&( c �
d,e t �
���6v hWc �
dfe t ÷ �
���6v h×c �
dfe t ÷ �����6v h�������hWc �
d,e t ÷ �
���6v) *�+ ,�
��� terms

-.
A 1�)^hT%&
º'm)�+Ýc �
dfe��32 �����:| < � = |ªc �
dfe�| >

Similarly �����:| < � �����: ; < � = t | �a; v t�� ��! ��v � �7c �
d,e t |
�a; v A 1 )ªhM%z
�'�)�+ c �
d,e��32 �
���:| < � = | � �Dc �
dfe�|

andsoon,sothat Ïa�73�A54 )ªhM%z
�'m)�+ c �
d,e��
 6 �: � < � �����:| < � = | � � �7c �
d,e�| > (16)
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This leadstoP 3M'×Ïa�73�PMA ûûûûû
�:| < � = |ªc �
dfe�| '74 )^hT%&
�'�)�+Ýc �
dfe��
 6 �: � < � �
���:| < � = | � � �Dc �
dfe�| ûûûûûA ûûûûû � )F'84 )ªhM%&
º'm)�+ c �
dfe��
 6�¡ �����:| < � = |^c �
dfe�| h

� )F' c dfe�� 4 )NhM%z
�'�)�+ c �
d,e
�
 6a¡ ÷ �
���:| < � = |ªc �
dfe�| h
� )F' c d ÷ e�� 4 )ªhM%&
�'�)�+ c �
dfe��
 6 ¡:9 �
���:| < ÷ � = |^c �
d,e�| h������ ûûûûûA ûûûûû � 
º'm)
 ¡ %Ý)F'¸c �
dfe�� + �
���:| < � = |^c �
d,e�| h %f){' c dfe�� +
 ÷ �
���:| < � = |ªc �
dfe�� h�: � < ÷ 4 1 )F' c dfe t � ���6vÞ� 2 ' c d,e � � %f)F'¸c �
dfe�� +
 6 t � � �6v��
���:| < � � = |^c �
dfe�| ûûûûûûR K � 
º'm)
 ¡ ûûû #á¢ ¾¼ß �N
# ûûû � __�'�)�¡ � _ � '�)_ � ¡ h K
�_ � � __n'm)a¡ � _ � 'm)_ � ¡ h#7K_8÷ � � __n'�)�¡ � _ � 'm)_ � ¡ >

As far asthe authorsareaware, this is the first time that a non-divergentlinear algorithmfor
estimationin � � hasbeenderived,anddemonstrationof its existenceprovidesfurtherunder-
standingof thenatureof thedivergenceexposedvia Theorem3.1.

Specifically, whentheParkerandBitmeadestimateis modifiedasin (14)to preventthecom-
ponentin theestimatedueto noisediverging,thenTheorem3.2showsthatthe‘undermodelling
term’, althoughinterpolatingtheresponseq3r��%658+ , doesnot convergeuniformly to it; althoughit
doesn’t divergeeither. This highlightsthat thereis a tradeoff between‘noiseerror’ and‘under-
modellingerror’ in theconstructionof linearalgorithms.

Certainly, dependingon KT�u_ andl , thenfor certainvaluesof 
 onewill obtainestimateswith
smallererrorboundsusingthe linearestimator(14) ratherthanthe morecommonlyemployed
linearestimator(ParkerandBitmead1987,Helmicki etal. October1991a, GuandKhargonekar
July1992b) (4), (6).

As afinal commentsubstantiatingthepossiblelackof smoothnessof j$%&58+ beingresponsible
for divergencephenomena,notethatif it is appropriateto model j$%&58+ asbeinganalyticon H<;�Ì
thenthesimplelinearmethod(7) isworst-caseconvergentasestablishedby thefollowing lemma.
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Lemma 3.1. Supposethat j$%657+ is analyticon H=; Ì . Thenwith q3r�a%658+ beingthelinear inter-
polantdefinedby (7) therobustconvergencecriterion¹¿¾¼Àµ,Á �� Á � ¢�£a¤Â\Ã�Ä ¨ tÆÅ ¬ � Ç v±z²�± ¨ ´Sµ ¶¶¶ 3M'Yq3Z� ¶¶¶ � AM�
is satisfied.

Proof. Usingthe Ïa� operatornotationdefinedin (10),(11)thenvia thedefinition(7) Ïa� is linear
sothat Õ 3T'·q3Z� Õ � R Õ 3T' Ï��D3 Õ � h Õ Ï��7j('×j Õ � h Õ j Õ � >
But TheoremA in (Chui et al. 1993)assertsthatunderthegivenassumptions¹¿¾¼À � Á � Õ Ïa�Dj�'j Õ � A � and ¹¼¾¼À � Á � Õ 3·'LÏ��D3 Õ � AÒ� so that sinceby assumptionÕ j Õ � ] l the result
follows.

4 Links to Polynomial Inter polation

This sectionexploressomeaspectsof the parallel relationshipbetweenthe divergencephe-
nomenon(8) andthe‘classical’problemof possibledivergenceof Lagrangeinterpolantsof real
valuedcontinuousfunctions.As alreadydetailedin 	 3, theformerproblemof divergenceof (8)
hashadastrongimpacton the‘estimationin � � ’ literature(Helmicki etal. October1991a, Gu
andKhargonekarJuly 1992b, Partington1991b). As well, in a mannerthat resonatesstrongly
with thishistoryof work in estimationin � � , thelatterproblemof Lagrangeinterpolationdiver-
gencehasalsohad,overmany decades,aprofoundeffectonclassicalpolynomialapproximation
theory(Cheney 1966,Erdös1961b, Turán1980),with thedivergenceproblembeingsolvedby
constrainingthederivativeof theinterpolatingpolynomial.

Giventhecloseconnectionsbetweenthetwo linearproblems(they areidentical,save thatin
thecontext of thispaperthedatais complex valued),it wouldseemimportantto closelyexamine
theimportanceof the(by now very old) derivativeconstrainedlinearsolutionsin anestimation
in � � context.

To explain theseideas,first it shouldbemadeclearthattheclassicalLagrangeinterpolation
problem(Cheney 1966)is onewhereinan 
�'�) ’ th orderpolynomial> ��%@?\+NA > �°h > ��?(h > ÷ ? ÷ h�������h > ��� ÷ ? �
� ÷ h > �
����? �����
is soughtsuchthatfor somerealvaluedcontinuousfunction = %A?\+^?y��'�)7��)��\ÊCB andfor someset
of 
 interpolatingpoints �D? � � �������$�
? ��
��� �FEÛ��'�)7��)�� then> ��%@? � ; +9A = %@? � ; + for all � AT����)D�������$�u
á') . Unfortunately, theworst-caseerrorc���- ¢�£�¤G ÃIH ��� � �@JK ÃDL\tMH ��� � �@J v P > ��%@?\+"' = %A?\+�P (17)
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wasdiscoveredby Faberin 1914(Erdös1961b) to grow like ¹¿»7½ 
 as 
 Ê o . This divergence
is clearly reminiscentof the phenomenon(8), with the former beingcommentedon by Erdös
(Erdös1961a) asbeing‘ in contrary to everythingwhatwasexpectedsinceNEWTON’(sic).

Theproblemof exactlyquantifyingtheworstcasenoiseerror(17)hasbeenintensively stud-
ied,with c�� definedin (17) beingknown asthe‘Lebesgueconstant’associatedwith a particular
setof interpolatingpoints �D? � ; � . To date,no exact quantificationof the Lebesgueconstantis
availablefor any choiceof interpolatingpoints,but very preciseasymptoticrateestimatesare
availablefor certainspecialcases.Application of theseestimatesthenprovidesquite precise
quantificationof theworst-casenoiseinducederrorinvolvedin thescheme(4), (6) asfollows.

Lemma 4.1. Considerthelinear estimationscheme(4), (6) with themodelorderchoice x\%z
i+.A
 . Thenwith the Ï�� operator notationintroducedin (10), (11)andassumingthat jºEÔÍQ%&Ì(+¢�£�¤±z²³± ¨ ´Sµ Õ Ï��7j Õ � A #0 � ¹¿»7½ 
 hON@h ¹¼»7½'P0F¡ h �: ; < �RQ
;


 ÷ ; hTSVU 4 ¹¿»7½9¹¼»7½ 
¹¿»7½ 
 6 ÷�W
as 
UÊ o where

Q
; -Y%f'�)�+ ;�� � %6# ÷ ; ��� '�)�+ ÷ 0 ÷ ; ��� X ÷÷ ;þ ; ��� �$%Ø#D�a+ZY �

with N beingEuler’s constant[ � > ý]\3\ #7# , and the � X ; � are the Bernoulli numbers definedby^ %6c�_\'�)�+ ��� Aa` �� < � X � ^ � 1

bY for P ^ P�]m#�0 sothat it is possibleto establishthat� ] �: ; < � Q
;


\÷ ; ] 0\ #

\÷ >
Proof. Clearly the quantity ¢�£�¤ ±z²�± ¨ ´Sµ Õ Ïa�8j Õ � in questionis the Lebesgueconstantof poly-
nomial interpolationon Ì with equidistantspacednodes5 �; A c d ÷�� ; � � ���pAÒ����)7�������\�u
 'Û) .
However, Brutmanhasestablished(Brutman1980)thatthis is identicalto theLebesgueconstant
associatedwith trigonometricinterpolationon ������#�0$� also at equidistantspacedpoints

� �; A#�02��1

"����AO����)D�������$�u
�'T) . Continuingin this theme,Ehlich andZeller established(Günttner
1980)that in turn, this is identicalto the Lebesgueconstantassociatedwith real-valuedinter-
polation on ��'�)7��)�� at nodes ? � ; equalto the zerosof the 
 ’ th order Tchebychev polynomial� » ¢�%&
c� » ¢ ��� ?\+ . Finally, combiningtheresultsof Vértesi(Vértesi1990)andGünttner(Günttner
1980)provides the currentlybestavailableboundson the Lebesgueconstantassociatedwith
this latterTchebychev noderealvaluedpolynomialinterpolationproblem;thesearethebounds
quotedin thelemma.

The significanceof this result is that it provides(it would appearfor the first time) rather
preciseinformationon therate(in 
 ) of divergenceof thelinearscheme(6), (4) with x\%z
i+NAL
 .
Previouswork (Parker andBitmead1987,Helmicki et al. October1991a, Gu andKhargonekar
July1992b) hasseparatelyprovidedover-bounds(suchas(8))or under-bounds(Partington1998)
but hasnot establishedtheir tightness. A key point is that the result in Lemma4.1 hasbeen
obtainedquitecheaplyby drawing ondeepanalysisin thework of otherauthors.
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In relationto this strategy, it mayalsobeappliedto the prima-faciedifficult questionasto
how ¢�£a¤ ±z²³± ¨
d µ Õ Ï��Dj Õ � is affectedby the choiceof frequencies��� ; � at which the measure-
ments �
j ; A j$%&c �
dfe�g ; +�� are obtained. In fact, Erdös hasalreadyconsideredthis problem
by conjecturingthat it was optimal with respectto sup norm to interpolateat evenly spaced
points(Erdös1968,Turán1980)suchasspecifiedin (3). It turnsout thatthis is correct.

Lemma 4.2. Consider, whenusingtheestimationalgorithm(6), (4) with xy%&
$+.AT
 , theproblem
of minimising ¢ £a¤±z²�± ¨
d µ Õ Ï��Dj Õ �
by choice of the frequencies���°����������� �2�
���u� at which the measurements�
����������������������� are
taken.Thethesolutionprovidingthisminimumworstcaseerror is � _ AL#�0 ^ 1�
 A ^ �"! .
Proof. This is equivalentto the questionof optimal nodesfor complex valuedpolynomial in-
terpolationof continuousfunction on the unit circle, andit hasbeenproven in (De Boor and
Pinkus1978,Brutman1980,Brutmanand Pinkus1980) that in this caseequidistantspaced
nodesproducethesmallestLebesgueconstant.

5 Birkhoff Inter polation

Continuingnow to considerhow thedivergence(8) might bemollified by a moresophisticated
linear algorithm than that of (6), (4) it is importantto note that Fej́er solved the worst case
divergenceproblemassociatedwith realvaluedpolynomialinterpolation(togetherwith Hermite)
by constrainingthe polynomial approximationto not only interpolatethe measurements,but
alsoto have ‘small’ derivative at the interpolatingpoints- thesewereconstrainedto be at the
zeroesof the 
 th orderTchebychev polynomial � » ¢�%&
c� » ¢ ��� ?\+ (Turán1980).This amountsto a
constructiveproofof thefamousWeierstrassapproximationTheorem.

Unfortunately, thissolutionin thereal-valuedcaseisnotdirectlytransportableto thecomplex-
valuedsettingbecauseof the addedrequirementof analyticity. That is, althoughthe real and
imaginarypartsof themeasurementscouldbeseparatelyinterpolated,theinterpolantswouldnot
necessarilysatisfytheCauchy–Riemannequations,andhencetheir complex valuedsumwould
notnecessarilyrepresentananalyticfunction.

Sodirectapplicationof Fej́er-Hermiteinterpolationwill not befruitful, but usingit asmoti-
vationit is naturalto explorethebasicthemeof constrainingderivativeswhile at thesametime
imposinganalyticityof interpolant.

Specifically, supposethatthederivativesof q3Z�a%657+ areconstrainedto bezeroat the 
 rootsof
unity andsupposeit is alsoelectedto specifythat q3Z��%657+ interpolatethemeasurements�
� ; � at
thesesamepoints.Finally, supposethat q3Z�a%658+ is requiredto beapolynomialin 5 . Interpolation
undertheserequirementsis known in themathematicsliteratureasBirkhoff interpolation(Turán
1980).Theconstructionof therequired q3Z�a%658+ of order #

º'm) is uniqueandis givenbyq3r��%&58+9ALÏ��a%63mh�ja+9- )
 �
���: � < � � � �����: ; < � ��c dfe g � 5 � ; 4f)F' �$%65 � '�)�+
 6 > (18)



LINEAR ESTIMATION IN � � 13

Note thesimilarity to theLagrangeinterpolant(7). Theconvergencepropertiesof theestimate
(18)areexaminedin thefollowing threetheorems.

Theorem 5.1. Suppose�
j ; � is obtainedby samplinga function j as j ; A j$%&c �
dfe g ; + where�"!{-Ö#�021

 and j$%&58+ is analyticon H andLipschitz continuousof order e�b/� on Ì . Thenforq3r��%&58+ givenby (18)

Õ 3T' q3Z� Õ�f Rml{h Í
hg (19)

for any ��] > ]�o andsomeÍ ]�o that is independentof 
 .

Proof. As definedin (10), (11), theoperatorÏa� is linearso in analogywith thedecomposition
(13) Õ 3T'·q3Z� Õ�f R Õ 3T' Ï��D3 Õ�f h Õ Ï��7j('×j Õ�f h Õ j Õ�f > (20)

Now, since3CEË� � %6HJI���KL+ for _QbM) then 3Q%&c �
dfe + is Lipschitzcontinuouson Ì (Davis 1963).
However, Theorem1 in (Varma1988)establishesthat for any �LE Lip e on Ì , thereexists aÍO]�o which is independentof 
 andsuchthat Õ �J' Ï��7� Õ�f RpÍ�
 � g , hencetheresult.

Therefore,for aclassof disturbancesthatcomefrom afunctionmoresmooththanthosein Í4%6Ìn+
, thenvia theclassicalideasof Birkhoff interpolationit is possibleto constructa linearrobustly
convergentestimatorvia (18) thatis worstcaseconvergentin thesense(derivedfrom (8)) that

¹¼¾¿Àµ Á �� Á � ¢�£�¤¥8¦u§8¨ª©k« ¬�­ ®"¯±z²�± ¨ ´Sµ ¶¶¶ 3M' q3r� ¶¶¶ f AM�
for > ]Ûo . Again, this providesinsight into thenatureof theworst-casedivergenceproperties
of linearalgorithms- thedivergenceis cruciallydependentonthelackof Lipschitzcontinuityinj$%&c �
dfe + andon the > -normstrictly beingonewhere> ALo .

Giventheseresults,anobviousquestionis how theBirkhoff interpolant(18) behavesunder
thestricterconditionsconsideredin theestimationin � � literaturewherein> A/o andthereis
nosmoothnessconstraintimposedonthemeasurementcorruptingsequence�
j ; � . Thefollowing
theoremaddressesthisquestion.

Theorem 5.2. For theBirkhoff interpolantsolution(18)¢�£�¤¥8¦u§ ¨ ©k« ¬ ­ ®"¯±z²�± ¨^´Sµ ¶¶¶ 3M' q3r� ¶¶¶ � R #7K�_%&_n'�)�+õú )
.%z_n'�)�+ ' )_ � %z_ � 'm)�+ ü h
#�l �ji h #0 ¹¼»7½ 
 ¡ >
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Proof. Directapplicationof simpletrigonometricidentitiesprovidestheusefulformulation�
���: ; < � c d t � e�gf�8e7v ; A�¢ ¾¼ß �N
# c �
d,e�� � ÷ck � » � � � # ' 0 à
 � h��]l�-nm � %����u
$+ >
Notethat � " m � %w���u
i+" � Ao� �
���: ; < � %f'p� �a+Ýc d t � e�g �8eDv

; A �
���: ; < � ��c d t � e�gf�8e7v ; >
Therefore,it is possibleto expressthefrequency responseof theBirkhoff interpolant(18)asq3r�a%6c �
dfe +NA )
 �
���: � < � � � K � %�����
i+ (21)

where K � %����u
$+ - m � %����u
$+°' �
 %&c �
dfe�� '�)�+ " m � %w���u
i+" �A � � » � � � # ' 0 à
�� h�� � ¢ ¾¿ß �N
# c �
d,e�� � ÷ '��y%6c �
dfe�� '�)�+rq
ú ' )#�
 � » ¢
	�� ÷�� � # ' 0 à
�� ¢ ¾¼ß �N
# c �
dfe�� � ÷ '� # � � » � � � # ' 0 à
s� h��Sc �
dfe�� � ¢ ¾¼ß �N
# c �
dfe�� � ÷ h)# � � » � � � # ' 0 à
 � h�� � � » ¢ �N
# c �
dfe�� � ÷ ü- Ó � %w���u
i+�h X � %����u
$+ >

In this last line, the following definitions(with subsequentindicatedsimplifications)have evi-
dentlybeenmadeÓ � %����u
$+ - ¢ ¾¼ß �N
# c �
dfe�� � ÷ � » � � � # ' 0 à
�� h��\%&c �
dfe�� '�)�+rq

ú � # ¢ ¾¼ß �N
# c �
dfe�� � ÷ ' )# � » ¢ �N
# c �
d,e
� � ÷ ü � » � � � # ' 0 à
 � h�#

 %&c �
dfe�� '�)�+t� » ¢
	�� ÷�� � # ' 0 à
 � ¢ ¾¼ß �N
# c �
dfe�� � ÷A ¢ ¾¼ß �N
# c �
dfe�� � ÷ � » � � � # ' 0 à
 � ' � # %6c �
dfe�� '�)�+rq� � » ¢ �N
# '��ª¢ ¾¼ß �N
# � c �
dfe�� � ÷ � » � � � # ' 0 à
�� h)
 ¢ ¾¼ß ÷ �N
# c �
dfe�� � ÷ � » ¢
	�� ÷�� � # ' 0 à
s�
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A c �
d,e
� � ÷ � » � � � # ' 0 à
s��ú ¢ ¾¿ß �N
# ' �y%6c �
dfe�� '�)�+ c d,e
� � ÷# ü h)
 ¢ ¾¼ß ÷ �N
# c �
dfe�� � ÷ � » ¢
	�� ÷ � � # ' 0 à
s�A c �
d,e
� � ÷ � » � � � # ' 0 à
s� ú ¢ ¾¿ß �N
# ' � # c �
d,e
� k 'õ#��ª¢ ¾¼ß �N
# l ü h)
 ¢ ¾¼ß ÷ �N
# c �
dfe�� � ÷ � » ¢
	�� ÷u� � # ' 0 à
s�A c �
d,e
� � ÷ � » � � � # ' 0 à
s� ¢ ¾¿ß �N
# %f)�' c �
d,e�� +ih)
 ¢ ¾¼ß ÷ �N
# c �
dfe�� � ÷ � » ¢
	�� ÷ � � # ' 0 à
s�A ¢ ¾¼ß ÷ �N
# c �
dfe�� ú )
 � » ¢
	�� ÷ � � # ' 0 à
s� h�#��v� » � � � # ' 0 à
�� ü >
SimilarlyX � %w���u
i+ A �N¢ ¾¼ß �N
# c �
d,e�� � ÷ ' � # %6c �
d,e�� '�)�+ � �w� » ¢ �N
# '��9¢ ¾¿ß �N
# � c �
d,e�� � ÷A �N¢ ¾¼ß �N
# c �
d,e�� � ÷ %f)�' c �
d,e�� +A '�#Dc �
d,e�� ¢ ¾¿ß ÷ �N
# >
Therefore,it is possibleto write K � %�����
i+ morecompactlyasK � %w���u
i+.A�c �
dfe�� ¢ ¾¼ß ÷ �N
# ú )
 � » ¢
	�� ÷�� � # ' 0 à
�� hW#��v� » � � � # ' 0 à
�� '¸# ü > (22)

Now, by assumption� � AÎ34%6c �
d � e�g +áhpj � andsoby the linearity of (21) it is possibleto write
theBirkhoff interpolantestimateq3Z�a%6c �
d,e + asq3r��%&c �
dfe +.A )
 �����: � < � 34%6c �
d � e�g +�K � %����u
$+$h )
 �����: � < � j � K � %����u
$+ > (23)

Therefore,ûûû 3Q%&c �
dfe +"'Yq3r�a%6c �
dfe +�ûûû R ûûûûû 34%6c �
dfe +"' )
 �����: � < � 34%6c �
d � e�g +�K � %����u
$+ ûûûûû h )
 ûûûûû
�
���: � < � j � K � %w���u
i+ ûûûûû >
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Using(22)andtheassumptionthat Pkj � P Rml thenprovides)
 ûûûûû
�
���: � < � j � K � %�����
i+ ûûûûû A )
 ¢ ¾¼ß ÷ �N
# ûûûûû )


�
���: � < � j � � » ¢
	�� ÷ � � # ' 0 à
s� h
#�� �
���: � < � j � � » � � � # ' 0 à
�� '×# �����: � < � j � ûûûûûR l
 ÷ ¢ ¾¼ß ÷ �N
# �����: � < � � » ¢
	�� ÷ � � # ' 0 à
�� h
# l
 ¢ ¾¼ß ÷ �N
# �
���: � < � ûûû � » � � � # ' 0 à
s� ûûû hW#�l >

However, by equation14.1.1onpage259of (Hanson1975)�
���: � < � � » ¢�	�� ÷�� � # ' 0 à
�� A�
 ÷ � » ¢�	�� ÷ �N
# >
UsingthisandLemmaA.2 for thecotangenttermthenprovides)
 ûûûûû

�
���: � < � j � K � %w���u
i+ ûûûûû R�#�l � i h #0 ¹¼»D½ 
 ¡ > (24)

Thistakescareof the‘noiseterm’. For the‘undermodellingterm’, thenreturningto thedefinition
(18) Ï��D3 A )
 �
���: ; < � U �����: � < � 34%6c �
d � e g + c dfe g � ; W c �
dfe ; '%6c �
d,e�� 'm)�+
 ÷ �����: ; < � U �����: � < � 34%6c �
d � e�g + c d,e�g � ; W ��c �
d,e ; >
But asnotedin (A.5)-(A.7)�
���: ; < � U �
���: � < � 34%6c �
d � e g + c dfe g � ; W A�
 �:| < � = ;x� |°�
where � = ; � is theimpulseresponseof 3 . Therefore,following thesamemethodasin theproof
of LemmaA.1 Ïa�
3�A �
���: ; < � �:| < � = ;�� |°�Dc �
dfe ; ' %&c �
dfe�� 'm)�+
 �
���: ; < � �:| < � � = ;�� |°�Dc �
dfe ;
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so ûû 3Q%&c �
dfe +"' Ïa�734%6c �
d,e + ûû R ûûûûû
�: ; < �\= ; c �
d,e

; ' �
���: ; < � �:| < � = ;�� |2�
c �
dfe ; ûûûûû h#
 ûûû ¢ ¾¼ß �N
# ûûû �����: ; < � �:| < � �2P = ;�� |2�yP
R #7KT__ � %z_�'�)�+ h #7K
 �
���: ; < � �_ ; �:| < � )_ |2�A #7KT__ � %z_�'�)�+ h #7K
.%z_�'�)�+Ý÷Zú _rh 
.%f)�'¸_ +"'�)_ �
��� ü _ �%z_ � '�)�+ (25)A #7KT_%&_�'�)�+�ú )_ � h )
.%z_n'm)�+ ' )%z_ � '�)�+ ü (26)

whereequation(25)wasobtainedbydifferentiatingtheformulafor thepartialsumof ageometric
series.Combiningthebound(26) with (24) andthetriangleinequalityvia (23) thencompletes
theproof.

6 Influenceof Model Order

Thepaperupto thispointhasexaminedonly interpolatoryalgorithms( xy%&
$+ry�
 ). In theremain-
der of the work, this strategy will be replacedby onethat takesadvantageof the flexibility of
theformulation(4),(6)which allows for a modelorderof xy%z
i+�]p
 . In makingthis choice,it is
clearlyof interestto examineits manifestationon theestimationerrorandto date,thereappears
to benowork directlyaddressingthis issue.

Firstly, it is possibleto establishthattheestimationerrorcomponentÏa�8j dueto themeasure-
mentcorruption �
j ; � growsat leastasfastas ¹¿»7½ xy%&
i+ .
Theorem 6.1. For theproblemsetupdescribedin (3),(2)andtheestimatorÏa� formedvia (4),(6)¢�£�¤±z²�± ¨ ´Sµ Õ Ï��7j Õ � yÎþ l0 ÷ ¹¼»7½ �kxy%&
$+ih�)�� > (27)

Proof. Considerthenoiseinducederrortermgivenby (4) and(6) as:%6Ï��7ja+³%6c �
dfe + A )
 �����: � < � j � sut ��v����:| < � c �
d t e � � e�g v�|
A )
 �����: � < � j � sut ��v����:| < � � » ¢�%�� ' à �"!Ý+Ý~Î'��N¢ ¾¼ß %w�*' à �"!Ý+Ý~
A )
 �����: � < � U ¢ ¾¼ß xy%z
i+ 1 e ÷ ' � �� 2¢ ¾¼ß 1 e ÷ ' � �� 2 W Pkj � P[c d�zD{ c �
d tÆsut ��v����6v t e � ÷ � � � � ��v
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Here | � is thephaseof thefrequency measurementerrorat the à th measurement.Theworstcase
measurementerrorsequenceis clearlyonewhereat someworstcasefrequency � , P[j � P�A/l and| � '�%&x\%z
i+°'�)�+�%��^1D#õ' à 0 1

i+9AT� or 0�% À »#" #�02+ sothat} %��^+.- ¢�£a¤±z²�± ¨ ´Sµ ûû %ØÏa�8j�+�%6c �
d,e + ûû A l
 �����: � < � ûûûû ¢ ¾¼ß xy%&
$+�%w�^17#�' à 021

i+¢ ¾¼ß %w�^17#õ' à 021

$+ ûûûû (28)

A l
 �����: � < � ûûûû�~
; � �*' #�0 à
 ¡ ûûûû (29)

where xy%&
i+^A #7�$%z
i+ hM) and ~
; % � +ÈA7�M��� t ÷ ;x� �6v�� � ÷�M��� � � ÷ is the � th Dirichlet kernel(Körner1988). In

thiscase ¢ £a¤±z²�± ¨ ´Sµ Õ Ïa�8j Õ � A l#�0i
 �����: � < �b� �� � ûûûû�~
; � �*' #�0 à
 ¡ ûûûû " �y þ l0 ÷ ¹¼»7½ #a%6�$%&
$+ih�)�+ >

This last inequality is found on page69 of (Körner 1988). Finally, the fact that Õ Ï��Dj Õ � RÕ Ïa�8j Õ � completestheproof. Note, in passing,that it is possibleto exactly calculatetheworst
casem^� normfor thenoiseerrorbyusingtheresultsof Theorem2.4of (GeddesandMason1975).

¢ £a¤±z²�± ¨ª´Sµ Õ Ïa�8j Õ �.AL#�0�l�&( )xy%&
i+ h
; t ��v: � < � )# à �x� ß 0 àx -.

wherexy%z
i+9AM#7��%&
i+ihp) .
Note that this resultmay alsobe obtainedasa specialcaseof Theorem2.1 of (Partington

1998). However, by exploiting the specialpropertiesof the frequency domaincaseof interest
here,theproofof Theorem6.1is muchmoredirectthanthatof Theorem2.1of (Partington1998)
whereamoregeneralsettingis considered.

As well asthis lower boundthatgrows like ¹¼»D½ xy%z
i+ it is alsopossibleto establishthat the
worstcasenoiseinducederrorasymptoticallygrowsno fasterthan ¹¿»7½ x\%z
i+ .
Theorem 6.2. For theproblemsetupdescribedin (3),(2)andtheestimateformedvia (4) and(6)
thenfor anysequenceof positivenumbers ��e � � such that¹¼¾¿À� Á � e ���� ¹¼»7½ xy%z
i+9AM� (30)

it holdsthat ¹¼¾¿À� Á � ¢�£�¤Â\Ã�Ä ¨ tBÅ ¬ � Ç v±z²�± ¨ ´Sµ )e � ¶¶¶ 3Q%&58+á'·q3Z�a%658+ ¶¶¶ � A�� >
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Proof. Considertheworstcasenoiseinducederrortermgivenby (29)as} %��^+.- ¢ £a¤±z²�± ¨^´Sµ ûû %ØÏa�8ja+³%6c �
d,e + ûû A l
 �
���: � < � ûûûû$~
; � � ' #�0 à
 ¡ ûûûû

where xy%&
$+rAÜ#7��%&
i+.h/) and ~
; % � + is theDirichlet kernel(Körner1988). Let � beLebesgue

measureon Ì . Thenfor any �*b�� ;

�t� } %��^+ " �.%��^+5y � e�� �3��� gD� } %��^+ " �9%w�^+ }
� E�B �y ��ei� � e�� �3��� gD� " �.%��^+A ��ei�3������E ��'�0.� 0$� ? } %��^+py���e �S� >
However

� � } %w�^+ " �9%w�^+"A l
 �����: � < �b� � ûûûû$~
; � �*' #�0 à
 ¡ ûûûû " �.%��^+^RmlI��� ¹¿»7½ xy%&
i+

for some���{R�o by (Körner1988).Therefore,by theassumption(30)on ��e � � , by thelinearity
of theestimationscheme,andby LemmaA.1 thereexistsa � ÷ ]�o suchthat� ú ��E �Þ'F0.��0�� ? )e � ûûû 3Q%&c �
dfe +"'Öq3r�a%6c �
dfe +�ûûû y�� ü R )��ei� � � P[34%6c d,e +"'×Ï��D3Q%&c dfe +�P " �.%��^+$h)��ei� �t� PÞ%6Ï��7ja+�%&c dfe +�P " �9%w�^+R #�0��ei� Õ 3M'×Ï��D3 Õ � h )��e � � � } %��^+ " �9%��^+R � ÷_ sut ��v ��e � h ��� l ¹¼»D½ x\%z
i+�bei�Ê � as 
UÊ o >

Sothe ¹¼»7½ xy%&
$+ divergenceratedueto noiseseemstight, but whatis its exactformulationfor
finite 
 ? Theanswerfor thespecificcaseof xy%&
$+.AT
 haseludedmathematiciansfor many years,
althoughasalreadymentioned,preciseasymptoticresultsareknown for thecaseof xy%z
i+õAO
 ;
seeLemma4.1. Any hopeof exactlyquantifyingit for thecaseof generalxy%&
i+ would therefore
seemto hopelesslyintractable.However, notethat the expressionthat requiresclarificationis
obtainedfrom (28)as ¢�£a¤±z²�± ¨ª´Sµ Õ Ï��7j Õ � A ¢ £a¤e Ã3H � � � � J l
 �
���: � < � ûûûû$~

; � �*' #�0 à
 ¡ ûûûû (31)
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where ~
; % � + is the � th Dirichlet kernel (Körner 1988) and xy%z
i+ A #7��%&
i+FhÎ) . Sinceit is

known from Theorems6.1and6.2 that(31) grows like ¹¼»7½ xy%z
i+ is makessenseto fit a ¹¿»7½ xy%&
$+
dependentfunctionto (31) in orderto generateanempiricalanswerto findingfinite bounds.The
resultarrivedatvia computersimulationis

¢ £a¤±z²�± ¨ ´Sµ Õ Ïa�Dj Õ � [Tlo������ �����
#0 4 N�h ¹¿»7½ P0 h #0º¹¼»7½ xy%&
$+ 6 }ux\%z
i+^R 
 ##0 4AN@h ¹¼»7½ P0 h ¹¼»7½ 
 # h � #0 '�) ¡ ¹¼»7½ %&
�' xy%&
$+�+ 6 } 
 # ]�xy%&
i+ÈR�
�'�)

(32)

where N�[ � > ý]\]\ #7# , as in Lemma4.1, is Euler’s constant.This empirically derived formula
(32) is comparedto theright handsideof (31) for 
 A ý ����)��7����#D�D� in figure1. Theagreement
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Figure1: Performanceof theempiricallyderivednoiseboundfor 
WA ý ����)��7����#D�7� . Dash-dot
line is theempiricallyderivedapproximation,solid line is thenumericallycalculatedtruevalue,
dashedline is LebesgueconstantapproximationfromLemma4.1thatappliesonly for xy%&
i+.A�
 .

is close. Note in particularthatas x\%z
i+rÊ 
 the expression(32) matchesthequantityderived
theoreticallyfor x\%z
i+�AÜ
 in Lemma4.1 (theslight gapfor the 
�A`#D�7� caseis dueto errors
involvedwith finite precisioncalculations).
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UsingLemmaA.1 thenprovidestheempiricalboundfor theworstcaseerror:¢ £a¤¥7¦�§8¨ª©k« ¬u­ ®"¯±z²�± ¨ ´Sµ ¶¶¶ 34%658+á'Yq3r�a%658+ ¶¶¶ � R KT__ s�t ��v %&_�'�)�+ 4f)ªh _ sut ��v '�)_ � 'm)o6 h
l ���� ���

� >�£]¤ hW� > þ # ¹¼»D½ x\%z
i+ }�xy%&
$+^R 
 #� >�£]¤ h×� >$¤ # ¹¿»7½ 
 # ' � > # ¹¼»7½ %&
º'¸xy%&
$+�+ } 
 # ]�xy%&
$+^Rp
�'�)(33)

Notethatfor largeenough
 thisprovidesa tighterboundthanprovidedby Theorem3.4of (Gu
andKhargonekarJuly 1992b). However, balancingthis, theboundhereis obtainedempirically
asopposedto thetheoreticalderivationin (GuandKhargonekarJuly1992b).

7 Model Order Selection

Thefinal contributionof thispaperis to usetheresultsof theprevioussectionin orderto exam-
ine the issueof modelorderselection.Specifically, the tightly quantifiednoiseerrorboundin
(33) highlightsthat for givennoiseandgivendatalength 
 thereis anmodelorder xy%z
i+ which
providesthatsmallestoverallerror.

Stochasticestimationhasa long history of also addressingthis issueby recognisingthat
thereis aso-calledbiasversusvariancetradeoff in thechoiceof modelorder;asthemodelorder
growsthebiaserrordueto undermodellingdropsbut thevariability in theestimatesdueto noise
increases(Ljung 1987).

Thepurposeof thissectionis to suggestthatananalogousideabeemployedwhenusing � �
estimationmethods.Namely, oneshouldchoosethemodelordergiving thesmallestworstcase
boundthat balancesthe undermodellingandmeasurementcorruptioncomponentsof the error
boundin anoptimalwaysoasto minimisethetotalbound.

For theboundgivenby (32),sinceexplicit errorbounds(andnot just ratebounds)aregiven
for boththenoiseandundermodellinginducederrors,themodelorderchoicex\%z
i+ providing the
optimumtradeoff maybeanalyticallycalculatedasfollows.

Lemma 7.1. Anoptimalmodelorder xy%&
$+ existsin thesenseof minimisingtheworstcasebound
in (32) if whenxy%&
$+ is chosenastheinteger nearestthesolutionof_ sut ��vxy%&
$+ A # > i P )l KT_%&_�'�)�+ � _ � ' #_ � 'm)�¡ ¹¿»7½ _ }ux\%z
i+^R 
 # (34)

or _ sut ��v%z
�' xy%&
i+ + A ýl KT_%z_�'�)�+ � _ � ' #_ � 'm)�¡Ô¹¿»7½ _ }�xy%z
i+^b 
 # (35)

thenthatsolutionsatisfies xy%&
$+^b )¹¼»D½ _ > (36)
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Proof. Theboundto beminimisedis

X �a%6x +.- KT__ sut ��v %z_�'�)�+ 4Ý)ªh _ sut ��v '�)_ � 'm)o6 h l ���� ���
� >�£]¤ hW� > þ # ¹¿»7½ xy%&
$+ }�xy%&
$+^R 
 #� >$£]¤ h×� >�¤ # ¹¼»7½ 
 # ' � > # ¹¼»7½ %&
�' xy%&
$+�+ }�xy%&
$+^b 
 #

therefore

" X � %&x�+" x A ' KT__ sut ��v %z_�'�)�+ � _ � '×#_ � '�) ¡ ¹¼»7½ _õh l ����� ����
� > þ #xy%z
i+ }�xy%&
$+^R 
 #� > #
�' xy%z
i+ }�xy%&
$+^b 
 #

" ÷ X �a%6x +" x ÷ A K�__ sut ��v %&_�'�)�+ � _ � '¸#_ � '�) ¡ ¹¼»7½ ÷ _�h l ����� ����
' � > þ #xS÷�%z
i+ }�xy%z
i+^R 
 #� > #%&
�' xy%&
$+�+ ÷ }�xy%z
i+^b 
 #

Choosingx\%z
i+ to make thefirst derivative zeroandthesecondderivative positive thenensures
that X �a%6x + is minimised.

Clearly, by establishingtheexistenceof anoptimalmodelorderonly for linearalgorithms,there
is still greatscopefor examiningthis issuewith theeffective moregeneralclassesof nonlinear
algorithms.

8 Conclusions

Thepurposeof thispaperwasto conductadetailedstudyof theworstcasedivergencebehaviour
of linearalgorithmsfor ‘estimationin � � ’. A centralthemeof thepaperwasto draw onrelevant
work in the field of polynomialapproximationtheorywhereparallel issuesin the field of real
valuedLagrangeinterpolationhave beenaddressedsincethestartof this century. In relationto
this,it wasshownbyconstructiveanalysisthatthedivergenceof linearestimationin � � schemes
is critically dependenton the > -normusedto measuredivergencebeingstrictly > AOo (andno
valueof > ] o ) andon the measurementcorruptingcomponent�
j ; � having no smoothness
constraintplacedon it thatallows their rateof variationbetweensamplesto belimited eitherin
phaseor in magnitude.Thefinal topic of thepaperwasto conducta studyasto how theworst
caseestimationerror is affectedby the choiceof modelorder. This considerationallowed the
issueof modelorderselectionto beaddressedin adeterministicworstcasesetting.
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A Auxiliary Results

Lemma A.1. Suppose�
� ; � is givenby � ; A�3Q%&c �
dfe g ; + where �"!.AL#�0 1

 andthat theoperatorÏa� introducedin (10), (11) is definedvia:

Ï��D3/- sut ��v����:| < � q��|^5 | � q� ; - )
 �����: � < � � � c dfe�g ; � > (A.1)

Thenprovided 3CEG� � %6HJI���KL+
Õ 34%658+á' Ïa�D3Q%&58+ Õ � R KT__ s�t ��v %&_�'�)�+ 4 )Nh _ sut ��v '�)_ � '�)T6 > (A.2)

Proof. Since34%657+FEG� � %&HJI���KL+ it is possibleto write 34%657+ asaTaylorseriesvalid on 5@EGHJI :34%658+9A �: � < � = � 5 � (A.3)

andby Cauchy’s estimatein LemmaA.3 P = ; PSR�KT_ � � > (A.4)

Substituting(A.3) into (A.1) providesq� ; A )
 �
���: � < � U �: � < � = � c �
d,e g � � W c dfe g ; � (A.5)

A )
 �: � < �"= � �
���: � < � c d ÷�� � t ; � � v � � > (A.6)

But thecomplex rootsof unity sumto zerosotheright handsumis zerounless�(' �õAM~�
 for~`AT����)7��# ������� . Therefore q� ; A �:| < � = ;�� |°� > (A.7)
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This leadstoÕ 34%658+á'×Ïa�734%658+ Õ � A ¢�£a¤e ÃIH � � � � J ûûûûûû
�: ; < �y= ; c �
dfe

; ' sut ��v����: ; < � q� ; c �
dfe ; ûûûûûûA ¢�£a¤e ÃIH � � � � J ûûûûûû
�: ; < �y= ; c �
dfe

; ' sut ��v����: ; < � �:| < � = ;�� |°�
c �
d,e ; ûûûûûûA ¢�£a¤e ÃIH � � � � J ûûûûûû
�: ; < � = ; c �
dfe

; ' sut ��v����: ; < � U = ; c �
d,e
; h �:| < � = ;�� |°�
c �
d,e ; W ûûûûûûA ¢�£a¤e ÃIH � � � � J ûûûûûû

�:; < sut ��v = ; c �
dfe
; ' sut ��vw���: ; < � �:| < � = ;�� |2�7c �
d,e ; ûûûûûûR �:; < sut ��v P = ; P³h sut ��vw���: ; < � �:| < � P = ;x� |°� P

R K �:; < sut ��v )_ ; h�K sut ��vw���: ; < � )_ ; �:| < � )_ |2�A KT__ sut ��v %z_�'�)�+ � )ªh _ sut ��v '�)_ � '�)m¡ >
Lemma A.2. )
 ¢ ¾¼ß ÷ �N
# �����: � < � ûûû � » � � � # ' 0 à
�� ûûû R/) > ý h #0 ¹¼»D½ 
 (A.8)

)
 ûûû ¢ ¾¿ß �N
# ûûû �����: � < � ûûû � » � � � # ' 0 à
 � ûûû R�# > ��h #0 ¹¼»D½ 
 > (A.9)

Proof. Define ~ and ¥ by taking ~ astheintegersuchthatfor some¥ÎE ������021

$+ it is possible
to write � # A ~J0
 hT¥ > (A.10)

In thiscase,putting ��AT~W' à , notingthat P�� » � %¦¥Gh %&~�' à +f0 1

i+�P7AYP�� » � %¦¥Gh %&~¸h 
�' à +f0 1

i+�P ,
andputting �4Ap~Yh 
�' à leadsto�����: � < � ûûû � » � � � # ' 0 à
 � ûûû A �����: � < � ûûû � » � � ¥MhM%&~Î' à + 0 
 � ûûûA P�� » � ¥ÔP³h�P�� » �¨§ P³h �
� ÷: � < � ûûû � » � � ¥Lhé� 0
©� ûûû >
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However, by thedefinitionof ¥¢ ¾¼ß ÷ �N
# A�¢ ¾¼ß ÷u� �N
# 'é~J0 � Ap¢ ¾¿ß ÷ 
 � � # ' ~ 0 
 � Ap¢ ¾¼ß ÷ 
ª¥
sothatusingastrategy of differentiatingandsettingto zeroto find themaximumyields)
 ¢ ¾¿ß ÷ �N
# P�� » � ¥ÔPDA )
 ûûûû ¢ ¾¼ß ÷ 
ª¥T� » ¢«¥¢ ¾¼ß ¥ ûûûû R iþ >
Similarly, defining

§
by

§ hT¥YAp021

 yields¢ ¾¿ß ÷ �N
# A�¢ ¾¼ß ÷�� �N
# '�%z~Ohp)�+f0 � A�¢ ¾¼ß ÷ 
 � � # '�%&~ h�)�+ 0
©� A�¢ ¾¼ß ÷ 
 §
sothatby anargumentidenticalto thatjustemployed)
 ¢ ¾¼ß ÷ �N
# P�� » �¨§ PSR iþ >
Finally, exploiting themonotonicitypropertiesof P�� » � � P provides0 
 ��� ÷: � < � ûûû � » � � ¥Mh¸� 0
©� ûûû R � � �#¬­ P�� » � � P " �A � � � ÷­ � » � � " � ' � � �#¬� � ÷ � » � � " �A ¹¼»7½ � )¢ ¾¼ß ¥×¢ ¾¼ß § ¡
sothat � )
 ¢ ¾¼ß ÷ �N
#¸¡ �
���: � < � ûûû � » � � ¥Lhé� 0
r� ûûû R )0 ¢ ¾¼ß ÷ 
®¥ ¹¼»7½ � )¢ ¾¼ß ¥×¢ ¾¿ß %z021�
�'¯¥ +
¡R )0 ¢ ¾¼ß ÷ 0 # ûûû ¹¿»7½ ¢ ¾¿ß ÷ 0#

 ûûûR #0�¹¿»7½ 

wherethesecondlastline followsfrom thethird lastline by settingthederivativewith respectto¥ equalto zero.Hence(A.8) is established,and(A.9) followsusinganidenticalline of argument
save thatthebound )
 ûûû ¢ ¾¿ß �N
# � » � ¥ ûûû A )
 ûûûû ¢ ¾¿ß 
ª¥T� » ¢¨¥¢ ¾¼ß ¥ ûûûû R/)
(which followssince
 ��� Pf¢ ¾¿ß 
®¥ 1á¢ ¾¿ß ¥GP R/) ) is used.

Lemma A.3. Cauchy’sEstimatesSet H*% Q ��°Z+JA ��5mE·X ?�P[54' Q PÈ]±°n� and suppose� is
analyticin H % Q �x°Z+ and ²�K ]po such that Pk�á%&58+�P R�K on H % Q �x°Z+ . Thenûûûû�³ � �"%658+

³ 5 � ûûûû$´ <¶µ ûûûû R 
bYBK° � (A.11)

Proof. See(Rudin1966).
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