Aspectsof Linear Estimationin H.
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Abstract

A recentbut rapidly maturingfield in the areaof systemidentificationhasbeenthat of
‘estimationin H.,'. Greatlyinfluencingthis work hasbeenthe phenomenothatno linear
(in-the-data)algorithmexists which is ‘robustly corvergent’. This paperconductsa study
of the natureof this issueby combiningspecificnen analysistogethemwith existing results
from the mathematicéditeratureon the topic of polynomialapproximatiortheory Particular
attentionis paidin this paperto therole of modelorder andthis leadsto the consideration
of modelorderselectionfrom a deterministiovorst-casgerspectie.
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1 Intr oduction

This paperis concerneavith exploring certainaspect®of usinglinearin-the-dataalgorithmsin
an ‘estimationin H,,’ contet. Very earlyin the developmentof this field, it wasrecognised
thatsuchalgorithmsare not worst-caseornvergent,andsincethenthe majorfocushasbeenon
more complicatedout effective nonlinearmethodshatare corvergent(Helmicki et al. October
19913, Guetal. 1993,Giarré et al. 1997,Hakwort and PM.J. Van denHof 1994, Partington
1997,Makilaetal. 1995).

However, almostequally early (Gu and KhargonekarJuly 1992b), it wasalso pointedout
thatlinear methodscanstill performwell for finite datalengths,despitetheir poor asymptotic
performanceTheresultspresentedn this paperaremotivatedby this, andthe emphasisereis
not on presentinghenv methodswhich competewith pre-«isting ones.Rather theinteresthere
is three-fold;

1. To explore links betweenthe linear estimationin H,, problemandthe mucholderand
betterstudiedproblemof real valuedpolynomialinterpolationon the real line. To date,
theseconnectiongappeamnotto have beenfully exploitedin theengineerinditerature.

*This work was supportedby the AustralianResearchCouncil and the Centrefor IntegratedDynamicsand
Control (CIDAC), University of Newcastle, Callaghan2308, Australia. This authoris with CIDAC and the
Departmenbof Electrical & ComputerEngineering,University of Newcastle, Australiaand can be contactedat
emailbr et t @e. newcast | e. edu. au or FAX: +61249216993.
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2. To provide a betterunderstanding@f the natureof linear estimationin H,, by presenting
analysisof bothnew andpre-&isting methodsmuchof thisis aimedat providing abetter
understandingf how the so-callednoiseerror behaes.

3. To quantify, aspreciselyaspossible theinfluenceof modelorderon estimationerrorand
via this, to introducetheideaof optimalmodelorderselectionn a deterministiccontext.

An overview of the contentof this paperin termsof its contrikutionsis asfollows:

¢ In §3, anon-dvergentlinearalgorithmis derived. To our knowledge,thisis thefirst time
thatsuchanalgorithmhasbeenexhibited, andit providesa counterexampleto arny mis-
placedbeliefthatthenoise-induce@rrortermin alinearalgorithmis necessarilglivergent.

¢ In §4, links to classicareal-valuedpolynomialinterpolationareexplored,andresultsfrom
thatareaareappliedto establisithefollowing:

— For the specialcaseof modelorderequalto numberof datapoints,a preciseexpres-
sionfor the noiseinducederroris obtainedby usingresultson so-calledLebesgue
constantsfrom the mathematicaliterature. This appeargo bethefirst time sucha
resulthasbeenprovided,with all similarresultsbeingonly over-boundson error, not
expressiongor theactualerror.

As well, in derving theresult,it would alsoappearo bethefirst time thatthe link
betweerthe Lebesgueonstanbf interpolationontherealline hasbeenshavn to be
relatedto linear H,, estimationproblem;the mathematicaliteraturein the former
areaappearso be previously unreferenceth the engineeringgommunityconcerned
with estimationn H,.

— In termsof choiceof excitation frequenciesgqually spacedooints minimise worst
casenoiseinducederror Againthisis obtainedby establishinghow work from the
mathematicaliteratureaimedat quantifyingLebesgue&onstantss relatedto thelin-
ear‘estimationin H,,’ problem.

¢ In §5theideaof constraininghederivativesof interpolatingpolynomialis investigatedA
closedform formulafor suchaninterpolantis provided,andworst caseerrorboundsare
derivedfor variousnormsandnoisesmoothnesassumptionsThe contribution hereis to
highlighthow suchthingsasworst-caserrorareaffectedby thenormusedandthenature
of thenoisemodel.

e In §6 the mannerin which model order affects worst caseerror is investigated. Previ-
ousstudiesin this area(Partington1998) have derived divergencerateunderbounds but
lessdirectly thanis donein §6. As well, §6 alsoderivesrate overbounds,andvia this
establisheanactualexpressiorfor theworstcasenoiseinducederror.

e Finally, in §7,theresultsof §6 areusedo suggestheideaof optimalmodelorderselection.
For the caseof linear algorithms,the existenceof anoptimal orderis establishedubject
to acheckinvolving theassumedateof decayof trueimpulseresponse.
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In orderto presenthesenew results,it is necessaryo putthemin contet by definingthe ‘es-
timationin H,,’ framavork beingaddressedandalsoto provide someremarksof a historical
naturethatclarify theimportanceof the problemsbeingconsidered.

2 Problem Setting and Historical Remarks

The problemsconsideredn this paperare the identificationonesaddressedn the ‘estima-
tion in H,' literature(Helmicki et al. October1991a, Gu and Khargonekar1992a, Gu and
KhargonekarJuly 1992, Partington1991b) whereina set of n (comple valued) measure-
ments{ fo, - - - , fn_1} areavailablethatrepresentvaluationsat n regularly spacedrequencies
{0, wy, 2wy, - -+, (n — 1w, }, ws = 27 /n of alineartime invariantsystemdescribedy adiscrete
time transferfunctionG(z) whichis itself definedas

G(z) = ngzk. (1)

k=0

Herethe sequencd g } is the discretetime impulseresponsef the systemunderinvestigation.
The definition (1) thereforerepresentshe more usualtransferfunction definition (Oppenheim
andSchaferl989)evaluatedatz := 1/z. It isassumedhatG(z) € H.(D,, M) wherethelatter
is definedastheclass

Hy(D,, M) = {G : G(z) isanalyticonD, and|G(z)| < M onD,} 2)

where M is somefinite constantreal numberandD, £ {z € C : |z| < p} is theradiusp
disk with C denotingthefield of complex numbers.In theremainderof this paperit is always
assumedasin work by otherauthors}hatp > 1.

A key componenbf the problemis thatit is alsoassumedhatthe frequeng responsenea-
surementq f; } arepossiblyadditively corruptedas

fr = G(e 7%:F) 1y 3)

where{v,} is somecomple valuedandunknownn ‘noise’ sequencéhatis assumediniformly
boundedas

‘Vk‘ SE

for someknown bounds < cc.
Theengineering-relantproblemto besolvedis thatof usingtheavailabledata{ fo, - - - , fn 1}
in orderto construcanestimates, (z) of G(z) whichis of theform

d(n)—1

Gul) = Y G @

k=

(=]
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Herethe notationd(n) in (4) for the orderof the estimate(,,(z) is meantto emphasiséaswill
becomeclearin thesequelthepossibledependencef modelorderd onthenumberof frequeny
responseneasurements.

In the context of systemidentification,the consideratiorof this estimationproblem(in the
specialcaseof d(n) = n) appearso have begunwith Parker andBitmead(Parker andBitmead
1987),andthereaftera large numberof otherworkershave alsocontritutedto the problem,of
which a small sampleis (Helmicki et al. 1989,Helmicki et al. 1990a, Helmicki et al. 199,
Helmicki etal. 199Qc, Helmicki etal. Octoberl991a, Helmicki etal. 1991b, JacobsomndNett
1991, Partington1991b, Makila and Partington1991, Partington1991a, Gu and Khargonekar
19923, GuandKhargonekarJuly 1992).

This latter intenseactvity is stronglyinfluencedby the surprisingbehaiour, first exposed
in (Parker andBitmead1987),that (leastsquaresalculated)solutionsfor the estimate(4) that
interpolatethe frequeng responseneasurementsf, } arenotcornvergentin aworst-casesense.

To be morepreciseon this point, perhapghe mostobviousway of constructingﬁn(z) isto
try to make thefrequeng responsef @n(e*j“’) thesameasthe measurements:

d(n)—1 .
/g\;cze—gwsmk:fm ;m:(],-'-,n—l- (5)
k=0

If the choiceof the modelorderis d(n) < n thenthe equationg5) are over-determinecanda
naturalchoicefor the co-eficientsg; would beonethatminimisedthetotal squarederrorin (5).
This solutionis mosteasilyseenby vectorising:

T
9” - [ggv 7/9\2’11(77,)—1] ’ Fé [va"' :fn—l]T

[Qulee=e s k=0,--- . n—1, £=0,---,d(n)—1
sothat(5) become$2,0, = F with solutionminimisingthe squareckerroras
0, = (U0) ' F =n\Q4F

(-* denotesconjugatetranspose’whichimplies

or =

d(n)—1
S e, ©)
m=0

S|

If, in fact,thechoicemadein (Parker andBitmead1987)of d(n) = n is usedthen(6) leadsto

R 1 n—1n-1 " \ 1 n—1 n—1 . p 1 n—1 1 — 2"
Gn(z) = E frej °z :Ezfr [6] Sz} :ﬁzf" <1_6j""wsz) (7)
k=0 r=0 r=0 k=0 r=0

wherein progressingo thelastexpressiorthefactthatnw, = 27 wasused.
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Unfortunatelyascalculatedn (Parker andBitmead1987,Parker 1988)andlaterextensvely
corroboratedHelmicki et al. October1991a, Gu and KhargonekarJuly 1992v), the tightest
upperboundavailableon theworst-casestimationerrorinvolvedwith (7) is of theform

2M 2
<7+6<1+—10gn) (8)
T

N .
= G-G
e D H "lloo = p(p—1)

GE€Hoo(Dp, M)
llv[loo <e

which clearlydivergeswith increasinga.

As previouslyalludedto, thisphenomenohasstronglyinfluencedhelargebodyof work (Helmicki
etal. Octoberl991a, Helmicki etal. 1991b, JacobsomndNett 1991, Partington1991b, Makila
andPartington1991, Partington1991a, Gu andKhamgonekarl992a, Gu andKhargonekarJuly
199) thatseekgo avoid thedivergentbehaiour by developingso-calledrobustly convergent’
estimates7, (z) whosedefiningpropertyis that

lim sup HG — @n =0 (9)
S0 GeHo (D, M) 00
[IV]]o0 <e
is satisfied.
Germando this latter studyis the major resultof Partington(Partington1991b) which ex-
posedthattherewasno algorithmthatwasa linearoperationon thedata{ fo, - - - , f,—1} which

would satisfythecriterion(9). Consequentlythereis no hopethatby regulatingthemodelorder
d(n) in (6), (4) thata divergentworstcaseboundlik e (8) might beavoidedand(9) satisfied.

The purposeof this paperis not to contritute to the alreadyrich literaturethat doesin fact
satisfy(9) by variousnon-linearin the dataestimatiorstratgies(Helmicki etal. October1991a,
JacobsorandNett 1991, Partington1991b, Makila and Partington1991, Partington1991a, Gu
andKhamgonekarl992a, GuandKhargonekarJuly 1992).

Ratheytheaim hereis to delve moredeeplyinto the genesisandprecisenatureof thediver
gencephenomenominderlying(8). Part of this studyhasalreadybeenundertalenin (Ninness
1998)wherea mainresultis thatprovidedd(n) = o0 {\/n} asn — oo, thenin factthe estimate
(6), (4) doessatisfytherobustestimationcriterion (9) excepton a setof measureero,themea-
surebeingthe probability measuraisedto characterisd v, } asa (possiblenon-stationaryyero
meanstochastiqprocesswvith someconstrainton its ‘memory’; see(Ninness1998)for more
detail.

However, in examiningthe performancef linearin thedatamethodsthis paperhasadiffer-
entscopeto (Ninness1998)in thatit examinesscheme®therthan(6), (4) andalsocompletely
eschevs ary probabilisticformulationof theassumptionsn {1 }.

3 A Non-DivergentLinear Scheme

Thesectionderivesalinearestimatioralgorithmwhichis notworst-caselivergent.lt is believed
thatthis is thefirst time thatsucha schemehasbeenexhibited. It's engineeringutility ascom-
paredto pre-&isting schemess problemdependenthut quite apartfrom thisit is of interestas



LINEAR ESTIMATION IN H 6

acontributionto theunderstandingf the natureof linear H,, estimatiormethodsFor example,
it appeardo be a widely held perceptionthatary linear algorithminheritsits divergencefrom
thenoiseinducederror By way of contrastthealgorithmpresentedia Theorem3.2belowv has
anoiseinducederrorwhichis worst-caseornvergent.

Before presentinghe new algorithm,somenecessarypackgroundnvolvesrecognisinghat
althoughinearestimatorsuchas(4), (6) startby takingnoisecorruptedmeasurementsfy, - - - , fr_1}
anddeliveringanestimate&,, (z) € H,.(T) * they could,by assumindasin (Partington1991b))
thatthe {v,} are evaluationsat the points {e/*~:} of a continuousfunction? v € C(T), be
equallywell consideredisparticularlinearoperatorsgall themV,,, suchthat

V,:C(T) — Hy(T), (10)
G(z)+v(z) = Gu(2). (11)

With this notationin hand thekey resultof (Partington1991b) is 3

Theorem 3.1. Partington (Partington 1991b). Thele doesnot exist a sequencef uniformly
boundedinear mapsV,, : C(T) — H(T) sud thatfor everypolynomialg € A(D)

lim ”Vng - g“oo = 0. (12)
n—o0
Now, sincetheoperator, is linear, then
IG = Gallos < |G = VaGllso + [[Va?loo- (13)

Thereforejf analgorithmis to berobustly corvergentthenfor every disturbancesequence in
some|| - || constrainedall, the component/,(v) mustalsobe constrainedo a ball for all n
greaterthansomeN. Also, in acompletespacepoint-wiseboundednessf anoperatorimplies
boundednessf operatomorm so thattheremustexist someK < oo suchthat||V,|| < K for
all n > N. However Theorem3.1 assertghat no suchuniformly boundedoperatorsequence
{V,.} exists suchthat (sincethe polynomialsare densein C'(T)) the ‘undermodelling’error
|G — V.G~ tendsto zero.Hence ho robustly corvergentalgorithmexists.

Onanintuitivelevel, thereasorthatthenoiseterm||V;, (v)|| growswith increasing. for the
particularestimaton(4), (6) is thatvia its formulation(7) for the caseof d(n) = n, theestimate
is formedasa corvolution betweerthe measurement§f,, } andaninterpolatingfunction (1 —
e=9m) /(1 — e/"s=%)), The magnitudeof this interpolatingfunctionis |(sin wn/2)(sin(w —
rw,)/2)~], andthe sumof the magnitude®f the maximaof this latterfunctiongrows with n at
theratelogn. It is thereforepossibleto find a boundeddisturbancevhich givesan estimation
errorthatgrowslikelog n. Hencethebound(8).

This heuristicexplanationleadsto the first result of the paper Namely that an obvious
solutionto avoiding the logn growth in the noiseterm ||V,,v||« iS to make the interpolating

lwhereT = {z € C : |z| = 1} isthecomple unit circle,and H, (T) is thesetof functionsthatareof bounded
essentiasupremunon T andareanalyticon D, the openunit discthatis interiorto T.

20(T) is theclassof functionsthatarecontinuouson T.

3A(D) is theso-calleddiscalgebraof functionscontinuouson T andanalyticon D sothatA(D) = H.,(D) N
Cc(T).
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functiondie in magnitudemorequickly, andthis caneasilybe achiezed by simply squaringthe
originalinterpolatingfunction(7). Theanalysisof this modificationis presentedh thefollowing
theorem.

Theorem 3.2. Considerthelinear in-the-dataestimationscheme

n—1 n—1 2
Gu(2) = > I [Z[e”‘“z]’“] (14)
r=0 k=0
then
~ M 1 2
sup HG_Gn S <—p> {2 S1n —— +—+T}
GEHoo (Dp,M) 00 p—1 2 np"  p"
[I¥]]o0 <e
5 4dlogn
+g<1+—+— S ) (15)
n T n

Proof. Write f, = n, + v, wheren, 2 G(e~*7) and usethe linear operatornotationasin
(20), (11) and(13). Considerthe noiseinducederrorcomponentirst. Thenwith the definition
20 = rws —w

1 n—1 n—1 2
ol = S [
r=0 k=0
n—1 n—1 2
n r=0 k=0
n—1 )
= % (cos 2¢ — jsin 2¢) (SITI 2n¢> elom
n? £ sin” ¢
£ 9 (1 — 2sin® @) 2singcos g\
= = sin® n¢ —5 -3 —5 eI2ne
n? sin” ¢ sin” ¢
c n—1
< —QZ|coseCQ¢—2—2jcot¢‘sin2n¢
n r=0
5 W — w 7 w 7T
< —sin? — {cosecZ(———) 2 2‘00‘5(———)}.
= 2t Z 2 n et 2 n

However, by equationl4.1.1on page259of (Hansonl975)

n—1
9 (W TT 9 o WN
E cosecC — — — ] =N cosec’ —.
= 2 n 2
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UsingthisandLemmaA.2 thenprovides

2 2 2 5 41
|VV|<5+—€+—8<1.5—|——10gn) =5<1+E+—Ogn).
™

™ n

This takes careof the ‘noise’ term V,,v. For the ‘undermodelling’'term G — V,,G useof the
notation{g; } for theimpulseresponsef G(z) provides

1 n—1 n—1 n—1
L 2 :777 § :ej(rwsfw)k E :ej(rwsfw)m — *]wk § :6 jwm 2 :777‘ jrws(k+m)
2
n r=0 k=0 m=0 k 0
n—1 oo
— § :e—]wk § :e—]wm § : § :gée jrwst jrws (k+m)
r=0 (=0
1 s s ; _
= = E :6 Jjwk § :6 jwm E :QK § :e](k+m 0)27r[n
n
— n—1 oo
—jwk —jwm
= I E J E E 9(m+k) (mod n+en)-
Ic 0 r=0 ¢=0

Now, (m + k) (mod n) = 0 for n — 1 differentpermutationf m andk for m,k < n — 1.
Therefore

n—1 n—1
Gmky (mod me 7R = go [ 14 eI eI 4 e |
m=0 k=0 n—l‘rterms
a1 e W +§*jw(n+1) 4edwlntl) 4oLy efjw(m—l)J et
nfrterms
On—1 e Jw(n—1) +gfjw(2nf1) 4 dwln-l) ooy efjw(anll
nfl‘trerms
n—1
= (14 (n—1)e") Z gme 7.
m=0
Similarly

7
—
S
|

—

9(m+k) (mod n)+n€ —jwlmtk) = (1 + n— 1 an Z Im+n€ —Jwm

0 k=0

3
|
B
|

andsoon, sothat

oo n—1

14 (n—1)edon
VnG [ + n :|Z Im+n€ ]wm (16)

=0 m=0
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Thisleadsto

G —jwm I+(n-1 e—jum G —jwm
‘G_VnG| = nge J - [ ( ) :|Z 9m+n€ J

2n—1
1 — 1 —jwn
(1 elwn [ + (n ]) Z Gme —jum

_ 3n—1
(1 2 [1 +(n—1)e an}) Z g€ T 4 ‘

n
m=2n

n—1 . n—1 ‘ 1 B €an 2n—1
S
n
m=0
(t+1)n—1

f: [(1 B ejw(é—l)n) 3 ejwlfn(l e_an):| Z g€ —jwm

m=£n

() i (25) () 24 ) (55)
n 2 1\p—-1 " np® \p—1 "
 (55) (5

p*" (p—l o)

As far asthe authorsare aware, this is the first time that a non-divergentlinear algorithmfor
estimationin H,, hasbeenderived, anddemonstratiorof its existenceprovidesfurther under
standingof the natureof thedivergenceexposedvia Theoren3.1.

Specifically whenthe Parker andBitmeadestimatds modifiedasin (14)to preventthecom-
ponentin theestimatedueto noisediverging, thenTheorem3.2 shavs thatthe ‘undermodelling
term’, althoughinterpolatingthe responsé~,,(z), doesnot corverge uniformly to it; althoughit
doesnt diverge either This highlightsthatthereis a tradeof betweertnoise error’ and‘under
modellingerror’ in the constructiorof linearalgorithms.

Certainly dependingn M, p ande, thenfor certainvaluesof n onewill obtainestimatesvith
smallererror boundsusingthe linear estimator(14) ratherthanthe more commonlyemployed
linearestimatorParker andBitmead1987,Helmicki etal. Octoberl991a, GuandKhargonekar
July 1992) (4), (6).

As afinal commentsubstantiatinghe possibldack of smoothnessf v(z) beingresponsible
for divegencephenomenayotethatif it is appropriatéo modely(z) asbeinganalyticonDUT
thenthesimplelinearmethod7) is worst-caseorvergentasestablishedy thefollowing lemma.

IN

O
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Lemma 3.1. Supposéhat v(z) is analyticon D U T. Thenwith G,,(z) beingthelinear inter-
polantdefinedby (7) therobustcorvergencecriterion

=0

o0

lim sup HG -G,
£330 GEHoo(Dy,M)
[vllec <e

is satisfied.

Proof. UsingtheV,, operatomotationdefinedin (10),(11)thenvia thedefinition(7) V,, is linear
sothat

”G - Gn”oo < ”G - VnG”oo + ||VnV - V“oo + ”V”oo

But TheoremA in (Chuietal. 1993)assertgshatunderthe givenassumptiondim,,_,, ||V,v —
Voo = 0 andlim,_,« ||G — VoG|ls = 0 sothatsinceby assumption|v|, < e the result
follows. O

4 Links to Polynomial Inter polation

This sectionexplores someaspectsof the parallel relationshipbetweenthe divergencephe-
nomenon(8) andthe‘classical’ problemof possibledivergenceof Lagrangenterpolantsof real
valuedcontinuoudunctions.As alreadydetailedin §3, the former problemof divergenceof (8)
hashada strongimpactonthe‘estimationin H,,’ literature(Helmicki etal. Octoberl1991a, Gu
andKhargonekarJuly 1992, Partington1991b). As well, in a mannerthatresonatestrongly
with this historyof work in estimationn H,, thelatterproblemof Lagrangeanterpolationdiver-
gencehasalsohad,overmary decadesa profoundeffecton classicapolynomialapproximation
theory(Cheng 1966,Erdos 1961b, Turan 1980),with the divergenceproblembeingsolved by
constraininghe derivative of theinterpolatingpolynomial.

Giventhecloseconnectiondetweerthetwo linearproblemgthey areidentical,save thatin
thecontext of this paperthedatais complex valued) it would seemimportantto closelyexamine
theimportanceof the (by now very old) derivative constrainedinear solutionsin anestimation
in H,, context.

To explaintheseideas first it shouldbe madeclearthatthe classicalLagrangenterpolation
problem(Cheng 1966)is onewhereinann — 1’'th orderpolynomial

Pn(x) = po + pr12 + P’ 4 P04 P2

is soughtsuchthatfor somerealvaluedcontinuoudunctiong(z) : [-1, 1] — R andfor someset

of n interpolatingooints{z{, - - - ,2"_,} C [-1,1] thenp, (z}) = g(z}) forallk = 0,1, -+ ,n—
1. Unfortunatelytheworst-casesrror
en S sup  |pa(z) — g(a)] 17
z€[—1,1]

9€C([~1,1])
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wasdiscoveredby Faberin 1914(Erdos 1961b) to grow likelogn asn — oo. This divergence
is clearly reminiscentof the phenomenor{8), with the former beingcommentedn by Erdds
(Erdos1961a) asbeing‘in contrary to everythingwhatwasexpectedsinceNEWTON'(sic).
Theproblemof exactly quantifyingtheworstcasenoiseerror(17) hasbeenintensvely stud-
ied, with e,, definedin (17) beingknown asthe ‘Lebesgueconstant'associateavith a particular
setof interpolatingpoints {z }. To date,no exact quantificationof the Lebesgueconstantis
availablefor any choiceof interpolatingpoints, but very preciseasymptoticrate estimatesare
availablefor certainspecialcases. Application of theseestimateshen provides quite precise
guantificationof theworst-casenoiseinducederrorinvolvedin theschemg4), (6) asfollows.

Lemma4.1. Considerthelinear estimatiorscheme(4), (6) with themodelorder choiced(n) =
n. Thenwith theV,, operator notationintroducedn (10), (11) andassuminghatr € C(T)

2 8 > a loglogn 2
sup ||Vny||oo:;<logn+fy+log;>+Zn—£€+0<[ log 1 ]
k=1

ll¥[loo <e

asn — oo whee
2
B2k

ap 2 (=1)Fr1(9%-1 — 1)27T2k_14k*1k(2k)l’

with ~ being Euler’s constant~ 0.57722, andthe { B} are the Bernoullinumbes definedby
tet — 1)t =3 But"/nl for |t| < 27 sothatit is possibleto establishthat

o0

Qp ™
0< Z —F <7
k=1

Proof. Clearly the quantitysup, <. [|[Vav|l,, in questionis the Lebesgueconstantof poly-
nomial interpolationon T with equidistantspacednodesz} = e/2™/" k = 0,1,---,n — 1.
However, BrutmanhasestablishedBrutman1980)thatthisis identicalto the Lebesgue&onstant
associatedvith trigonometricinterpolationon [0, 27| also at equidistantspacedpoints 6} =
2rk/n,k = 0,1,--- ,n— 1. Continuingin this theme Ehlich andZeller establisheqGunttner
1980)thatin turn, this is identicalto the Lebesgueconstantassociatedvith real-valuedinter-
polationon [—1, 1] at nodesz} equalto the zerosof the »n’th order Tchebyche polynomial
cos(n cos™! z). Finally, combiningthe resultsof Vértesi(Vértesi1l990)andGunttner(Gunttner
1980) providesthe currently bestavailable boundson the Lebesgueconstantassociatedvith
this latter Tchebyche nodereal valuedpolynomialinterpolationproblem;thesearethe bounds
guotedin thelemma. O

The significanceof this resultis thatit provides (it would appearfor the first time) rather
preciseinformationontherate(in n) of divergenceof thelinearschemg®), (4) with d(n) = n.
Previouswork (Parker andBitmead1987,Helmicki etal. Octoberl1991a, Gu andKhargonekar
July 199b) hasseparatelyprovidedover-boundqsuchas(8)) or underboundgPartington1998)
but hasnot establishedheir tightness. A key point is thatthe resultin Lemma4.1 hasbeen
obtainedquite cheaplyby draving on deepanalysisn thework of otherauthors.
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In relationto this strateyy, it may alsobe appliedto the prima-faciedifficult questionasto
how sup,, <. [[Va?|l« is affectedby the choiceof frequencies{w;} at which the measure-
ments{v, = v(e 7*:*)} are obtained. In fact, Erdos has alreadyconsideredhis problem
by conjecturingthat it was optimal with respectto sup norm to interpolateat evenly spaced
points(Erdds 1968, Turan1980)suchasspecifiedn (3). It turnsoutthatthisis correct.

Lemma 4.2. Considerwhenusingthe estimatioralgorithm(6), (4) with d(n) = n, theproblem
of minimising
sup ||Vav|loo
llv[loo <&
by choice of the frequencies{wy, - - - ,w, 1} at which the measuements{ f,,---, f, 1} are
taken. Thethe solutionproviding this minimumworst caseerror is w; = 27t /n = tw;.

Proof. Thisis equialentto the questionof optimal nodesfor comple valuedpolynomialin-
terpolationof continuousfunction on the unit circle, andit hasbeenprovenin (De Boor and
Pinkus 1978, Brutman 1980, Brutmanand Pinkus 1980) that in this caseequidistantspaced
nodesproducethe smallest_ebesgueonstant. O

5 Birkhoff Inter polation

Continuingnow to considerhow the divergence(8) might be mollified by a more sophisticated
linear algorithmthan that of (6), (4) it is importantto note that Fejer solved the worst case
divergenceproblemassociatedvith realvaluedpolynomialinterpolation(togethemwith Hermite)
by constrainingthe polynomial approximationto not only interpolatethe measurementdyut
alsoto have ‘small’ deriative at the interpolatingpoints- thesewere constrainedo be at the
zeroef thenth orderTchebyche polynomialcos(n cos™ z)(Turan 1980). This amountso a
constructve proof of thefamousWeierstrassipproximationrheorem.

Unfortunatelythissolutionin thereal-valuedcasds notdirectlytransportabléo thecomplex-
valuedsettingbecausef the addedrequiremenof analyticity Thatis, althoughthe real and
imaginarypartsof themeasurementouldbe separatelynterpolatedtheinterpolantsvould not
necessarilgatisfythe Cauchy—Riemanequationsandhencetheir comple valuedsumwould
not necessarilyepresenananalyticfunction.

Sodirectapplicationof Fegr-Hermiteinterpolationwill notbefruitful, but usingit asmoti-
vationit is naturalto explorethe basicthemeof constrainingderivativeswhile at the sametime
imposinganalyticity of interpolant. R

Specifically supposehatthederivativesof G,,(z) areconstrainedo be zeroatthen rootsof
unity andsupposet is alsoelectedto specifythat@n(z) interpolatethe measurementsfy } at
thesesamepoints.Finally, supposehat@n(z) is requiredto be a polynomialin z. Interpolation
undertheserequirementss known in the mathematicditeratureasBirkhoff interpolation(Turan
1980). Theconstructiorof therequiredG,(z) of order2n — 1 is uniqueandis givenby

Gn(2) = Vo (G +v) Z £ Z 677 2] [1 - w} . (18)

n
r=0 k=0
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Note the similarity to the Lagrangenterpolant(7). The corvergencepropertiesof the estimate
(18) areexaminedin thefollowing threetheorems.

Theorem5.1. Suppose{v;} is obtainedby samplinga functionv asv, = v(e 7“:*) whee
ws = 2m/n andv(z) is analyticon D and Lipsditz continuousof order o > 0 on T. Thenfor

G.(z) givenby (18)
~ C
16 =Gully s e+ — (19)

for any0 < p < oo andsomeC' < oo thatis independentf n.

Proof. As definedin (10), (11), the operatorV;, is linearsoin analogywith the decomposition
(13)

|G — @n”p < |G - VnG“p +||Vav = V”p + ||V||p- (20)

Now, sinceG € H(D,, M) for p > 1thenG (e #*) is Lipschitzcontinuousn T (Davis 1963).
However, Theoreml in (Varmal1988)establisheshatfor ary f € Lip a on T, thereexistsa
C < oo whichis independentf n andsuchthat|| f — V,, f||, < Cn™*, hencetheresult. O

Thereforefor aclassof disturbancethatcomefrom afunctionmoresmooththanthosein C(T)
, thenvia the classicaideasof Birkhoff interpolationit is possibleto constructa linearrobustly
convergentestimatowia (18) thatis worstcasecorvergentin thesensgderivedfrom (8)) that

lim sup HG -G,
TLS—_))(SO GE€Hoo(Dp,M)
¥l <e

=0
P

for p < co. Again, this providesinsightinto the natureof the worst-casealivergenceproperties
of linearalgorithms- thedivergencas crucially dependendnthelack of Lipschitzcontinuityin
v(e~7¥) andonthep-normstrictly beingonewherep = cc.

Giventheseresults,anobvious questionis how the Birkhoff interpolant(18) behaesunder
thestricterconditionsconsideredn the estimationn H,, literaturewhereinp = oo andthereis
nosmoothnessonstrainimposednthemeasuremerdorruptingsequencégr; }. Thefollowing
theoremaddressethis question.

Theorem5.2. For the Birkhoff interpolantsolution(18)

2Mp 1 1
w = -0 {n(p—l) _p”(p"—l)}Jr

2
2e (3+ —logn) .
i

sup HG -G,
GeHoo(Dp,M)
¥l <e
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Proof. Directapplicationof simpletrigonometricidentitiesprovidesthe usefulformulation

n—1

Zej(r‘”s*“’)k = sin ﬂefjwn/Q [COt (g — ﬁ) +]] = Lr(wvn)‘
pare 2 2 n

Notethat

dL

n—1 n—1
] Z ]k ej(rws w)k __ Z kej(rwsfw)k
k=0 k=0

Thereforeijt is possibleto expresshefrequeng responsef the Birkhoff interpolant(18) as

n—1

Goe 1) = %Z .M, (w,n) (21)

r=0

where

£
In this lastline, the following definitions(with subsequenindicatedsimplifications)have evi-
dentlybeenmade

£ sin %e*j“’”ﬂ cot (C; 7:) +j(e ¥ —1) x

: ' 1 _
{% sin %eﬁwnﬂ — 5 cos %e""”ﬂ} cot (g - %) +

Ap(w,n)

' - w r wn _;
;—n(e"“’” — 1) cosec? (5 - %) sin 76_]“’”/2
wn _; w r .
= sin 76_"“”/2 cot (5 - %) - % e " — 1) x
WR L WRY ne w 7
{cos——jsm—}e cot(———)-i—
2 2 2 n
1 sin? 27 e —dwn/2 ¢ogec? (E — ﬁ)
n 2 n
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] S —jwn 1 jwn/2
= eIn/2cot (ﬂ - ﬂ) {sin % e Je } +

2 n 2
1 .
= sin? L emion/2 cogec? (E — ﬂ)
n 2 2 n
= e 2ot (g - %T) {sin % - %e‘j“’” [—Qj sin ?] } +
l sin? %e‘jw"ﬂ cosec? (% — ﬁ)
n n
= e Jn/2cot (g - ﬂ) sin %(1 —e v +
n
l sin? %6_7"""/2 cosec? (E — W—r>
n 2 2 n

, 1
sin? 2o ] 2 cogec? (ﬂ — H) + 2j cot (E — ﬂ) .
2 n 2 n 2 n
Similarly

B,(w,n) = jsin ?e’j“’"ﬂ — %(e’j“’" —1) {j cos % — jsin %} e Jwn/2
= jsin ?e‘j‘“”ﬂ(l — e7Ivm)

» wn
= —2¢ I¥ngin? ——,

Thereforejt is possibleto write M, (w, n) morecompactlyas

1

Com . g WN w 7T e
M, (w,n) = e™7*" sin® 5 {—

2 (¥ _ 1T ; W_mry _
— cosec (2 n>+2]cot(2 n) 2}. (22)
Now, by assumptionf, = G(e ™*) + v, andsoby thelinearity of (21) it is possibleto write
the Birkhoff interpolantestimate,, (e /) as

n—1 n—1
~ iw 1 —irw, 1
Gale™) = 5 2 G )Mo, m) 23 vy, 7). (23)
Therefore,
1 n—1 1 n—1
G —jw —G —jw < —jw - G ]rws - Mr
(e7%) () <G nz_; e M, (w,n)| + T:oy (w,n)




LINEAR ESTIMATION IN H 16

Using(22) andtheassumptiorthat|v, | < e thenprovides

1] 1 wn |14 w 7T
— ZI/TM w,n)| = —sin? — —ZVTcosecz(———>
n | n 2 |n — n
! w .
2j Zyrcot (5 — ;) — QZOZ/T
= T

VAN
2o
wn
E
Pﬂ
&
a,
Gt
|
JE
SN————"
+

—s1n —Z‘c t(———)‘-ﬁ-?e.

However, by equationl4.1.1on page259of (Hansonl975)

o (W T o WN
E cosec? (= — — ) = n? cosec? —
2 n 2

v M, (w,n)

<2 (3 + — log n) (24)

Thistakescareof the‘noiseterm’. For the‘undermodellingerm’, thenreturningto thedefinition
(18)

n—1 /n—1
VnG = %Z (Z G(e_jTWS)ejwsTk) e—jwk: _
6 —jwn __ 1 n—1 /n—1 ' . .
Z (Z G(e‘”““)e]“’“’“> ke Ik,

k=0 r=0

But asnotedin (A.5)-(A.7)

n—1 /n—-1
§ :G —jTrws e]wsrk _n§ :gk—l—mn

k=0 \r=0

where{g; } is theimpulseresponsef G. Therefore following the samemethodasin the proof
of LemmaA.l

n—1 oo jwn nl

_ 0o
VnG = Z Z gk+mneijWk 6 Z Z kgk+mne guk
k=0 m=0

k=0 m=0
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SO

n—1 oo

jwk j
ke’ E E k+mne "

k=0 m=0

SiIl _‘ Z Z k‘gk+mn|

k=0 m=0
2Mp  2M =k n 1
-1 n ;pkmz_:opm”
_ 2Mp 2M n(l—p)—l} " 25
/)"(/0—1)+n(p—1)2 {p+ pnt (p" —1)( )
_ 2Mp{1 11 } 26
G-\ Talp-1) -1 (20)

whereequation(25) wasobtainedy differentiatingheformulafor the partialsumof ageometric
series.Combiningthe bound(26) with (24) andthe triangleinequalityvia (23) thencompletes
theproof. ]

|G(e™) = VaG(e™)| <

VAN

6 Influenceof Model Order

Thepaperupto this pointhasexaminedonly interpolatoryalgorithmg(d(n) > n). In theremain-
der of the work, this stratgy will be replacedoy onethattakesadvantageof the flexibility of
the formulation(4),(6) which allows for amodelorderof d(n) < n. In makingthis choice,it is
clearly of interestto examineits manifestatioron the estimationerrorandto date thereappears
to benowork directly addressinghisissue.

Firstly, it is possibleto establisithatthe estimationerrorcomponent/,, v dueto themeasure-
mentcorruption{v } grows atleastasfastaslog d(n).

Theorem6.1. For theproblemsetupdescribedn (3),(2)andtheestimatorl,, formedvia (4),(6)

4
sup [[Villye > — logld(n) + 1] (27)
lIvfloo <&

Proof. Considerthe noiseinducederrortermgivenby (4) and(6) as:

d(n)-1

(Va)(e ) = —zu,« Do e

m=0
1 n—1 d(n)—1

= =) Z cos(w — rws)m — jsin(w — rws)m
n r=0 m=0

n—1 . w T
1 (sm d(n) (¥ — ;)) |, | e ¢~ (dm)=1)(w/2=rm/n)
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Herey, isthephaseof thefrequeng measuremerdrrorattherth measuremenfheworstcase
measuremergrror sequences clearlyonewhereat someworstcasefrequeny w, |v,.| = € and
or — (d(n) — 1)(w/2 — rm/n) = 0 or 7 (mod 27) sothat

w) = su De-ivy| = &5 [sndm)(w/2—rm/n)
. )_nunmpss'(vn )| nz_: sin(w/2 —r7/n) (28)
- %ka<w—QZ—T>‘ (29)

whered(n) = 2k(n) + 1 and Dy (0) = w is the £th Dirichlet kernel(Korner1988). In

_ n0/2
this case
2
Dk (w — ﬂ) ‘ dw

4e
> — log 2(k(n) +1).

lIvfloo <&

This last inequality is found on page69 of (Korner1988). Finally, the fact that |V,v||; <
IVav |l completeghe proof. Note,in passingthatit is possibleto exactly calculatethe worst
casel; normfor thenoiseerrorby usingtheresultsof Theoren.4of (GeddesndMason1975).

(n)
1
sup ||Vavl||1 = 27e (d( + Z —tan ZT)

llv[loc <e

whered(n) = 2k(n) + 1. O

Note that this resultmay alsobe obtainedasa specialcaseof Theorem2.1 of (Partington
1998). However, by exploiting the specialpropertiesof the frequeny domaincaseof interest
here theproofof Theoren6.1lis muchmoredirectthanthatof Theoren®.1of (Partington1998)
wherea moregenerakettingis considered.

As well asthis lower boundthatgrows like log d(n) it is alsopossibleto establishthatthe
worstcasenoiseinducederrorasymptoticallygrows no fasterthanlog d(n).

Theorem 6.2. For theproblemsetupdescribedn (3),(2)andtheestimatdormedvia (4) and(6)
thenfor anysequencef positivenumbes {«,, } sud that

lim o, 'logd(n) =0 (30)
n—oo
it holdsthat
]_ ~
lim sup — |G(2) — GH(Z)H =0

n=%0 GeHo(D,,M) On
lIV]loo <&
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Proof. Considettheworstcasenoiseinducederrortermgivenby (29) as

n—1
. £ 2rr
Xx(w) = sup |(Vov)(e?)| == Dy (w a —>‘
Vo <& | | n z—; n

whered(n) = 2k(n) + 1 and Dy (0) is the Dirichlet kernel (Korner1988). Let i be Lebesgue
measurenT. Thenfor ary g > 0;

[x@ane = [ xwau) pert

> Bay, d
> o /w ot pw)
= Popp{w € [-m, 7] : x(w) > Ban} .

However

2
Dy, (w - %) ‘ dp(w) < ecylogd(n)

| xto)du) =2 Z /

for somecr; < oo by (Korner1988). Thereforepy theassumptior{30) on {«, }, by thelinearity
of theestimationrschemeandby LemmaA.1 thereexistsac, < oo suchthat

G(e™) = Gnle )

za} < /T G(e") - V,G(e)[dp(w) +

1
,u{w €[-mm:— Bal

n

1 )
s 0 due)
2m 1
< G~ VGl g [ X))
< 2 cielogd(n)

P Bay, Bo,
— 0 asn — oc.

O

Sothelog d(n) divergenceratedueto noiseseemdight, but whatis its exactformulationfor
finite n? Theanswefrfor thespecificcaseof d(n) = n haseludedmathematicianfor mary years,
althoughasalreadymentioned preciseasymptoticresultsareknown for the caseof d(n) = n;
seeLemmad4.1. Any hopeof exactly quantifyingit for the caseof generaki(n) would therefore
seemto hopelesslyintractable. However, notethat the expressionthat requiresclarificationis
obtainedrom (28) as

n—1
2
sup [[Vavllo = sup = |Dy (w - ﬂ)‘ (31)
I¥lloo<e wel-mm] 1t 4 n
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where Dy (#) is the kth Dirichlet kernel (Kdrner 1988) andd(n) = 2k(n) + 1. Sinceit is
known from Theorems.1and6.2that(31) grows like log d(n) is makessensdo fit alogd(n)
dependentunctionto (31) in orderto generat@anempiricalanswelto findingfinite bounds.The
resultarrivedat via computersimulationis

2 2
— [7 + log 8 + —log d(n):| :d(n) <
s T oW

|3

sup ||Vav|l, ~ €
[[v]|oo <e

2 8 n 2 n
- [74—10g7T + log 5 T <7r 1) log(n d(n))} 15 < din) <n-—1
(32)

wherey ~ 0.57722, asin Lemma4.1, is Euler’s constant. This empirically derived formula
(32) is comparedo theright handsideof (31) for n = 50,100, 200 in figure 1. Theagreement

True and worst case error vs log function approximation
4.5 T T T T T T

8 _
<7+10g7+10gn> _ -
T

w
a
T

w
I

25

Worst case error (noise component)

N
I

1.5H E— Calculated Error .
- == Empirical Approximation
- = - Lebesgue Constant Approx

1 | | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200
Model order d(n)

Figurel: Performanceof the empirically derivednoiseboundfor n = 50, 100, 200. Dash-dot
line is theempiricallyderivedapproximation solid line is the numericallycalculatedtrue value
dashedine is LebesgueonstanapproximationfromLemmad.1thatappliesonlyfor d(n) = n.

is close. Notein particularthatasd(n) — n the expression(32) matcheshe quantityderived
theoreticallyfor d(n) = n in Lemma4.1 (the slight gapfor then = 200 caseis dueto errors
involvedwith finite precisioncalculations).
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UsingLemmaA.1 thenprovidesthe empiricalboundfor theworstcaseerror:

Mp pdm) — 1
< 1
o pd(”)(p—l)[ SN

s [G(z) — Gal2)
GEHoo (Dp, M)
[|¥]|oo <e

0.96 + 0.421og d(n) -d(n) < g
£ (33)
0.96 + 0.62 logg —0.2log(n —d(n)) ; g <dn)<n-1

Notethatfor large enoughn this providesatighterboundthanprovidedby Theorem3.4 of (Gu
andKhamgonekarduly 1992). However, balancingthis, the boundhereis obtainedempirically
asopposedo thetheoreticaderivationin (GuandKhargonekarJuly 1992).

7 Model Order Selection

Thefinal contrikbution of this paperis to usethe resultsof the previous sectionin orderto exam-
ine the issueof modelorderselection. Specifically the tightly quantifiednoiseerror boundin
(33) highlightsthatfor givennoiseandgivendatalengthn thereis anmodelorderd(n) which
providesthatsmallestoverall error.

Stochasticestimationhasa long history of also addressinghis issueby recognisingthat
thereis aso-calledbiasversusvarianceradeof in the choiceof modelorder;asthemodelorder
growsthebiaserrordueto undermodellinglropsbut thevariability in the estimateslueto noise
increasegLjung 1987).

Thepurposeof this sectionis to suggesthatananalogousdeabe employjedwhenusingH
estimationmethods.Namely oneshouldchoosehe modelordergiving the smallestworstcase
boundthat balanceghe undermodellingand measurementorruptioncomponent®f the error
boundin anoptimalway soasto minimisethetotal bound.

For the boundgivenby (32), sinceexplicit errorbounds(andnotjust ratebounds)aregiven
for boththe noiseandundermodellingnducederrors themodelorderchoiced(n) providing the
optimumtradeof maybeanalyticallycalculatedasfollows.

Lemma 7.1. Anoptimalmodelorderd(n) existsin thesensef minimisingtheworstcasebound
in (32)if whend(n) is choserastheinteger neaestthe solutionof

dn) 2381 M n_ 2 n
P p (P
= 1 : < — 4
i)~ e w—n<w—1)%p’“m—2 (34)
or
din) 5 M < n—2)
P p [P n
= — lo pd(n) > — 35
) e 1) \pr 1) '8P >3 (39)
thenthat solutionsatisfies
1
d(n) > (36)

log p’
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Proof. Theboundto beminimisedis

n
. 421 : < =
) My S0 _ 1 0.96 + 0.42log d(n) d(n) < 5
B,(d) = — [1 + ] +e¢
p™(p—1) pr—1 n n
0.96 + 0.621og 5~ 0.2log(n —d(n)) ;d(n) > B
therefore
42
dBn(d) L Mp <pn_2) log p 4 & d(n) 2
dd pm(p—1) \pm -1 0.2 . n
> J—
n—d(n) ’ (n) 2
0.42 n
;d(n) < 5
d®Bn(d) _  Mp " =2 oe i e @*(n) 2
d2 T pmp-1\p-1) %" 0.2 n
m—dmp "3

Choosingd(n) to make thefirst derivative zeroandthe secondderiative positive thenensures
that B,,(d) is minimised. ]

Clearly, by establishinghe existenceof anoptimalmodelorderonly for linearalgorithmsthere
is still greatscopefor examiningthis issuewith the effective moregeneralkclassef nonlinear
algorithms.

8 Conclusions

Thepurposeof this papemwasto conductadetailedstudyof theworstcasedivergencebehaiour
of linearalgorithmsfor ‘estimationin H,.,’. A centralthemeof the papemwasto drav onrelevant
work in the field of polynomialapproximationtheorywhereparallelissuesn the field of real
valuedLagranganterpolationhave beenaddressedincethe startof this century In relationto
this, it wasshavn by constructveanalysighatthedivergenceof linearestimationn H,, schemes
is critically dependentn the p-normusedto measuralivergencebeingstrictly p = oo (andno
valueof p < oc) andon the measurementorruptingcomponent{v,} having no smoothness
constraintplacedon it thatallows their rateof variationbetweersampledo belimited eitherin
phaseor in magnitude.Thefinal topic of the paperwasto conducta studyasto how the worst
caseestimationerroris affectedby the choiceof modelorder This consideratiorallowed the
issueof modelorderselectiornto beaddresseth a deterministiovorstcasesetting.
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A Auxiliary Results

LemmaA.1. Supposs f;} is givenby f, = G(e~/*:*) wheew, = 27 /n andthatthe operator
V,, introducedn (10), (11)is definedvia:

d(n)—l n—1
A N T A 1 jwsk
no = m m’ =~ r WerT. Al
V,.G mgzo fmz Ix n;:()fe (A.1)
ThenprovidedG € Hy(D,, M)
Mp pdm) — 1
— < . .
16() = VG )l < ey [1 o (A2)

Proof. SinceG(z) € Hy(D,, M) it is possibleto write G(z) asa Taylorseriesvalidonz € D,:
G(z) =) g (A.3)
=0

andby Cauchys estimatdn LemmaA.3
gk < Mp™*. (A.4)

Substituting(A.3) into (A.1) provides

n—1 [e's)
~ 1 . .
B = ;Z(E :gee—f“’s”) ot (A5)
=0

r=0 =
1 0 n—1
=~ Z Je Z gi?rrk=6/n (A.6)
=0 =0

But the comple rootsof unity sumto zerosotheright handsumis zerounlessk — ¢ = mn for
m=0,1,2,---. Therefore

m=0
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Thisleadsto
o0 d(n)—l
IG(2) = VaG ()l = sup |D gee @ — D" fre i
wel=mm] =0 k=0
o0 ) d(n)fl o0 )
= sup D oge = DD grpmne
wel-mm] 13— k=0 m=0
o0 ) d(n)—l ) o0 )
= sup D> g = D | ge T+ ghpmne 7"
we[fﬂﬂr] k=0 k=0 m=1
00 . din)—1 oo .
= sup Z ge 7 = "> gemne
wG[—7r,7r] - k=0 m—1
< Z |9k | + Z Z|gk+mn|
k=d(n) k=0 m=1
d(ﬂ —1 o0
1 1
suy Loyl
= k
k= d(n k=0 P m=
M dn) — 1
= ) ’ (1 +£ ) '
p™(p—1) pr—1
O
LemmaA.2.
1 wn 2 r 2
~sin? — Z ‘cot (— — —) <15+ —logn (A.8)
n 2 — n T
1 wn | T4 w mr 2
~ |sin 7‘ Z ‘cot (5 — ;)‘ <20+ - logn. (A.9)

Proof. Definem andA by takingm astheintegersuchthatfor someA € [0, 7/n) it is possible
to write

—=—4A. (A.10)
2 n

In thiscaseputting? = m—r, notingthat| cot(A+(m—r)n/n)| = | cot(A+(m+n—r)7/n)|,
andputtingk = m +n — r leadsto

=

n—

Z‘cot (———)‘ = ‘cot (A-I—(m—r)%)‘

r

Il
o

n—2
= |cot Al + | cotd| +Z ‘cot (A%—EE)‘ :
n
=1
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However, by thedefinitionof A

sin? wen _ sin? (ﬂ — mw) =sin’n (E — mi> =sin?nA
2 2 2 n
sothatusingastrategy of differentiatingandsettingto zeroto find the maximumyields
1 . ,wn 1 3
<

2 ﬁ
— —_— ' = — .

sin? nA cos A
sin A

Similarly, definingd by 6 + A = 7 /n yields
g Wn. L g (WL —an2 (Y TN _ win2
sin 5 = sin ( 5 (m + 1)7r) sin“n (2 (m+ l)n) sin“nd

sothatby anargumentidenticalto thatjustemployed

1 . ywn 3
—sin® — to] < —.
nsm 2|co |_4

Finally, exploiting the monotonicitypropertief | cot 8| provides

Pl (sr )] < [ enna
=1

A

w/2 w—4
= / cot9d9—/ cot0db
A /2

= logf 1
o & sin Asin d
sothat

n—1
1 . ywn T 1 1
= sin? 2" A+eD)| < —sinnAl
(nsm 2) ‘COt( +€n = o naies (sinAsin(w/n—A))

=1
1
< —sin —‘logst T ‘
T 2n
2
< —logn
7

wherethe secondastline followsfrom thethird lastline by settingthederivative with respecto
A equalto zero.Hence(A.8) is establishedand(A.9) follows usinganidenticalline of agument
save thatthebound

1 wn sin nA cos A
sin — cot A‘ — <1
n sin A
(whichfollows sincen=?|sin nA/ sin A| < 1) is used. O

LemmaA.3. Caudy'sEstimatesSetD(a,R) = {# € C : |z — a| < R} andsupposef is
analyticin D(a, R) and3dM < oo sudthat|f(z)| < M onD(a, R). Then

0" f(z) < n!M
oz |,_,| = R"
Proof. See(Rudin1966). O

(A.11)
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