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FEM-Analysis of Nonclassical Thansmission Conditions between Elastic Structures
Part 1: Soft Imperfect Interface.

G. Mishurisl, A. Öchsner2 andG. Kuhn 3

Abstract: FEM-evaluationof imperfecttransmission
conditions has been performed for a modelling problem
of an elastic structure with a thin intormediate interface.
Very goo+ correlations with theoretical results have been
obtained. Additionally, the possible error connected with
introducing the transmission conditions instead of the in-
termediate zone has been estimated depending on me-
chanical properties of the zone.

keyword: Elasticity, imperfect interface, nonclassical
transmission conditions. finite element method

1 Introduction

Composite materials are usually considered as nonhomo-
geneous solids with perfect bonding between different
phases of the composites [Allen(1969) and Ashby, Fleck,
Gibson, Hutchinson, and Wadley (2000)1. On the other
hand, such structures, in fact, contain thin intermediate
layers matching materials of the phases together. More-
over, features of the layers may play an important role
and influence the composite properties. However, when
a structure consists of components of essentially differ-
ent sizes and properties, FEM analysis of the structure
becomes very difficult. This fact follows from the neces-
sity to construct a complicated mesh structure which, in
turn, may lead to unstable numerical calculations [Hathe-
way (1989)1.

The aim of this paper is to investigate by FEM analysis
one of the possible approaches to avoid such problems.
Namely, we are going to consider in detail the so-called
imperfect interface approach. It consists of replacing the
real thin interphase which is connecting the different ma-
terials by special transmission conditions. These con-
ditions are accurately extracted by asymptotic analysis
taking into account possible small parameters involved
in the problem. Such a small parameter is definitely

1 RzUT, Rzeszow, POLAND.
2 IJ A, Aveiro, PORTUGAL.
3 FAU, Erlangen, GERMANY.

here the thickness of the interphase between the mate-
rials. However, other parameter can also appear which
are connected with the relative difference in the mechani-
cal properties of the interphase and the bonded materials.
Three cases can be separated: i.e. the soft interphase, the
stiff interphase and a comparable interphase with respect
to mechanical properties. The main efforts are made in
the paper to verify the accuracy of the transmission con-
ditions not in terms of the asymptotic analysis estimate
(like O(e)), but in exact values.

In the next section, we accurately discuss the asymptotic
procedure to evaluate the transmission conditions for the
soft inhomogeneous interface. In the case of the inter-
phase with properties comparable to those of the matched
materials, we refer the prospective reader to the mono-
graph [Movchan and Movhan (1995)]. We verify the ap-
plicability of the obtained conditions and discuss edge
effects appearing in the problem. Various combinations
of the material parameters are under consideration. 'In

this paper, we restrict ourselves to simple load cases and
symmetrical samples for homogeneous'and nonhomo-
geneous interphases. Stiff interphases and other effects
(nonsymmetric samples, complicated loadings, norm es-
timates) will be investigated in the second part of the pa-
per.

2 Asymptotic evaluation of transmission conditions
between elastic bodies for soft interphase (2D-
problem)

Let us consider a model plane strain problem for a bima-
terial elastic solid in the rectangle {lt : Q+ U fl- U C),
where f)+ : {(",y) , ty 2 h}, Cl - {(r,y) , lyl  S h}
(see Fig. 1). We assume that the intermediate layer
Q is inhomogeneous and isotropic, while the bonded
materials are isotropic and homogeneous.

Let u1(*,y) and u(x,y) be vectors of displacements:
u+ : |"f,,"fJr, u : lu*,uylr. They satisfy Lam6 equa-
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,.005 FEM-Analysis of Nonclassical Transmission Conditions between Elastic Structures

Then, a part of the problem under consideration within
the domain Oo can be reformulated in the following man-
ner: we should look for the solution w in the domain C)6
satisfying the equation:
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conditions together with the boundary conditions (5)r al-
low us to find the solution of equations (1)1 valid in the
matched materials. Then, the main term of the solution
within the interphase is simply calculated due to (22).

Continuing the procedure, one can obtain the solution
within the whole domain with an arbitrary accuracy with
respect to the small parameter e. However, such solutions
will still contain an error connected with the fact that the
constructed solution does not satisfy boundary condition
(5)2.
In the case of the plane stress problem, all the results are
still valid if l, is changed to l.* : Z)"pl(?"+Zp). This
means that we have for plane strain problems :

I the
:nds

(7)

(8)

(^ * eLr -t- u' a)w -'0, (", €) € c)o'

and the interior transmission conditions:^

u+ (x, tehs) : w(r, -lho),
/ . . \  /  -  - \

oa'(", *ths) - 
l to{o-teM1)*le:*uo.

DqAgDqwo : 0, (*,E) € C)0,

rf (r, *o) - wo(x, +ho),

o9](", +o) - AsDqwslq:*ro.

According to a standard procedure [Movchan and
Movhan (1995)1, the solution within coffesponding do-
mains will be sought in form of asymptotic series:

w(;,q) - i rr*r( x,\), u+(x,y) - i r,oi @,y).
j:0 j:0

(r7)

As a result, sequence of the BVPs determining respective
terms in asymptotic expansions (17) will be found. Thus,
for the first term ws, one can obtain:

in case of plane stress problems, these parameters are de-
fined as follows:

E ^ vE ^ E
ux:  t . , * , ,  t r * :  -V,  

2P*+i*  -  
T=A'  \25)

Summarizing the obtained results, imperfect transmis-
sion conditions for the soft inhomogeneous interface can
be written in the following manner:

where the symbol [/]15 denotes the ju-p of a function /
across an arbitrary boundary S, while new parameters are
defined:

( ls)

(16)

(18)

(1e)

(20)

r g p

hin-
rdy:
rob-
fol- E ^

r L :  
- .  

t v  Z'  2 ( l  +v ) '

vE
(1+v ) (1  -  2v )  '

(24)

(e)

per-
fact
lica-
'a re

teri-
,l ).
dif-
s a n
rani-
hase
t :

(10)

( 1 1 )

ithin
ions,

(t2)

f , r :

(13 )

(r4)

From (18) and (20) one can immediately conclude that

o$J (', +o) - o$l (", -o), (2r)

[o,0)1ly:' : 0, [u]ly:o : (t'Ä', 
"?r,) 

og),', olru,

rz(x): I

o, - (2t, +I)e, + rc, - 
lOrrr+ 

io) *9, U&]

wo(x,6) - uo (r, -q + I:r,

od-(r, +0) - uo (", -0) : 
I!r,oU'@,,t)dt oY) (",0).

while equation (18) is easily integrated to obtain:

^ - 1  t  \ ,  ( v )

Ao ' (r, t)dt .oi '(x, 0) . (22)

Finally, taking condition (19) into account, one can ob-
serye that an additional condition has to be satisfied for
solvability of the problem (18) - (20):

(23)

Let us note that equations (21) and (23) constitute the
sought for imperfect transmission conditions for the solu-
tions af, within the bonded materials. These transmission

-n Zp(x,y) + Ä("r, y) 
'

(27 )

(28 )

As it follows from Eq. (20), the main terms of the stress
components oy, cxy are constants inside the interphase.
Let us consider the last component or:

'w ( - r .q ) .

fho de fh dvtr(x): J_ooiftrÄ: J_^ffi,

The main term with respect to the small parameter e is

f 9 \ ao,(r,6) - ^oaE [0, 1] .wo(,r,6) + o(e),

dy
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Figure 2 : Evaluation paths of the investigated structure

Figure 3 : Two-dimensional FE-mesh: strong mesh re-
finement in the investigated area
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Figure 4 : Mesh density with reference toFtg.2

(2017) are assigned to the bonded material (cf. Fig. 2).
Differing elastic constants are chosen for the intermedi-
ate layer and the calculations are carried out for the plane
stress and plane strain case.
We have restricted ourselves to the cases of the men-
tioned simple tensile and simple shear loading because
the constructed FEM mesh is definitely appropriated for
them. We have checked this fact by comparing the test
results where x - 0 holds for the completely homoge-
neous elastic domain without intermediate zone (E* - E,
V* : v) with two solutions. Theoretical solutions for sim-
ple tensile, shear and bending problems in rectangles can
be found for example in fFlügge (1962)]. We also have
compared those FEM solutions for our mesh with the
FEM solutions for standard regular (without transition el-
ements) mesh for the homogeneous elastic rectangle. As
a result. we have made sure that for the tensile and shear
loadings the constructed mesh with transition elements
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linear system of equations is still possible to solve rn a
short time on a standard personal computer with 1.5 GB
RAM. Fig. 4 describes the mesh in more detail with the
so-called mesh density (elements per length).

In the framework of the presented work, we investigate
two load cases. In the so-called simple tensile case (cf.
Fig. 5 a)), all nodes with y - IH 12 have a constant y-
displacement and the x-displacement is constrained to
zero. At the lower boundary (y - -H l2), all degrees of
freedom are constrained to zero. In the so-called simple
shear case (cf. Fig. 5 b)), the same fixed boundary is used
arty - -H 12 and to all nodes with y - l-H 12 a constant
;-displacement is applied, whereas the y-displacement of
these nodes is constrained to zeto. Let us underline here
that the simple shear case in our paper is not a pure shear
state because bending is superimposed to the shear state
due to the boundary conditions.

For these model calculations, the elastic constants,
Young's modulus E+: E* :72700 MPa and Poisson's
ratio V+ : V* : 0.34, of the aluminum alloy AlCuMgl

ith
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i t 2

ing

end of interphase
middle of interphase
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Figure 6 : Normalized displacement and stress distribu-
tion along line A (cf. Fig. 2)
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Figure 7 : Normalized displacement distribution along
lines B, C and D (cf. Fig. 2)
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there is practically no contraction of the interphase mate-
rial. However, the distance from the free edge, measured
where the stress component o, is no longer a straight line,
is practically the same for both cases with an accuracy of
l%o in the reference coordinate system.

In Tables 2-5 similar numerical results are presented for
numerous combinations of the elastic constants,loadings
and plane states. For the shear loading in plane strain, all
results are practically the same as in the case of the sim-
ple shear loading in plane stress, which is evident from
the problem formulation. To show this fact, we have pre-
sented only the first case for the weakly compressible in-
terface in Table 5. Let us note that, in the case of the
weakly compressible interface under plane strain condi-
tions, the accuracy becomes to be essentially worse in
comparison with all other cases under consideration. The
explanation is quite simple. As we have mentioned ear-
lier, the transmission conditions evaluated in the first sec-

- 4 - 2 0 2 4

x-coordinate, mm

Figure 8 : Normalized normal and shear stress distribu-
tion along line B (cf. Fig.2)

tion are no longer valid in such a case fMishuris (2004)].
However, so-called locking phenomena also can occur in
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Thb le2 :P lanes tress. tenslle case. lrne

MC Aur(0,0)
o,,(0.0)

2h(r-vz)
E rel. error

I
2
a
J

4
5
6
7
8
9
10

9 . 2 1 7 3 .  1 0 - ' ,
9.2264. 10-6
9.2605. 10-s
l.g426 r 10-6
1 .g450 .  10 -5
1 . 8 5 1 9 .  1 0 - 4
t . r t82.  10-6
t . r rg3.  10-5
r.1235. 10-4
3.3550.  10-8

9  .2173 .  10 - ' ,
9.2263. 10-6
9.2605. 10*s
1.8426. 10-6
1.8450.  10-s
I  .8519 .  10-4
t.r t82. 10-6
r.r l93. 10-5
1.1235. 10*4
3.3546. 10-8

I  .085 .  10- ' ,
3 .577 .  10-6
9 .719 .  10 -7
- 1 . 0 8 5 . 1 0 - 6

r .626.  10-6
f  .080 .  10 -6
8.943.  10-6
2.680. 10-6
8 .901  .10 -7

r .264.  10-4

(without any traction applied from the absolutely weak
interface). Alternatively, in the case of the other limiting
case - strong stiff interface, the interface will move as a
rigid straight line parallel itself and two different prob-
lems for the strips of the thickness h appear under total
deformationU 12 of each strip. Then, it is clear that such
a case should be equivalent, with respect to the edge zone
analysis, with the homogeneous strip of the thickness2h
and total deformation U. However, because of the prob-
lem linearity, the edge zone should be of the same order.
This means that with increasing ratio E lE. the length
of the edge zone has a tendency to stabilize near some
plateau as it is easy to observe from all presented graphs
in Figs I0 - 12. Moreover, one can easy rcalize that in
the case of the weakly compressible interface twobonded
half-strip are connected by this interface which still trans-
mits forces from one part to another.

On the other hand, ö : 0.05 means that I : 50h, so that
the depth of the edge zone is 25 times longer than the
thickness of the interphase.

0.25

Ratio of Young's modulus E/E*

Figure 10 : Relative length of edge influence ö for plane
stress tensile case

Finally, we would like to check the validity of the trans-
mission condition in the case of the soft nonhomoge-
neous interface. For this reason we choose as an exam-
ple a parabolic behavior of the interphase Young's mod-
ulus in rhe form n(y) - 696.86(l +22680.0y2), while
Poisson's ratio remains constant v :0.4999. As a result,
the auxiliary parameter E defined in (32) takes the same
value E : 813.0 as discussed in one of the homoqeneous
cases under consideration.

In Fig. 13, distributions of the displacements and stresses

liil

Table 3 : Plane strain, tensile case" line A
MC Anr(0,0)

on (0 ,0 )
zh( t+v) ( t -2v)

E ( 1 - v ) rel. error

I
2
a
J

4
7

1.7872.  10-"
I .4210. 10-e
7.3850.  10-8
1.8426. 10-6
9.1285. 10-7

7.3709. l0- 'u
7.3191 . 10-e
7 .4054. 10-8
r.8426. 10-6
9.1283 . t0-7

0.0565
0.0058
-0.0028

4.342. 10-6
3.177.  10-5

Thble 5 : Plane strain. shear lin, ne
MC Lu,

Or.,

0,0
0,0

4h \ t+v  )
E rel. error

I 3.6860.  10-o 3.6862. 10-b 5.154.  10- )

This phenomenon shows that the edge effect zone is not
only connected with the edge boundary conditions but
also with properties of the bimaterial strip. Such a be-
havior can be easily explained. In fact, when the ratio
of Young's modulus E f E. tends to zero, one can expect
that the top part of the strip will move as a rigid body

oo
c)

H o.zo
F
H

d

o  0 . 1 5
bo
C)

+ro 0.10
ra-oo
-
t o.os
C)

0.00

lo-z1 0 31 0 4

plane stress, tensile case

Table 4 : Plane stress. shear case. line A
MC Aa"(0,0

o";rd;d
4 h \ t + v  )

E rel. error

I
2
a
J

4
5
6
10

3.6862. 10-o
3.6898.  10-5
3.7035. 10-4
3.6856.  10-6
3.6904. 10-5
3.7041. 10-4
9.5851 .  l0 -8

3.6862. 10-o
3.6898.  10-s
3.7035. 10-4
3.6856.  10-6
3.6904. 10-s
3.1041.10-4
9.5845. 10-8

- 1 . 8 9 9 .  1 0 - o
1.084 .  10-6
I .020. 10-6
-5 .155  .  10 -6
t .014 .  10 -7
-4.050.  10-6
5.842. 10-5
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5 Conclusion and further work

As it follows from the presented numerical results, im-
perfect transmission conditions for the soft interphase
(34) obtained analytically by asymptotic analysis are sat-

isfactory with a very good accuracy even in the case

e : 0 . 0 1 .

The edge effect appears only on a distance comparable
with twenty five times the thickness of the interface in

the case of the soft interface and it even decreases when

E lE. becomes smaller. However, the zone increases es-

sentially with increasing ratio E lE. approaching some
limiting value. However, the transmission conditions

are still valid within the edge effect zone and they fail

only near the singularity dominated domain which is ex-

tremely small.

In the second part of this paper, we are going to consider
asymmetric cases, i.e. different bonded materials, to ver-
ify whether a so high accuracy of the imperfect transmis-
sion conditions in comparison with the theoretical pre-

diction is connected with the problem symmetry. Also

we are planning to check other transmission conditions
valid for stiff interfaces. Among others, a range of its

applicability and boundary layer effects will be investi-
gated. Finally, we are going to analyze a phenomenon

connected with the singularity dominated regions (possi-

ble stress singularity near the singular points - intersec-
tions of the interface and the external boundary).

Although FEM analysis is very useful for verification in

value of formal asymptotic analysis, it has its own restric-
tions concerning values of the small parameter and strong

difficulties connecting with necessity to build a compli-
cated mesh which can be additionally depending on the

type of loading, as it occu.ted in our investigations for

bending. It is also difficult to define an unknown form

of corresponding transmission conditions from the FEM
analysis. However, in the case when one can suppose
any specific conditions, they can be numerically verified.
In such a way there is a possibility to evaluate imper-
fect transmission conditions in the case when respective
asymptotic analysis is difficult to be carried out. Taking
this fact into account, we are going to evaluate and verify

transmission conditions for thin plastic interphases.
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Figure 14 : Determination of the edge effect and the va-
lidity of the transmission conditions for a nonhomoge-
neous interphase (with the normalization d : l)

is a priory satisfied due to the problem symmetry. As one
can see no difference between the functions can be ob-
served. The edge effect zone can be determined for the
simple tensile loading by defining 17o äccut"cy of the
values of both functions from that at the symmetry point
x - 0. On the other hand, one can also observe that the
transmission conditions are still valid within the edge ef-
fectzone! To show this fact, a magnification of the graph
is presented near the right hand side of the free edge. It
is known from the asymptotic analysis that the evaluated
transmission conditions cannot be valid along the whole
interface up to the very end. However, as it follows from
the figure, the region where they fail is extremely smaller
than the edge effect zone itself.

b)

1.0

0.0

plane stress, tensile case

line B

validity of trans. cond.

g = E(y)

v =0.4999

nonhomogeneous
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FEM'analysis of nonclassical transmission conditions between elastic structures.
Part2: Stiff imperfect interface

G.I\'Iiihurisl, A. 0chsnef and G. Kuhn3

Abstract: Nonclassical transmission conditions for
dissimilar elastic structures rvith imperfect interfaces are
investigated. The thin interface zone is assumed to be
soft or.stiff in comparison rvith the bonded materials and
the transmission conditions for stiff interfaces are eval-
uated based on asymptotic analysis, The accuracy of
the transmission conditions is clarified not only in terms
of asymptotic estimate, but, rvhich is especially impor-
tant for users, also in values by accurate FEM calcula-
tions. The ranges of applicability of the conditions are
discussed.

keyword: Elasticity, Imperfect interface, Nonctassical
transmiision conditions, Finite element method

I Introduction

In the first part of the paper Mishuris (2005b), sym-
metrical elastic structures consisting of trvo thick layers
matched by a thin interphase layer exhibiting different
material properties under conditions of simple shear and
tensile loading have been corrsidered. Transmission con-
ditions for the soft interface have been analytically eval-
uated there by asymptotic analSrsis to compare rvith the
results obtained by FEM analysis of the structure. It has

been shorvn that the numerical error in these special cases

is essentially smaller than it could be expected from the
theory. Even in the case of the stiff interface, rvhere other
transmission conditions should rather be applied, salisfy-
ing agreement has been obtained. In this paper, dissim-
ilar elastic structures have been analyse<t under different
loading (simple orcomplex one) by lhe same FEM tech-
niques. Additionally, transmission conditions for the stiff
interface- rvill be evaluated by asymptotic methods and
later numerically verified in order to estimate the possible
error connected rvith its application. Finatly, such impor-
tant values, for practical numerical calculations dealing

I RzUT, Rzeszorv, POLAND.
?UA. Areiro, PORTUGAL.
3 FAU, Erlangen, CERIUANY.

rvilh bimaterial structures rvith thin interfaces, as ranges
of edge effect zone, validity of the discussed transmis-
sion conditions and singularity dominatecl zone rvill be
evaluated. These effects are tho rnain reason for crack-
ing and delamination in compositc materials [Akisania
(1997); Boichuk (2001); Kokhanenko (2003); Li (2004);

Qian (1998); Yu (2001)1.

2 Asymptotic cvaluation of transmission conditions
between two elastic materials with a stift elastic
interphase (2D.problcm)

Let us consider a model plane problem for a binraterial
elastic solid in the rectangle Oy, : Q+ U Q- U f,), rvhere
Q1 : {(x,y),*} } /r}, f,l: {[.,]),lyl S lr] (see Fig.
l). We assume that the intermediate layer Cl is inho-
mogeneous and isotropic, rvhile the bonded materials are
isotropic and homogeneous. Let u+(r,y) and u(-r,y)'be
vectors of displacements: u+ - [ur*,rrt]T, u = [rr",r,)-]T.

v
E, r'.

line A :L
\_T

\int.rphas. -r

E'' r'-
/,/./,/./////,/,//////////////./

L
't

Figure 1 : Schematic representation of evaluation paths
and boundary conditions of the investigated structure

They satisf! Lamd equations in the conesponding do-
mains:

l*u* :0, (r,y) e Qa, Zu:0, (.r,y) e Q, (l)

rvhere the differential operators -4* and Z are clefined in

v(.t)

C.
c

linc B
Di
D.
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where Dr and D) denole respective partial derivatives.
On the exterior boundary some bound4ry conditions are
assumed to be satisfied:

Eaua - g, (r,l') e dQnOOfl*,

Eu: 0, (*,1') e afir, nae. (4)

ryhere

olJ(.r,r) : to{aua(x,y), ob)(r,l) : Mu(x,y), (6)

It+Dt \
(L++2tt+)D;)'

*: @. ol?ito,)
Let us assume that the intermediate layer is essentially
thinner in comparison rvith the characteristic size of the
body: /r << min{I,,H}. This allorvs us to introduce in
the problem a small dimensionless parameter e ( I in
the follorving manner:

the folloling manner: and rescale the variable rvithin the intermediate tayer:

r- : (t^iiifit4;';"4,#i:f)?, ;?:;r3), 
t"' e Q r - 4' ( € r-ns'/'6]' Ls *min{r,H}

(e)
(2') 

we assume through out this section that the interphase

": 
(O,(7'!4iD,+DtttDr* Dxl\Dr.+Drt material is essentially stiffer in comparison rvith both

':\'Di\D,'+'DxtD, Dy(t\+ztt)Dr+'3:nD,),bondedmaterials:

CMC, r'oi..4, no.3, pp. I 37 - I 5 t, 2006

' (3) lr(r,l) : e-l,rrs(x,0, l(r,1) : g-tlo(r,€), 
lto N lttl

00)

and denote by w(x,€) : u(-r,eE) the solution rvithin the
domain ao : {(x,E), 16l < Iro}. In this nerv noration, all
operators can be rervritten as follows:

L : E-3 h + e-2 h + u-t h, fo{ : e*2 tu{o + e-t gv{1,

(l r)

o, : (,f 
^"far), 

A, :

o, = (rtr,,' ;)
Then, a pan of the problem under consideration rvithin
the domain fl6 can be reformulated in the follorving man-
ner: we should seek for the solution w in tbe domain Cls
satisfying rhe equation:

(a*""cr+e2-4)w: o, (x,O e ep, (16)

and the interior transmission conditions:

u1(.r, *ets) : w(x, */rs),

We do not precise here the forms of the boundary opera- rvhere

tors R1 and B, because they rvill not play any role in the , ^ r ^formal asymptotic procedure. Horvever, thcy are very im- & : DgAoDg

podant, of course, in order to prove the final asymptotic
estimate for the asymptotic solution obtained in iome /
functionat spaces.

Along the inrerior boundaries, i.e. 1,:.r, ,rr;;; 
a : (oEroa 

,*on^o, DxlqDEtDuto) 
'

transmission conditions should be satisfied: ra: D.lx2Dy, ,t0: AgDq, fo{1 : ltlDr,
u3(.r,a/r) : u(-r,*/r), of)1.t,*1,1: o$(.r,*/r), (5)

(12)

( l3)

(14)

(n lro\
o),

(t5)

*": (i:?:

(7)

EIts: 11
1sy e2op1r,+ero) : (*d +rn)wl.=+r,0.
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The solution rvithin the corresponding domains rvill be
sought in form of asymptotic series:

€
w(r,E): l-eiwi(x,E), u*(x,1';: f eruf (r,r).

j=0 j=0

The solution to this problem is easily calculared as:

wr (r, E) : az (.r) - It or',r, t )A 1 (.r, r)r/l . D,n'o(x),

t39

(30)

As a result, seguence of the BVPs determining respective
terms in the asymptotic expansions (18) rvill be found.
Thus, for the first term ilb one can obtainj

D6A6Dgn'6:0, (-t,O e Os, (19)

uo*(r,*0) : wo(.r,*/ro), (20,

AsD6w6l6=a/r6 :0. (21')

From (19) and (21).one can obrain rhar

n'o(.r,€) = a1(.t), (22)

rvhile the unknown function a1(x) has to be found from
(20):

a1(-r) = uf,(.r, -0), (23t

and an additional condition has to be satisfied:

[u6]1'=o 
: uil(r, +0) - uo (r, -0) : it. (24)

Note that equation (24) constitutes the first unknorvn im-
perfect transmission condition for the external solutions
uf, rvithin the bonded marerials.

To find the next sought for the transmission condition for
the first term of the external asymptotic expansion, uf,,
one can continue the procedure to analyse the secondin-
ternal BVP:

DqAsD6wl * l1w6 : Q, (r,E) e Qo,

*/rsDruf,(x,10) +uf (x,*O) : w1(r,*/rs),

AqDqwr fq=*r, o+ Mwolg:.*frq : 0.

Taking into account the properties (22) of the internal
solution $'0, one can rervrite equations (25) and (27) in
equivalent forms:

DqAsD6wl *DgAlDrtt's:0, (t,6) e f,h, Q8)

AsDgwrfg=+r,o *A1Dru'6lg:a1,0 :0. (29)

(31)

and an additional transmission condition has to be satis-
fied for the solution u1 of the second external BVp:

[u,L=o : - I!^,ort(-r, 
r)A1 (-r, I)dt' D'n'o(x)

(32)- 2/rs(Dyuo)y:0.

There, we have introduced the standard notation

I(f): )(f++/_). (331

As it follows from this step, it is not enough ro consider
even the second term of the intemal asymptotic expan-
sion, w1, to find the still missing transmission solution
for the first term of the external expansion, uf,. Thus,
one needs to continue the asymptotic procedure. Let us
consider the internal BVP for the rhird lerm of the inter-
nal asymptotic expansion (l 8):

D6A6D6w2 * L*t* lzwo :0, (x,E) e fio, (3+1

|1,fr 
ajuf 1', *0) * /r6Druf (.r, *0) + uf (x, *0)

= w2(x,*/ts),

(18) rvhere

(26)

(27)

(35)

(36)

Equations (34) and (36) can be simplified using rhe re-
sults from the previous steps:

D6A6D6w2*D3A1D*w1 *D*A3D,lr's : Q, (x, O e Qs,

(37)

o$*)1*,0; : ApD6w2lg=+r,e *A1D,wr lg=*r,., (3S)

rvhere rve have introduced a nerv notation:

o,="(l 3),.:qffiP:ft (3e)

(2s) o$*)1t,0; : AsDqw2lg=*/,0 * tu{1w11rya1,0.
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Equation (38) can be inregrared ro give:

A3(x,t)dr.Drub, (.r,8) e S!0. (40)

From this equation and (38) one can immediately con-
clude that

[o$)1''o +P, f 
no,onr{.r,,7u,' 

D*u'e : 6. (41)

Horvever, taking into account relations (22)-(24), last
equation can be rervritten in the form:

[o$)]r=o + p, 
lno,oorr.r,,ror 

.D*u6lr=s - o, (42)

rvhich constitutes togerher rvirh (24) the sought for nec_
essary transmission conditions for the first external BVp
in the case ofthe stiffinterface.

Summarizing the obtained result rvith those concerning
imperfect transmission conditions from [Antipov (2001);
Movbhan (1995); Mishuris (2005b)l one can coilecr
them together within Table l. It is assumed that the im-
perfect interface is ahvays situated along rhe coordinate
line;': 6.

Tablc I : Possible sets of transmission conditions de-
pending on the relative properties of the thin intermediate
layer: 2-D problems

CMC, t'o1.4, no.3, pp. t j7 _ I S I, 2006

the material properties of rhe interface do not vary in di-
rection perpendicular to the interface (do not depend on
variable y in this case) the.se equations can be simpli_
fied and rervritten in forms presented in Table 3, rvhere
all mechanical and geometrical parameters can be only
functions of variable -r (change its values only along the
imperfcct interface),

Table 2 : General representation of the parameters ci(.r)
in Thble I for nlane strain and nlnne strec( mccor strain and plane stress case

case plane strain plane stress

ar [r)

ar[r)

s3(r)

JlnSi#ay
t,,4#ay
Iln&at'

I!,,Sav
['!1,4JPav

I'lnn a1'

Table 3 : Particular representation of the parameters
a;(;r) in !![! {or plane strain and plane stress case

Here, the parameters ai in formulae from Table I are,
generally speaking,.functions rvith respect to the vari_
able r and have to be catculated according to the equa_
tions in Table 2. Under the additional assumption ihat

straln a

case plane strain plane stress

nr (.t)

n:(t)

n:(-r)

2/r(l+vXl-2v)--0=r-
4r(t+v)

E

2hE
i:v'

2/r( I -v:)---7-*
{l(l+v)

E

2hE

3 Numerical results

3.1 Dissimilar layer with soft imperfect interface un-
der sintple sheai and tensile loading

Let us consider a dissimilar elastic structure rvith a thin
elastic interphase rvhich exhibits otherproperties than rlre
bonded materials (Fig. l). The thickness of the interface
zone is assumed to be small e:2h/H = 0.01 and this
value rvill be considered through out the paper as a small
pammgter. In this subsection, results ,i*ilo, to tlrose
prgsented in paper [Mishuris (2005b)] rvill be evatuated.
The only difference is norv that the matched materials are
not the same. The top part of the structure is rcpresented
by steel rvith elastic constants E+ : 210000 Mpa, v* -
0.3, rvhile the bottom part is of aluminum (E_:72700

interface

soft comparable stiff

[rrr] -a2oo, = 0 [rrJ:0 [rr"] :6

[rr"] -alor:0 [rrr] : g
[urJ : o

[o.oJ: o [oo.J : o [o,.]+$("3]r; =o
[oi] = o [or] = o [orJ : o
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Figurc 2 : Displacement and stress distributign along
line A for the asymmetric sample and the simple tensile
loading
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Figure 3 : Disptacement distribution along lines B, C
and D for the asymmetric sample and the simple tensile
loading

MPa, v- :0.34). Various elastic coistants for the in-
terphase material ire considered in the same rvay as it
has been done in Mishuris (2005b) for easy comparison
of the obtained results. First, simple tensile and simple
shear loadings are considered: vr(.r) : 0, r!.(,r) = | . d
(rvhere d is an arbitrary dimensionless parameter for lor-
malization) and v'(.t) : I . d, r1.(x) = Q, respectively. All
calculations have been done by the FE code MSC.Marc.
For details conceming the constructed FEM-mesh for the
considered structure rve refer the reader to the first part of
the pape4 [Mishuris (2005b)].

In Figs. 2, 3 and 4, the normalized distributions of the
displacements and the stresses in direction perpendicular

to the interface (along the line A) and along the inter-
face (lines B, C', Ci, D", Di) are presented (see'Fig. I
for the used notations). The material parameters ofthe
soft rveakly compressible intermediate layer in this case

are: E:813 MPa, v :0.4999 (lhe same as in paper

-4-224
' x-coordinate, mm

Figure 4 : Normal and shear stress distribution along
horizontal lines B, C and D for the asymmetric sample
and the simple tensile loading

[Mishuris (2005b)] for the reason of comparison).

Ir'is easy to see that the solution has lost its symme-
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facl, rve present here in Fig. 5b only the plane stress
case. On the other hand, the straight line behavior of rhe
solution rvithin the sample give us an occasion to restrict
our interest to the accuracy of the transmission condi-
tions in one point and rve have chosen the symmetry point
r:0 in the middle of the rectangle, i.e. the same point as
in [Mishuris (2005b)]. Conesponding results have been
collecled in Thbles 4-7. lnTable ? for the plane srrain
case we have presented one case for comparison rvith Ta-
ble 6.

Within the edge zone, the behavior of the solutions for
the dissimilar body may essentially differ in compari-
son rvith the symmetrical case due to the distinct lim-
ited asymptotic behavior of the solution near the corner
points of the intermediate layer and the external bound-
ary (intersection points). This fact is manifested by Fig.
3. I{orvever, even within the edge effect zone, the corre-
sponding transmission transmission conditions from Th-
ble I are still valid. We di5cuss this phenomenon in de-
tails'later in the fourth subsection.

32 Dissimilarlayer with soft intpedect interface un-
der complex loading.

In the first part of rhis paper [Mishuris (2005b)], only
symmetrical structur€s rvith simple external loading, i,e.
simple tensile or simple shear, rvere considered for a soft
interphase and the accuracy of the transmission condi-
tions turned out to be much better than one could expect
from the theoretical point of vierv. In order to investi-
gate if this fact rvas based on the simple cases under con-
sideration, rve are going to investigate in this subsection
the influence of complex loading on the accuracy of the
transmission conditions for asymmetric samples. First of
all, it is necessary to underline once again that the con-
ditions checked up till norv numerically, have been sat-
isfied rvith an error'smaller than that predicted from the
asymptotic theory. We are going to shorv norv that this
is because of the applied simple loading and, in case of a
complex one, the theoretical predictions simply coincide
rvith the numerical calculations.

Let us consider a more complicated tensile loading in the
sam-e dissimilar structure rvith the same soft interface as
in the previous subsection. Namely, instead of the uni-
foim external loading, a complex tensile loading defined
as fpllorvs: ur(x,h/2) = r1.(-r) : a-* /25,ri(i) : 0 is ap-
plied in the plane stress case.

Numerical .results in graphical form for such loading,

c, 0'5
\,c
o,,3 o.+

E
-El o.r
U

€0,
ct)cg 0.1

-:c.,E 
o.o

6r 0.16
t
6 o.l4
J
E o.r2

8i 0.r0
TI
J: 0.0s
o
€ 0.05
or
6 0.04

I o.oz
d o-m

t0{ 1(}3 l0-: lor ld iot

Ratioof Youngls modulus Ef_

l0'5 10.5 1o.1 tor lo-t l(}r ld lo:

R ati o of Y oungls nyodul us E E _

Figure 5 : Relative length of the edge effect zone ior the
asymmetric samplc

try rvhich is natural to the problem definition. Horv-
eveq because of simple tensile loading, displacements
and stresses on lines B, C.,'C, De, Di are still practically
constants along the major part of the imperfect interface.
This enables us to easily define the size of the edge zone
rvith the same l7o accuracy criterion from changing the
constant behavior of the traction along the interface. Cor-
responding results are included in Fig. 5. Similarly as
in the symmetrical case, only the rveakly compressible
interface for the plane strain case under tensile loading
exhibits irregular behavior in comparison rvith alt other
cases.

Let us note that there is no practical difference in the
case ofthe shear loading for planc strain and plane stress
states. Thisphenomenon has been explained in lMishuris
(2005b)1, and is a simple consequence of the facr thar thc
components of both solutions responsible for rhe shear
deformation satisfy the same equations, bounclary and
transmi'ssion conditions (cf. Thble l). Because of this

Supplied by The British Library - "The world's knowledge,'
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Tablc 4 : Relative errors for the second and fourth transmission conditions from Thble I
for lhe asymmetric

Table 5 : Relative enors for the second and fourth transmission conditions from Table I
for the asymmelri

Table 6 : Relative errors for the second and fourih transmission conditions from Table I
for the asymmetric

Table 7 : Relative errors for the second and fourth transmission conditions from Table I
for the asymmetric strain simole shear case lineA

E v arri(u,u,
o-.(0,0)

4rr(t+v,
E rel. error aos.(u,u,

o^.(0.0)
8138 0.4999 3.686143. l0-o 3.686164. l0-o -5.665. t0-o 2.806.10-u

analogous to those in Figs. 2-4, are presented in Figs,
6-8. As earliec it is easy to see that the displacements are
still linearly distributed rvithin the considered soft rveakly
compressible interface, rvhile the slresses are constant in

the direction perpendicular to the interface. Moreover,
the stress components oo, and oJ are continuous across
the interface as it follorvs from Fig. 8 a) and the remain-
ing component o, exhibits a disconrinuous behavior, as

stress simple tensile case alonc line A
E v arrr(()rr

o..(0.0
2tr( I -va)

E rel. error A6.r(0,0)
o,(0,0)

8138

813

81

5427
542
54
8138

813

8l
271270

0.4999
0.4999
o.4999
0.0001
0.0001

0.0001
0.3000
0.3000
0.3000
0.3000

9.2t7259.10: t

9.226338.10-6
9.260510.10-5
1.842648. 10-6
1.845021 . l0-s
1.851854.10-4
l.ll82t6'10-6
l. I 193 l3 . l0-5
l.123458. l0-1
3.354742.rc-8

9.2t7252.10-t
9.226322.tO-6
9.260494.to*s
1.842639.10-6
1.845018.10-5
1.851852.10-4
l.ll82ll.l0-6
l.lt93ll.l0-5
t.123457 .t0-1
3.354591 .iO-8

6.916
l.?3s
1.724

5"084
1.538

1.286
4.t83
t.404
1.450

4.490

0-,
g-6
g-z
g-6
g-6
g-6
g-6
g-6
g-z
g-a

-9.088
-3.479
-1.008
-1.001
-2.662
-t.934
-9.285
*t.936

-1.205
-2.460

0-v
g-8
g-8
g-8
g-8
g-a
g-e
g-s
g-8

6-8

c plane strain simple tensile case line A
E v drrIu,u,

o,{0.0)
2rr(l+v)(l-2v)
--77T-I'- rel. error ao.f (uru,

6-(0.0)
8138
813

8l
5427

8138

0.4999
0.4999
0.4999
0.0001
0.3000

7.472625.10-''
7.387995.10-e
7.407831. l0-8
1.842650.10-6
9.t28290.10-7

7.370953. l0-ru
7.378106.10-e
7.405432. tO-8
1.842639.10-6
9.t28252.t0-7

t.362.t0-4
l.l95.lo-3
3.238. l0-4
5.980.10-6
4.142.t0-6

2.465.10-)
3.102.t0-5
l.l 19. l0-5

-l.t22.to-?
- 1.205 . t0-7

stress simple shear case line A
E v Arrr(O,0)

o-(0,0)
4/r(l+v)

E rel. error a('s(u,u)
t.:fo-T

388 I
813

'81

s42i
542
54
27t270

0.4999
0.4999
0.4999
0.0001
0.0001
0.0001
0.3000

3.686151 . tO-o
3.689783. 10-5
3.703429.t0-4
3.685663. 10*6
3.690406.10-5
3.704048.t0-1
9,585672. l0-8

3.686164. l0-o
3.689791.10-5
3.703431 .10*4

3.685646.10-6
3.690406.10-5
3.704074.10-4
9.584547. l0-8

-3.381 .t0-o

-2.034. l0-6
-7.541.t0-6
4.565. 10-6

-8.265. l0-8
-7.147 .tO-6
1.174.10-1

5.6t2
6.t27
3.947
2.806
6.r28
3.948
7.586

0-6
g-8

6-8
g-8
g-t
g-8
g-z
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e stress,

A

= 813 MPa

= 0-4999

-0.2 0.0 0.2

y-coordinate, mrn

-0.2 0.0 0.2

y-coordinate mm

Figure 6 : Displacement and stress distribution for the
asymmetric sample and the asymmetric tensile loading

it should be expected.

Horvever, distributions of displacemcnt and stress com-
ponents aiong the interface (cf. Figs. 7-8) are no longer
practically constants and essentially change its behaviof
along the interface. Nevertheless, the vector of stresses
is continuous through the interface as it follorvs from
Fig. 8b and as it has to be according ro the transmis-
sion conditions (Table l). As a resulr, it is more diffi-
cult in this case to determine the edge effect zone. In
the previous subsection a sinrple exact analytical solu-
tion has existed far arvay from the external edge bound-
ary (constant stresses rvithin each material). Norv, to find
the size of the edge effect zone we propose to apply an-
other technique. Namely, rve additionally load the righr
(and left) hand sides of rhe recrangle (Fig. l) by some
additional loading having zero main vectors and observe
the changes in the respective solution. As rve have ex-
pccted, the obtained results are similar to those reported
in Fig. 5 and corresponding rbsults are presented in the

CMC, vol.4, no.3, pp. I 37- I 5 I, 2006

-4-2024
x-coordinate, mm

Figure 7 : Displacement distribution for the asymmetric
sample and the asyminetric tensile loading along lines B,
CandD

first rorv of Thble 9. One can see that the edge effect
zone (calculated by the perturbation method) differs de-
pending on rvhich displacement or stress components it
has been extracted from. Horvever, this is not an un-
expected phenomenon. For example, for the symmet-
rical sample and symmetrical loading, one pair of the
stress and displacement components gives the edge ef-
fect zone of zero length at all due to the symmetry (cf.
[Mishuris (2005b)]). In [Boichuk (200t); Kot:hanenko
(2003)l even the edge effect zones are determined for
each component of stresses. Moreover, the sizes of the
zones essentially depend on the chosen criterium. It is
evident that only a crude estimation of the edge zone
can be obtained in the early proposed rvay. Because of
thii, rve restrict ourself in theie numerical simulations to
the accurary of0.l in thc absolute value. In the author's
opinion, such information is absolutely enough to clarify
the range of the phenomenon, A more important value
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Figure I : Normal and shear stress distribution for the
asymmetric sample and the asymmetric tensile loading
along horizontal lines B, C and E

for users is the size of the region rvhere the transmission
conditions hold tnrc.

In order to find this region rvith a good accuracy rve have

additionally calculated the jumps of the conesponding
displacement components from different sides of the thin
interface, [rrr] and [rrr], and the stress components or]. and
or, along the middle line of the interface rvhich have been

normalized by the respective constants a1 and a2 accord-
ing to Table l. Corresponding results are presented in
Figs.9, 10.

One can observe a good correlation betrveen the func-
tions and, from the first glance, the same excellent agree-
ment rvith respect to the transmission condition accuracy.
Horvever, if one rvants to calculate the relative etror be-
trveen the values, the error has a different range in differ-
ent points. This is because of the variation of the lunction
values along the interface that makes it impossible to pro-
vide any conclusions uniquely based on the relative error

4.94

x-coordinate, mm

Figure 9 : Verification of the first transmission condition
for the soft interface from Table I (d: I )

estimation at any a priori chosen point, as it has been
done earlier. Moreover, in the center of the sample all
v{lues even disappear rvith machine zero accuracy. As
a result, it is impossible to directly extract the enor at
point.r : 0 at'all. To ilarify this fact, rve present in Ta-
ble 8 relative errors connected rvith the second ancl the
fourth transmission conditions from Table l. The errors
have been calculated in trvo different points at-r:0 (by
extrapolation from the nearest points) and far arvay from
the center (at point .r : 3.0). From the first glance, it
follorvs frorn Table 8 that the accuracy of the transmis-
sion conditions drastically changes in comparison rvith
the previous simple loading. Horvever, this is not an ac-
cirrate conclusion.

Let'us remind'ourselves fhat the analytical estimation
rvhich has been proved for the case under consideration
(the soft interface) in [Mishuris (2005b)]gives us the the-
gretical prediction of the order O(e). From the asymp-
totic analysis point of vierv, this only means that any

flane sress, tersile case . E = 813 MPa
lineB v=0.4999

t-;;l
l---- *'" I

E =813MPa

flane suess, tensile case

panesress,tensllecase E=813MPa
lineB v=0.4999
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x-coordinate, mm
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ditions are still valid rvithin rhe edge effect zone. For
the case under consideration the limits of the edge effect
zone are marked by points in Figs. 9a and l0a. Horv-
ever, it is impossible to see in these figures rvhere the
transmission conditions are not vatid. For this reason,
rve have prepaned corresponding magnifications near the
right-hand side of the dissimilar sample. One can easily
sec from the figures that the transmission conditions are
still valid rvithin the edge effect zone. The conesponcl-
ing regions have been calculated rvith the l7o cfiterion
and are presented in the second rorv ofTable I0.
Let us note that there are ttvo singular points (intersec-
tion of the interface boundaries rvith the extemal bound-
aries of the sample). Moreover, in the case of the dis-
similar body, corresponding stress singularities are dif-
ferent. From the results presented in Figs. 9b and lOb one
can conclude that the singularity dominated region is ex-
tremely small. Its lengrh consisrs of l0-a or 0.0 I . 2h that
coincides rvith results of Akisanya reported in [Akisania
(1997)1. In Figs. 9b and lOb it is easy ro sce rhat rhe
singularity dominated region is even essentially smaller
than the region rvhere the transmission conditions are not
valid. In fact, the region betrveen the depicted points in
Figs. 9b and l0b is a transmission zone betrveen trvo ab-
solutely different solution behaviors. Moreoveq the sin-
gularity only appears in the respective stress term (dis-
placement discontinuities are bondecl functions). The ac-
durate range of this zone can be calculated rvithin the
same l7o accuracy in determination of stress singularity
exponent (cf. Thblc 9). It must be remembered that the
constructed FEM mesh is very dense near rhe singular
points.

Finally, in Table l0 norm estimate for the first two trans-
mission conditions from Table I have been presented not
only along the rvhole inrerface (interval (-5,5)) but also
within the interval of the transmission condition validity.
One can see from these results that in such a rvay defined
relative norm error is ahvays rvithin range oft: t0-2 for
the complex loading, tvhich coincides rvith the theoreti-
cally predicted from the asymptotic analysis, and essen-
tially better for the simple loading, as it has been men_
tioned above. Moreover, rvithin the zone of the condition
validitii the calculated integral error is an order smaller
than the predicted one. Also the mentioned great influ-
erice of the applied loading on the final estimate is clearly
observed.

0.6

cts 0.sc

I o.o
b
f o.:
Ec-_ 0.2
a
$ 0.,

0.0

0.6

cts 0.5tr

{ o.o
b
{ o.t
Ec
I 0.2
a
t' o't

0.0

Figure 10 : Verification of the second transmission con-
dition for the soft interface from Tabte I (d : I )

value along the interface (e,g. components of the dis-
placement or stress) is represented in the form: 1(.r) -
zo(x) +€zt(J), rvhere eer, in fact, is the mentioned error.
Horvever, this fact is not influenced by the relative error
which is ezr(d/z(") : O(e) at an arbitrary p6inr of the
interface. This is no! true, for exarnple, near the point
rvhere ze(x) :0 holds. An appropriare approach consists
in comparison of any norms of the functions that gives
correct resulr llezrll /llzll: o(e). of course, in rhe case
of a constant value (z(x) = const) point by point and norm
definitions of the relative error coincides themselves.

Let us retum to the evaluation of such value rvhich is of
extremely interest for users and researchers as the mnge
of the validity of rhe nonclassical transmission condi-
tions. Forrunately, it is still possible to <tetermine the
zone of validity of thg rransmission condirions rvith the
l70 accuracy criterion based on a point by point rclative
error estimate starting from a point far arvay from the
center. It is imponant to note that the transmission con_

flanesress.tensilecase E=8l3Mpa
line8 v =0.4999
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, E:813 MPa, v =0.4999
.r &

oy
2n( r -v.)

E rel. error g
or

0.0
3.0

8.621439. t0-o
9.221909.t0-6

9.226322.t0-o
9.226322.t0-6

-7.016.10-z
-4.785. l0-4

-3.088. l0-z
-2.728.rc4

FdM-analysis of nonclassical transmission conditions belLycen elastrc srrucfurcs

TableS: Pointby verification of the transmission conditions. plane stress, asymmetric

3.3 Stiff nonideal interface in dissimilar stntcture

In this subsection the stiff imperfect interface discussed
in the introduction is numerically investigated. For this
aim, the same steel-aluminum dissimilar rectangle, but
rvith a thin stiff intermediate layer (elastic constanls:
E :21. 106 MPa, v :0-3), is under consi-deration. The
same simple tensile loading ur(x,H/2): vr(r) : l.d,
u*(x,H f2): rr(r) : 0 as in subsection 3. I has been ap-
plied in thiscase. Corresponding distributionsof all com-
ponents of the displacement and stress along the line A
(in the middle line of the sample rvirhin the interphase)
and along the lines B-D (parallel ro rhe interface) are pre-
sented in Fig. I la and Figs. 12-13, respectively. As it
follorvs from the asymptotic solurion (cf. (19)-(21)), the
displacements rvithin the interphase should be constant iR
the direction perpendicular to the interface Thislfact is
confirmed by FEM-calculations in Figs. I la-12. On the
other hand, according to the obrained numerical results in
Fig. I Ib, the stress components are also constants, while
one can conclude from (36), (38) and (40) thar fte shear

t47

sample and the

stress should rather change its behavior in direction per-
pendicularto the interface. There is, nevertheless, a sim-
ple explanation of the fact observed in the calcularions.
NamelS one can notify that $,r, : 0 at point r: 0 due
to the symmetry conditions (and it is easy to observe in
the numerical calculations presented in Fig. t2). More-
over, from Fig. 13 rvhete stress distributions are shorvn
along different lines parallel to the interface and are ly-
ing in and out ofthe interface, one can conclude that all
stress compctnents behave exactly in the rvay as predicted
by asymptotic analysis. In this case, only the validiry of
the fourth transmission condition from Table I is not ev-
ident in advance. For this reason, we additionally cal-
culated the jump of the shear stress from different parts
of the interface, [oo.], and the second derivative of the
displacement u, normalized by the parameter a3 due to
Table l. Figure 14 confinns a good agreement betrveen
the functions.

The ertge effect zone cao be easily estimated from
Fig. l2b and l3a rvhere one of the displacement compo-
nents rb and trvo stresi componcnts or and o, practically

point
asymmetric tensile

Thble 9 of the difierent Plane stress, E : 813 MPa, v = 0.
asymmetri
(Arrr,or) 

]

c tensile loading
(Alrr,o',,)

simple tensile Ioading
(Arrr,o") [ (trr,orr.)

range of the edge effect
range of validity of the
transmission condition
range of the singularity
dominated domain

4.6
4.9803

4.999...

3.9
4.9883

4.999...

4.5
4.9803

4.999...

3.4
4.9894

4.999 ...

Tablc 10 : Norm verification of the transmission conditions. Plane stress, asymmetrical tensile loading, E : g l3
MPa, v = 0.4999

erTor interval llArr* -azorrllz' llArr-ll,
simple.

loading
complex

loading

(-5.00,5.00)
(-4.98,4.98)
(-5.00,5.00)
(-4.98,4.98)

6.563. l0-r
2.390.10-3
3.575. 10-2'
1178.tO-2

6.876.10-r
5.460.10-4
1.614.10-2
1.153. t0-3
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Figure ll : Displacement and stress distriburion along
the symmetry axis perpendicular to the intefrace in the
asymmetric sample and the simple tensile loading for the
sliff interface

exhibit a constant behavioralong the interface. The cor-
responding distance.from the external boundary is even
smaller than in the case of the soft interface. To calcu_
late the region rvhere the considered transmission condi-
tion is valid, rve prepared as earlier a magnification (cf.
Fig. l4b) near the right-hand side boundary. Correspond-
ing points on the Rgure illustrate the respective values.
The singularity dominated region is of the same length,
rvhile the zone rvhere the transmission conditiondoes not' hold tme is norv trvo times longer. Moreover, the sec-
ond derivative of the displacement ar the middle line of
the interphase (y:0) is bounded near the free boundary.
This is an additional proof that the singularity dominated
domain is essentiatly smaller than the thickness of the in.
terface. Othenvise, one should observe a higher growth
-of the derivative near the free boundary.

Finally, we have also tried to verify the stiff tiansmis_

x-coordinate, mm

Figure 12 : Displacement distribution along lines B, C
and D parallel to the interface in the asymmetric sample
and the simple tensile loading for the stiff interface (ri =
r)

sion condition in the case of the complex loading rvhich
has been introduced in the previous section for the soft
interface. Horvevcr, our FEM-mesh leaded to the same
unsatisfactory behavior of the sotution, as it has been
discussed in the introduction of the first part [Mishuris
(2005b)1. This is because bending plays an important
role for such lciading together rvittr itre siiffinterface and
makes it impossible to use the constructed mesh for the
verification of the transmission conditions in this case.

4 Discussions and Conclusions

As it follorvs from the numerical resulrs by FEM analy-
sis presente<l here and in paper [Mishuris (2005b)], im-
perfect transmission conditions for the thin soft and stiff
interphases analytically obtained by asymptotic analysis
are satisfactory rvith a very good accuracy even in the
case of e: 0.01. Moreover, in the case of simple symme-

E = 2l'ld MPa

v=0^3

darc sbest I
tensitecase 6 llr*e
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Figure 13 : Normal and shear stress distributiod along
lines B, C and D parallel to the interface in the asym-
metric sample and the simpld tensite loading for the stiff
interface

try, the accuracy is bssentially better than that predicted
by theory. Only in the case of the plane strain problem
for the soft rveakly compressible interface, theenor man-
ifests an essentially different behavior. Let us note,that
in this case Lamd parameters of the inteqphas.e material
are not comparable in value and one of the main nec-
essary assumptions to prove the transmission cOnditions
obtained are not valid.

As a result, in the case of the thin intermediate layer be-
trveen trvo elastic materials different transmission condi-
tions can be applied depending on relations betrveen the
material piuamete$ of the bonded materials and the in-
terphase zone, The question when one can use particular
transmission conditions has been ansrvered taking into
account retations betrveen the problem pardmeters. i{o*u-
ever, it is enough to use, in fact, only trvo of them - for
the stiff and the soft interface. Namely, if rhe interphasc

x-coordinate, mm

Figure 14 : Verification of the fourth transmission con-
dition for the stiff interface from Table I (d : l)

is stiffer than the bonded rnaterials then it makes sense to
use the stiff interface transmission conditions, rvhile in
the case rvhen the material parameters of the thin layer
are smaller than the matched ones then it is necessary
to use the [ansmission conditions for the soft interface.
Then in the intermediate case of the comparable in value
interface parameters a; have the same degree O(e) rvith
respect to the only small parameter g: h/H as the theo-
retically predicted error.

Holvever, there are still some questions rvhich still re-
main to be clarified. First, it is necessary to evalu-
ate transmission conditions in the case of the rveakly
compressible interphase and estimate by rhe same FEM-
analysis the range of their applicability, This phe-
nomenon has been observed in [Ryabenkov (1999)] but
no solution has been suggested. On the other hand, it
is highly important to estimate an etror introduced into
final calculations by utilization of any of the proposed
imperfect transmission conditions from the initial smge.
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Hence, the analysis rvill be not complete if one does
not calculate numerical solutions based on the imperfect
transmission conditions and does not compare it rvith rhe
accurate numerical solutions for thc finite thin interface.
Moreover, such comparison has been done in the rvhole
domain not onty near the imperfect interface. Let'us note
that the estimates for the zones presentetl in Table 7 give
us the possibility to properly locate special singular and
transmission elements of respective sizes in a constructed
FEM mesh. These problems rvill be pointed out in future
investigations

The edge effect appears on a distance comparable rvith
trventy five times the thickness of the interface. In fact,
this zone can be conside'red as a region rvhere Saint-
Venant's principle fails. The interesting and important
fact is that lhis zone essentially depends on the type
of interfaee that is not so evident from the first glance.
Namely, the size of the edge effecl zone monotonically
depends on the ratio E /E_. Horvever, rhe verified trans-
mission conditions fail only on a <tistance of two interface
thickness, rvhile the singularity dominated zone extends
on a distance of only h/lOO. Of course, the lengths of
the zones are strongly influenced by the chosen criterion.
We have applied 

^ 
lEo accurnicy criterion throughout the

paper rvhich corresponds to the predicted accuracy of the
transmission conditions O(e). Horvever, regardless of the
criterion choice the region rvhere the transmission condi-
tions are not valid is essentially srnaller than the size of
the edge zone.

Although FEM analysis is very useful for verification in
value in comparison rvith the formal asymptotic analy_
sis, it has its orvn restrictibns conceming values of the
small parameter and strong difficulties connecting rvith
necessity to build a complicated mesh which can be ad-
ditionally depending on the type of toading, as it oc_
curred in our investigations for bending. Also:it is rtif_
ficult to define an unknorvn form ofcorresponding trans-
mission conditions from FEM analysis. Horvever, in the
case rvhen one can suppose any specific conditions, they
might be numerically verified. In such a way there is a
possibility to evaluate imperfect transmission conditions
in lhe case rvhen respective asymptotic analysis is diffi-
cult to carry out. Taking this fact into account, w€ are
going to evaluate and verify transmission conditions for
thin plastic interphases. First atrempt have been done in
[Mishuris (2005a)].
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Abstract

Different imperfect transmission conditions modelling a thin intermediate layer between two bonded materials in a dissimilar

elastic strip are analysed from the point of view of possible free-edge effects. The type of imperfect model depends essentially on the

mechanical properties of the interphase and can be classified as soft, comparable and stiff interfaces. Corresponding transmission

conditions have been derived by asymptotic analysis. However, they are not valid, generally speaking, at a region near the free edge,

where an additional boundary layer should be constructed. By using FEM the size of this region is estimated and all possible edge-

effects phenomena are classified.

� 2004 Elsevier Ltd. All rights reserved.

Keywords: Elasticity; Imperfect interface; Non-classical transmission conditions; Finite element method; Free-edge effects; Stress singularity;

Interphase

1. Introduction

Most modern engineering structures make use of

elements which are produced from the technology of

joining materials (i.e. composites, adhesive joints, etc.).

Analytical and numerical investigations of the edge ef-
fects which can be observed at the free boundaries of the

bonded dissimilar materials, have, in the past, be mainly

based on three approaches. The first of these, and the

most popular, assumes that the bi-material interface is

of zero-thickness, which allows the so-called ‘‘perfect

contact condition’’ to be satisfied along the whole length

of the interface [2,7–9,27]. The perfect contact condi-

tions occur when the displacements and tractions remain
continuous across the whole of the interface. From the

point of view of the edge effect analysis, such an ap-

proach provides a stress singularity at the intersection

between the interface and the external boundary. Cor-

responding stress singularities can be calculated from

respective transcendental equations taking into account

all boundary and transmission conditions. In the two-

dimensional (2D) case, the equation has been written for

the first time in [5] and later it is discussed for different

wedge geometries in [2,27]. It has been shown that the

classical square root stress singularity is no longer valid

and it has been shown to depend upon the angle between

the interface and the boundary as well as on two-

dimensionless material parameters (Dundurs parame-
ters), which describe the relative properties of the two

bonded materials (cf. [9]). Nevertheless, the singularity

can be easily calculated and implemented in FEM code

with the corresponding special elements.

A region within the neighbourhood of the singular

point is susceptible to microcracking originating from

the point of the stress singularity. This may lead to a

decrease in the mechanical strength/stability of the whole
structure which may ultimately lead to its destruction

[1,2,4,13,25,26,28]. To estimate the risk of crack ap-

pearance, Cherepanov [8] suggested and Akisanya later,

with the help of his co-authors [2,27], developed the idea

of using the value of a so-called generalised ‘‘stress

intensity factor’’ in fracture mechanics analysis. How-

ever, such an approach makes it impossible to take into

account any internal peculiarities of the real interphase
between the matched materials. On the other hand,

properties of adhesive materials may differ fundamen-

tally from those of the bonded materials. For this reason,

another (second) approach has been implemented in the
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modelling of bonded dissimilar materials. It consists of

the assumption that there is an additional thin layer of

finite thickness with its own mechanical properties (see

review in [10]). However, with modern technology very
thin glue layers (thin films) are used [14,30]. This fact

makes it difficult to perform any numerical calculations

using FEM taking into account the need to build a

complicated mesh of fundamentally different sized ele-

ments that can lead to a loss in accuracy, unstable cal-

culations and even loss of convergence [22]. In such a

case, the third approach may be very successful: the so-

called imperfect interface approach. This consists of
using some special non-classical transmission conditions

which take into account the internal properties of the

thin interphase, but the conditions are still applicable

along the imaginary zero-thickness interface (glue line).

Such transmission conditions can be obtained from some

phenomenological assumptions (cf. [8,10,30]) or from the

accurate asymptotic analysis [3,12,15,16,22,23] taking

into account various features of the intermediate layer.
However, to the best knowledge of the authors, only the

very first attempts (in the papers [11,12,23]) have been

made to estimate the influence of such imperfect mod-

elling on the edge effects seen within composite structure.

In this paper we will be investigating all the possible

imperfect interfaces (i.e. soft, comparable and stiff). The

three classifications come from the asymptotic analysis

[22,23] and do not contradict or overlap with that found
in [12], where, in fact, only the soft and comparable

interfaces in our classification are under consideration.

The edge effects seen related to the problem under

consideration are divided up into three groups: edge

effect, validity of transmission condition and singularity

dominated zone.

2. Transmission conditions and FEM modelling

Let us consider a plane problem (that being: a two-

dimensional problem) for modelling a dissimilar body
(Fig. 1). The bonded materials from the top and the

bottom part of the dissimilar strip posses the elastic

parameters lþ, m� and l�, m�, (the shear modulae and

Poisson’s ratios, respectively). The interphase is as-

sumed to be isotropic, with the elastic constants l, m. In

this section, possible transmission conditions which can
be evaluated by asymptotic methods are presented

without any details. The corresponding analysis has

been done in [22,23]. The interphase is assumed to be

very thin so that h ¼ �h0 and h0 � L, where L is a

characteristic dimension of the bonded components,

while � is a small dimensionless parameter ð�� 1Þ.
Three different interphases can be distinguished: soft

interface l � �l�, comparable interface: l � l�, and,
finally, stiff interface: l � ��1l�. Additionally, it is as-

sumed that the interface may be slightly curved and the

elastic constants of the bonded materials do not differ

significantly when compared to the value of the small

parameter �. These assumptions mean that, for example,

if � ¼ 0:01 then lþ=l� can range from 0.1 to 10.0, but

can not be smaller than 0.01 nor exceed 100.0. As a re-

sult, different transmission conditions can be obtained,
respectively [22–24]. They are summarised in Table 1. In

Table 2 the formulae to calculate the parameters aj

(j ¼ 1, 2, 3) are given. The formulae in Table 2 have been

found using an additional assumption: i.e. material

parameters of the interphase do not change in direction

perpendicular to the glue line (line where y ¼ 0 holds).

However, the parameters aj can exhibit any functional

dependency with respect to the variable x changing along
the glue line. One can find the general relations in [23].

Let us mention here an extremely important fact with

respect to the evaluation of the transmission conditions:

the corresponding asymptotic analysis in the case of the

plane strain is only valid when the material of the

interphase is not weakly compressible (i.e. the value of

Poisson’s ratio m is close to 0.5 but on a scale essentially

greater than the value of the small parameter �). As is
clear from the Table 2, the parameter a1 should be

approaching zero when m! 0:5, but the respective

transmission condition is not longer valid.

One last remark: the transmission conditions derived

by asymptotic analysis, which are presented in Table 1,

are only valid at a distance from the external boundary,

where an additional singular boundary layer has to be

built to fulfill the external boundary conditions near the
thin interphase layer. As a result, the question arises as

to what the length of the zone is where the transmission

conditions are not longer valid.

A commercial finite element software (MSC.Marc) is

used for simulating the mechanical behaviour of the

thin intermediate layer which has the dimensions

2h ¼ H=100 ¼ 0:01 and L ¼ 10. As a result, the value 2h
can be taken in this case as the small parameter �. The
two-dimensional FE-mesh is built up of four-node,

isoparametric elements with bilinear interpolation

functions. In order to investigate the edge effect on both

sides of the rectangle (cf. Fig. 1), a strong mesh refine-
Fig. 1. Schematic representation of the problem, evaluation paths and

boundary conditions of the investigated structure.
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ment in this region is performed (cf. Fig. 2). Further-

more, the mesh is generated in such a way so that it is

possible to evaluate the displacements and stresses along

the axes of symmetry: lines A and B (cf. Fig. 1) and
along the transition zone of the materials: lines C and D.

(The lines Ce and De belong to the bonded material and

the lines Ci and Di to the interphase.) Additionally, the

density of the mesh increases near the free boundary (cf.

Fig. 3) to accurately investigate the distribution of the

displacement and stress fields without necessity to use

any special singular element in FEM analysis. The main

aim of the mesh choice is to eliminate any predefined
behaviour within the numerical solution as it can exhibit

different features depending upon the mechanical

properties of the interphase and the bonded materials as

well as the chosen interface model. We have checked the

constructed FEM mesh by comparing it with known

benchmarks to show that it is appropriate for the tensile

and shear loading, but not for bending load cases where

a phenomena known as ‘‘locking’’ can appear in the
transition elements.

Numerical simulations have been made under the

following conditions: simple uniform tensile and shear

external loads (corresponding components of the given

displacement vðxÞ at the top boundary of the sample are

equal to vxðxÞ ¼ 0, vyðxÞ ¼ 1 and vxðxÞ ¼ 1, vyðxÞ ¼ 0,

respectively) or tensile loads in the form: vxðxÞ ¼ 0,

vyðxÞ ¼ 0:04 � x2. Two different samples are under con-

sideration: symmetrical sample (both matched compo-

nents are aluminum alloy AlCuMg1 (2017), with the
elastic constants, Young’s modulus E� ¼ 72; 700 MPa

and Poisson’s ratio m� ¼ 0:34) or asymmetrical sample

whose upper part consists of steel (elastic properties

Eþ ¼ 210; 000 MPa, mþ ¼ 0:3), while the lower part is

the aluminum alloy (E� ¼ 72; 700 MPa, m� ¼ 0:34).

Differing elastic constants are assigned to the interme-

diate layer and the calculations are carried out for the

plane stress and plane strain states.

3. Numerical results

A lot of numerical results for the mentioned sym-

metrical and asymmetrical samples, different loadings

and different types of the interface from Table 1 have

been presented in [22,23] to estimate the range of the

validity of the derived transmission conditions. In this

paper we would like to concentrate our efforts mainly on
the possible edge effects appearing in the problem under

consideration.

In Figs. 4 and 5, distribution of displacement and

stress along the lines B, C and D parallel to the glue line

are depicted. As an example, the symmetrical sample

consisting of two aluminum parts affixed by a

weak adhesive layer with the following artificial elastic

y = 0
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Fig. 2. Two-dimensional FE-mesh: strong mesh refinement in the

investigated area.

Table 1

Possible sets of transmission conditions along the line y ¼ 0 depending on the relative properties of the thin intermediate layer, 2D case

Interface Transmission conditions

Soft ½ux� � a2rxy ¼ 0 ½uy � � a1ry ¼ 0 ½rxy � ¼ 0 ½ry � ¼ 0

Comparable ½ux� ¼ 0 ½uy � ¼ 0 ½rxy � ¼ 0 ½ry � ¼ 0

Stiff ½ux� ¼ 0 ½uy � ¼ 0 ½rxy � þ o
ox a3

oux
ox

� �
¼ 0 ½ry � ¼ 0

Table 2

Parameters ajðxÞ for the plane strain and plane stress case

Case a1 a2 a3

Plane strain 2hð1þmÞð1�2mÞ
Eð1�mÞ

4hð1þmÞ
E

2hE
1�m2

Plane stress 2hð1�m2Þ
E

4hð1þmÞ
E 2hE
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properties: E ¼ 813 MPa, m ¼ 0:3. In our classification

this is the typical soft interface. Corresponding trans-
mission conditions are presented in the first line of Table

1. For calculation, an inhomogeneous tensile load has

been applied: vx ¼ 0, vy ¼ x2=25.

From Fig. 5b one can observe that the stress com-

ponents ry and rxy are continuous and, hence, the cor-

responding transmission conditions are satisfied, from

the first glance, along the entire length of the sample.

The last component of stress rx takes the same value
within the interphase, but is discontinuous across the

interphase boundaries, as expected due to the disconti-

nuity of the material properties. On the other hand,

displacement components ux and uy are dissimilar along

all of the considered lines. To check the last two trans-

mission conditions from the Table 1, for the case of the

soft interface, it is necessary to calculate the jump of the

displacements from different sides of the interphase.

This has been done in Figs. 6a and 7a, where the
respective displacement discontinuities and the corre-

sponding stress components, normalised by the formu-

lae from Table 1, are presented. A perfect match of the

both lines is also observed.

If the simple shear or tensile loads were to be applied

to the sample, then at some distances from the free edge,

all displacement and stress components could be seen

in Figs. 4 and 5. However, we intentionally applied
more complicated loads to show that it is not so evident

how to define the possible edge effects. Nevertheless,

observing the curves for the stress components ry , rxy

from Fig. 5b and the curves in Figs. 6a and 7a, one can

conclude that there are points where the behaviour of

the curves changes. These points are depicted by small

circles determining the size of the first edge effect zone.
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This effect is, in fact, related to Saint-Venant principle.

That being: the behaviour of the solution changes due to

approaching the considered points as we move along the

curve towards the external boundary. Hence, the size of
this zone should depend first of all upon the type of the

external boundary conditions along the left and right-

hand sides of the strip and the load being applied there.

We are mostly interested in how the interphase prop-

erties influence the size of this zone. At first glance, one

could think that this influence is not so important be-

cause of the already mentioned physical behaviour of

the zone. However, this is not true.
In Fig. 8 the main tendency for the size of the edge

effect zone can be observed for different material prop-

erties of the interphase layer when the same aluminum-

aluminum symmetrical sample is used. As one can see

from the presented results, only the case of the soft

weakly compressible interface under plane strain con-

ditions deviates in behaviour in comparison with the

other cases. The reason for this is due to the fact that
other transmission conditions have to be valid for such

interface. Moreover, it has been shown in [23] that dif-

ferent external loads on top of the sample have a neg-

ligible effect in regards to the edge effect zone size. Of

course, in order to discuss any edge effect zone, it is

necessary to define the criteria describing the phenom-

enon. In this paper, an accuracy criteria of 1% is rig-

orously applied for the determination of any edge effects
under consideration. The edge effect subjected to Saint-

Venant principle (that being the simplest and clearest) is

simultaneously the most difficult to be determined

numerically. Only simple loads (simple shear or simple

tension) give the possibility to do that without compli-

cations. Otherwise, the exact solution valid for an infi-
nite sample with the same external loads has to be

known in advance to compare with the numerical

solution for the rectangle of the given length with the

free edges. However, taking into account the above fact

that the applied loading to the top of the sample has a

slight, non-significant, influence, one can restrict the

loading to simple loads. Another technique can be

proposed to determine the zone with any complicated
load at the top of the sample boundary. In this tech-

nique, one can apply to the right-hand side of the sample

some additional loads exhibiting a zero main vector and

then observe the changes in the results obtained. We

used this technique in paper [23].

Furthermore, it should be underlined here that the

edge effect zone is not directly connected with the region

of validity of the transmission conditions for the
imperfect interface. By this we mean that one can easily

observe a perfect coincidence between the curves from

Figs. 5b, 6a and 7a corresponding to the different parts

of the imperfect transmission conditions mentioned

above. Moreover, one can conclude from the diagram

that the transmission solutions are satisfied along the

whole glue line. However, this is not true, of course, and

this only holds in the range of the figures. To make it
clear, magnifications of the curves from the right-hand

side of the sample are presented in Figs. 6a and 7a. In
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turn, two different points can be recognised in the

magnified diagrams. The first one is the point that sep-

arates the region where the imperfect transmission

conditions are still valid from the region where they are
not. The same 1% criteria has been applied to find this

point. The other point on each diagram defines the so-

called singularity dominated region near the singular

point which was mentioned in the introduction. To

determine this region one can approximate the solution

along the interphase boundary in the proximity of its

intersection with the external boundary using a simple

asymptotic expansion (for example, uy ¼ uy0 þ brk). In
Fig. 9 such an approximation can been plotted on the

logarithmic scale. Moreover, the both unknown param-

eters b and k have been found numerically by the least

square method. It is important to note here that we still

have a lot of numerical points for such an approxima-

tion due to the constructed mesh being used (see the first

section). Because the exact value of k can be easily

calculated from the respective transcendental equation
given in [27], it makes it possible to estimate the size of

the stress dominated zone by applying the 1% criteria in

terms of the accuracy of the value of this parameter (see

Fig. 9). The corresponding points visualised in Figs. 6b

and 7b have been also extracted in the same way. One

can see that this region is essentially smaller than the

thickness of the interphase and can be estimated as

0:02 � 2h. This corresponds with the results reported in
[6,12,23,27]. On the other hand, the region, where the

transmission conditions are no longer valid, can be

estimated as being comparable with the interphase

thickness. However, the length of this region is more

variable with changing material properties of the inter-

face than the size of the singularity dominated domain.

Moreover, using the results of the paper [11,12] (where

several values of the thickness have been investigated)
one can conclude that the absolute size of the singularity

dominated zone can not be considered as an appropriate

characteristic but the only relative one (in comparison

with the thickness of the interphase). The zones between

the points in Figs. 6b and 7b are, in fact, intermediate

regions between absolutely different behaviour of the

considered elastic field. From a mathematical point of

view, this is the length of the boundary layer zone which
has to be build to complete the asymptotic analysis

dealing with the derivation of the imperfect transmission

conditions (see [24]).

Corresponding results showing the sizes of the dif-

ferent edge phenomena are presented in Table 3 for

three different soft interfaces. All the discussed sizes

have been measured parallel to the glue line. However,

at least for the last edge effect, i.e. singularity dominated
zone, one can also determine the singularity influence in

a direction perpendicular to the interface from the sin-

gular point (as in any other direction cf. [6,17,29]). In

Figs. 10a–12a the distribution of all stress components

along the line parallel to the external boundary at some

distance d are shown for three different cases: the sym-

metrical sample and simple tensile, the symmetrical

sample and asymmetrical tensile load and, finally, the
asymmetrical sample and simple tensile load. It has been

assumed that the intermediate layer exhibits the same

properties in the cases under consideration with elastic

parameters m ¼ 0:3 and E ¼ 813 MPa. The value of

d ¼ 1:953� 10�5 (d ¼ 1:953� 10�32h) has been taken in

such a way that the line definitely lies within the domain

where all the three above mentioned edge-effect phe-

nomena appear. Let us note that the stress components
rx and rxy are equal to zero along the free boundary

according to the boundary conditions. However, the

stress components along the line under investigation are

still very small along the major part of the line

(rxð5� d; 0Þ � 0:2 MPa and rxyð5� d; 0Þ � �16 MPa)).

The magnitudes of the stresses in this region do not

practically depend on the cases under consideration.

Nevertheless, these values are not longer equal to zero as
one can conclude from the first glance from Fig. 5.

On the other hand, there are two regions near the

intersection points between the interphase and the

-10

-8

-6

-4

-2

0

-13 -10 -8 -5 -3 0

ln(x+5)

E = 8138 MPa

ν = 0.3

plane stress, simple tensile case

ln(u -u )y y0

lnb+ ln(x+5)λ⋅

Fig. 9. Evaluation of the length of the singularity dominated zone.

Table 3

Plane strain, tensile case, line A

E m Edge effect Validity of transmission

condition

Singularity dominated

domain

8138 0.3 4.1847 4.6928 4.999

813 0.3 4.4522 4.9919 4.999

81 0.3 4.7768 4.9932 4.999
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external boundaries where the behaviour of the stresses

rx and rxy changes drastically in Figs. 10a and 11a.

Analysing the lengths of the regions, one can determine

that the range of the singularity dominated domain is of
the same order in the both directions (perpendicular and

parallel to the interface). However, within these regions

the influence of the particular cases is quite evident.

Moreover, in the case of the symmetrical samples, no

essential differences can be observed between the two

different singular points, as it should be expected (be-

cause of the free external boundaries and practically the

same distance to the loaded top and bottom boundaries
of the rectangle). In fact, the values of the stress singu-

larity exponents and the generalised stress intensity fac-

tors near the singular points should be almost equal in

absolute values (but of the opposite signs for the gener-

alised SIFs) in these cases. And in the case of the asym-

metric sample (even for simple and, hence, symmetrical

loading) higher peak stresses arises near the singular

point with a larger difference in the elastic properties of

the matched materials (in the case under consideration it
is the top intersection point between the external and

interphase boundary). Although, the values of the com-

ponents rx and rxy do not change significantly along the

line under consideration, the last component ry behaves

differently. Here, all factors play an important role.

Moreover, all stresses exhibit other behaviour within the

interphase along the line perpendicular to its boundaries

in comparison with those in the middle part of the
sample, where all components change linearly (see [23]).

To also indicate the influence of the value of Pois-

son’s ratio on the mentioned edge effects, the same re-

sults for the stresses in the case of the asymmetric

sample loaded by simple tensile loading on the top are
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presented in Figs. 10b and 12b. One can deduce from

those figures that the value of Poisson’s ratio influence

significantly the value of the stress singularity exponents

and the generalised SIFs but not on the length of the
singularity dominated zones.

It is also to be noted that the stress field appearing in

the model with only the imperfect transmission condi-

tions instead of finite thin interphase does not exhibit

any singular behaviour near the free edge effect at all

(cf. [11,12]). However, this is not a peculiarity of the

imperfect interface itself, but a direct consequence of the

geometry of the dissimilar body under consideration.
Thus, in cases when the crack stops perpendicularly to

the imperfect interface [18,19] or lies on it [20,21], vari-

ous stress singularities can arise depending on the local

mechanical behaviour of the local shape of the inter-

phase near the crack tip and on its material properties.

In this paper we always assume that the mechanical

properties of the interphase do not change from point to

point. As a result, for such a geometry, no stress sin-
gularity exists under any of the imperfect interface

models excepts the classical perfect bonding.

Although, only the soft interface has been discussed

here in details, it has been shown in [23], among others,

that the stiff imperfect interface is characterised by the

same lengths of the singularity dominated domains and

the regions where the transmission conditions are no

longer valid as has been in the case of the soft imperfect
interface. This allows us to consider the results as a

general rule for researchers involved in work regarding

different influencing edge effects in composites with

imperfect interfaces.

4. Conclusions

In the presented work, special efforts have been made

to clarify all edge effects connected with imperfect bonds

between two different elastic materials. Different imper-

fect models have been discussed with respect to the

appearing edge effects. By using FEM analysis, ranges of
the domains involved in the phenomena have been esti-

mated. It has been shown that the edge effects in the case

under consideration can be classified in three different

type phenomena. Although each of them play an

important part in influencing the behaviour of the dis-

similar structure, the last two edge effects (validity of the

transmission condition region and singularity dominated

zone) should be of particular interest for users of finite
element programs involved in edge effects. Thus, the

knowledge about the validity region makes it possible to

drastically decrease the number of finite elements in the

constructed mesh by introducing special transmission

elements instead of the thin intermediate zone between

the different materials and also to prevent unsatisfactory

phenomena in the numerical analysis. The information

about the singularity dominated domain, in turn, makes

it possible to locate the corresponding special singular

element in the correct location.
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cated and essentially depends on the material and geometrical properties of the
imperfect interfaces. Possible error estimates and ranges of the edge zone effects
connected with utilisation of the imperfect interface models have been cliscussed
in [16, 17] by the FEM analysis. This short overview shows that elastic imperfect
interfaces have been intensively investigated in different directions.

However, thin elasto-plastic interfaces appear very often in real applic.ations
and the respective plastic properties may even have a greater influence than
the elastic ones [11]. on the other hand, the numerical FEM simulation of the
thin elasto-plastic interphase is more complicated than a pure elastic siplrlation.
Unfortunately, results which have been obtained up to now have beerr absolutely
insufficient and are mainly concentrated on problems of thin plastic inter.phases
between rigid adherends [10, 12].

In the present work, imperfect transmission conditions for a soft elasto-plastic
interphase are evaluated by asymptotic methods. The interface is des<.ribed by
the simple Hencky's deformation theory model. only the main rer.ms. i.e. zero-
order expressions, of the asymptotic analysis are considered. Respective trans-
mission conditions are naturally nonlinear. Higher-order expressions can be much
easier to construct continuing the asymptotic procedure from the respective lin-
ear boundary problems. A numerical example baseci orr ar] a(,curate finite element
simulation shows a high efficiency of the approach. in spite of the fact that the
deformation theory has its strong restrictions.

2. Basic interphase equations

In this section, only the interphase is consiclelr<i. It rs assuurecl that the
material behaviour can be modeled by the ela^sto-plastic.Henckr. lau.[5. l2]:

I - 2 u
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where rz is Poisson's ratio, p and E are the shear and young's rnoduli of the
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deviatoric parts of the strain and stress tensors:
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Function S is assumed to be known in Eq. (2.1) and depends only on the
second invariant of the strain deviator Ii2l:

159

d pmprtb of the
|: clge zooe effects
lrre bm discussed
8, &ic imperfect
,:tirc-

h rrel tpplications
ürr infueoce than
rl imulati<rn of the
rCstic simulation.
re been rheolutely
plstic interphases

amft elastoplastic
ace s described by
dn tgnns. i.e. zero-
- f,espective trans-
:sions can be much
r the respective lin-
urate finite element
,f the fact that the

sum€d that the
rcL1' law 15. tZl :

ng's moduli of the
rnd Do denote the

(2.4)

Here, as usually.

(2 .5)

(2.s)

It is easy to show

1 3

J2( t )  :12(D. )  :  
,D ,  

"n r " , t
L 'J : l '

ö :  ö ( J z G ) ) ,  @ ( 0 ) : 0 .

3 u * S E

and eii are components of the deviator Dr. It is well known that such a model
describes applopriately only monotonic or near-monotonic loading and, in fact,
comprises one of the nonlinear elasticity models [9, 12].

After some standard transformations, Eq. (2.1) can be rewritten in a form of
nonlinear elasticity as:

(2 .6) o5i :2peii * \e6ii, i ' ,  i  :  L , 2 , 3 ,

where the generalised Lam6's coefficients have been introduced:

r,(e) : l (r .+)-' ,
(2.7)

i 1 o ;  : l ( r * + ) - ' l  3 u  E  \
o \  . E  /  \ r - 2 r + o r - 2 " )

It should be noted here that these new coefficients coincide in the pure elastic
regime (d : 0) with the elastic Lam6's parameters:

p(0) : u: 1ft1, i(o) : ): F;n -U(2.8)

Also the generalised Poisson's ratio can be introduced in the model:
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from Eqs. (2.7) and (2.9) that
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where the function !(/) monotonically decreases, while functions i (@) ana i(4)
monotonicallv increase.
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RpueRx 1. If the initial elastic parameters of the intermediate laver are
essentially smaller than those corresponding to the bonded materials. i.e.

(2 .11 ) [r(0) < p+, ^(0) << )i ,

then one can immediately conclude from (2.10) the same properties of the gen-
eralised parameters for any ö > 0 provided z is not too close to zero:

(2.r2) t"(0) < t"+, l(d) < r-

RBvreRx 2. It follows from (2.9) and (2.10) that i(@) -- I12 ffi d* oo.

RnuRRx 3. F\rnction 0 : öQ2G)) can not behave arbitrarily. In fact, it
should be determined from the yield criterion [121. On the other hand, one can
deduce from the monotonicity of the true stress-strain curve behaviour that the
function lt@(t))tn has to be non-decreasing. Moreover. in the case of hardening
materials without saturation, Jz@) --+ oo as J2Q.) - cc, or

(2 .13) t t ( ö ( J2 (e ) ) ) t /  Jz ( t )  +  @, as J2(e) --- 6p.

Taking into account Eq. (2.7), it is clear that condition (2.13) holds always in
the case when /(t) is a bounded function. In the oposite case, if @(t) ---+ oo as
t --+ oo, the following estimate for the function d ha^s to be satisfied:

(2.14) fl OtA ---+ oo, a S  l - C O .

If one additionally assumes that there exists sorne parameter a > 0 such that

(2 .15) ö(t) :  o(t") , a s  l + c o ,

then it is easy to see that estimate (z.Ia) is satisfied only under the condition
0 < a < I 1 2 .

On the other hand, in the case of ideal plastic materials or plastic hardening
laws with saturation:
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To finish the preliminary part of the paper, equations for the plane strain

state are presented below. Thus, i f  u, - ur(r,A), ur: uo(r,U), u": 0 then
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This leads to:

(2.r7)

(2 .18)
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re case r.rf hardening
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13) holds always in
rse. if O(f) - ee 3.
iatisfied:

P t e r o > 0 s u c h t h a t

under the condition

or plastic hardening

+ co.

for the plane strain
: , ! ) ,  u " :  0  t h e n

, " :  \ ( ö )  e  ,

and for the remaining displacement and strain components, the following 2D
relationships hold:

(2.1e)

and the stress components are defined by generalised Hooke's law (2.6):

( 2 . 2 0 )  o i i : 2 p , e i i * i e d 1 r ,  ' i , j : 1 , 2 ,  € : € ü + € , a .

Finally, the second invariant of the strain deviator can be calculated in this
case as:

- 0r, ^ 0u,
0 r '  

- c  
0 y '

€ ,s ; (* .W)

J2(e) : ,7, +: @'�, + el - e,€y) .(2.21)

3. Problem formulation and its asymptotic analysis

A bi-material domain with a thin elasto-plastic layer between two different
elastic materials with Lam6's parameters p+,,\1, respectively, is .considered in
the following (Fig. l). It is assumed that conditions (2.11) and, hence, (2.12)
are satisfied. The intermediate layer is thin and soft so that simultaneously the
conditions

(3 .1 ) 2h : 2eho, it : e [to, .l : elo,

hold where e ( 1 is a small Darameter. and

(3.2)

while ,L is a characteristic size of the body.

Ftc. 1. Bimaterial structure under consideratiorr.



r62 G. MnsuRrs A. öcusunn

The stresses satisfy within the interface, together with Eqs. (2.19) and (2.20),
the equilibrium conditions:

(33)  * .W:0 ,  W. f t :0 ,

i. io3(", {),
J :0

'f 
nr

(3 .10)

whereas the im
elastic interface

it(r ,y) are:

( 3 . 1 1 )

(3 .12)  [ r . ] r :o

Here. the s-r'mbx
surface f. Let u
in vien' of the i
( 3 . 1 0 )  a n d  ( 2 . 1 9

( 3 . 1 3 )

Taking these ert
manner:

(3 .14)

and utilising th
higher orders. or
can be calculate

(3 .15)

This equation sl
mission conditio
the thin soft elzu

Note that thr
g (compare it wi

(3 .16)

y € (-ehs,ehs) .

Along two bimaterial interfaces where U : *.eho holds, the perfect transmission
conditions are assumed to be true:

(3.4) u,(r, teh6) : u* (r, tehg), uolr. *ehg) : uf, (r, tehs),

(3.5) o,a(r,*efr .6) :o; !r@,Iehs),  ooe:. tehs):of,(r ,*eh.s).

Let us intentionally assume that the solution of the problem is known. Then,
the nonlinear material parameters p, and I depend. generally speaking, on the
geometrical position of the point under consideration:

(3.6) i t :  I t@,A) ,  )  :  . \ ( r ,  y ) ,

via the known strain eU(r,A) and, hence, the second invariant J2(e) : Jz(r,a)
of the strain deviator. During the evaluation of the transmission conditions it
was assumed that functions (3.6) are known. As a result, this interphase can be
analysed as an inhomogeneous elastic interphase [16] and only in the last stage,
an additional equation to determine the second invariant of the strain deviator
will be extracted.

Here, the standard asymptotic procedure, explained in detail in [19], is ap-
plied. Namely, rescaling one of the space variables by the formula:

(3.7) A : e € ,  { € ( - ä 6 , ä e ) ,

and seeking for the solution of the problem in the form of asvmptotic series:

(3.8) S ,u( r , y )  :  Le r t i ( r , { ) ,  o (2 , { )  :
j :o

one should collect the terms of the same order with respect to the small parameter
e in Eqs. (2.20), (2.2L) and (3.3) and in the transmission conditions (3.4)-(3.b)
and then to solve step by step the corresponding boundary value problems. Thus,
repeating the line of reasoning applied in [16], one can find the solution for the
zero-order approximation within the interface in the following form as [16]:

(3.e) orv(r ,y)  :  o f r ( r ,0) ,  oy(r ,g)  :  o f , ( r ,0) ,
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(a,  O,
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lue problems. Thus,
lhe solution for the
g form as [16]:

) ) ,

(3 .10)

1t(u,y) are:

( 3 . 1 1 )

v

u , \ r . A ) :  u ; ( r , 0 )  +  o , u ( r , q  [  - ! - ,
-  

J  F \ r ' t )
-h

u

uy@-.y) : uo (r,0) + or(r,, I XOlhr*,

whereas the imperfect transmission condit".r, uro"* the soft inhomogeneous
elastic interface with known distribution of the elasti,c parameters i(2, y) and

h
f) J

- h

] s :o  :  0 '  l oo )y : s :0 ,TU

h

I
h

lo

, J
) , ( r , t )  + 2p.(r , t )

Here, the symbol [/]7- denotes as usually the jump of the function / across the
surface f .Let us underline here that integrals in (3.12) are estimated like O(1)
in view of the assumptions (3.1). on the other hand, one can conclude from
(3 .10)  and (2 .19)  tha t :

( 3 . 1 3 )  € u ,  e , v :  O ( e - l ) .  s . :  O ( 1 ) ,  e  - '  0 .

Taking these estimates into account. one can rewrite Eq. (2.21) in the following
manner:

(3 .14)

and utilising the generalised Hooke's law (2.20) and neglecting the terms of
higher orders, one can deduce that the second invariant of the strain deviator
can be calculated in the following manner:

(3.12) [u,]y:o: o,a(r) 
I #i, fuolr:o: oa(r

r2 (e) :  ( , r , * i * )  , r  +o(e) ) ,  €*0 ,

^2  n2
Jt(e\ :  

" 'o,  
+-  ' \ -  /  4 t12  
'  

3QP +  l ; z '
(3 .15)

This equation should be considered as an additional relationship to the trans-
mission conditions (3.11), (3.12) connecting stress and strain quantities within
the thin soft elasto-plastic layer.

Note that the stress components o, and oro d.o not depend on the variable
g (compare it with (3.9)). As a result, it is natural to assume that

(3.16) Jz(e)  :  111"1 and ö:  ö( r ) .
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Taking this fact into account, one can simplify the transmission conditions (3.12)
to obtain:

tensile or simpk
(3.20) is satisfie
remaining non-;

ReN,reRx J
speaking. ar $r
boundarl'. The
estimated nurne

4, Numerical

First  of  ai l .
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2ä  :  0 .01  nr r r r .
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hardening nrc,<lt
parameters: E =
reaching the Hu
modulus Ep :

Ftc .  2 .  Geon

2h
[u" l :  / f io"0@1, luol :

2h
(3.17)

(3.18)

os( r ) '
),(r) + 2ir(r)

The system of five equations (3.11), (3.17) and (3.15) establish the sought for
transmission conditions for the soft elasto-plastic interface. Three of the equa-
tions in the transmission conditions are nonlinear (cf. (3,17) and (3.15)). For-
tunately, it is possible to reduce the number of equations. Namely, to stay only
with two nonlinear transmission conditions, equations (3.17) are substituted into
equation (3.15) to obtain:

lr*12 . t ,l 'r 2 \ e ) : G Ä Z * ö p

As a result, one can receive two nonlinear equations

1 ' � |
(3.19) 

f iu@Qz(e)))  
'  [ "" ]  :  ora,  

*(Ä + 2p')(q(J2(e)))  ' luol :  oa,

which constitute together with (3.11) the complete set of the transmission con-
ditions. Here, J2(e) is calculated only basing on the displacement jumps [u"] and

[zr] in (3.18). It should be noted that the transmission conditions (3.19) can be
written in abstract form as:

(3.20) F"([u"], luol) :  o,o, Fr([2, i .  lu,o)) :  oy,

where functions F*(t,.) and .Fr(.,t) monotonically inclease with respect to the
variable t (cf. equations (2.4), (2.7) and (3.18)). Moreover, one can conclude from
(2.7) and (3.1) that the left-hand sides of equations (3.20) are of the order O(1).

Equations (3.11) and (3.20) substitute the complete systern of nonlinear
transmission conditions for the soft elasto-plastic interface in the bimaterial
structure under consideration. Another peculiarity of the conditions obtained
in comparison with the imperfect elastic interface [16] is that the displacement
jumps in different directions are not separated fol the soft elasto-plastic inter-
face, but both participate in each transmission condition from (3.20). However,
in a particular case, when only the elastic regime appears in the elasto-plastic
Iayer, conditions (3.20) degenerate to the imperfect elastic interface [16]:

l (o)+ zi(o)' [ u o 7 :  o r .(3 .21) /r(0)
2h

' l u * l :  o r s ,
2h

Another possibility to separate the displacement jumps from each other, even
under plastic regime, can appear for some special loading conditions (e.g. simple
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tensile or simple shear load), where one of the nonlinear transmission conditions
(3'20) is satisfied identically whereas the other contains at the left-hand side the
remaining non-zero jump (generally speaking in a nonlinear form).

RBtteRx 4. tansmission conditions (3.11) and (3.20) are valid, generally
speaking, at soure distance at the interaction of the interface with the external
boundary. The range of the distance cannot be exactly predicted but can be
estimated nurnelically, what will be done in the next section.

4. Numerical example and discussions

First of all, it is important to note that only terms of zero order have been
evaluated by means of the asymptotic procedure. However, next terms can be
found also in the same manner. I"{oreover, the boundary value problems which
appear for the next terms will be linear, in contradiction to the zero-order term.
However, as it has been demonstrated earlier in the case of the purely elastic
interface [16], it will be shown for the elasto-plastic case that it is also sufficient
to restrict the analysis to the zero-order approximation.

To show this. a numerical simulation of a bimaterial interface problem has
been done. The geometry of the sample and respective loading conditions are
shown in Fig. 2. The elastic materials which are glued by the interphase are
assumed to be identical with Young's rnoduli E+ : 72700 Mpa and poisson's
ratio z1 : 0.34. The geornetrical dirnensions ale I : 10 rnm, H : I mm and
2h : 0.01 mm. As a result, the value of e : 2hlH : 0.01 can be considered
as the small parameter. The eiasto-plmtic irrterface is represented by a linear
hardening model whose parameters are clescribed in Fig. 3. Namely, the elastic
parameters: E : 813 \4Pa, z : 0.3. In the plastic region which is appearing after
reaching the Huber-NIises stress of value kt,o : b0 MPa, the constant hardening
modulus Ep : 81.3 MPa is prescribed. Let us underline that all commercial

l ine B

Ftc. 2. Geometry and loading conditions of the bimaterial sample with a thin soft
elasto-plastic interface for FEM simulation.
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FEM codes are based on the more general theory of plastic flow [5, g, 12]. As
it has been mentioned above, the results with these models, i.e. deformation
and plastic flow theories, coincide only under monotonic or nearly monotonic
loading. Because of this, only monotonic external loading is applied (Dirichlet's
boundary condition at the top of the sample).

The function @ from the deformation theory equations (2.1)-(2.4) was calcu-
lated by the given interphase properties of the flow theory [5, 121 and is shown
in Fig 3b). Furthermore, it has been assumed that the material is obeying the
Huber-Mises yield criterion.

0.05 0. t  0 0.15 0.20 0.25 0.30

Total equivalent strain €.,1, -

0.004

0.003

0.002

0.001

0.000

-0.001

0.00 0.02 0.04 0.06 0.08

J'(e)

Frc. 3. Evaluation of the function / from plastic flow parameters.

A simple tensile monotonic loading (u*(*, H 12) : 0,ur(r, H 12) : ur) is ap-
plied at the top of the bimaterial sample in the range from \Vo to 0.6% of. u, f H in
100 incremental steps, Due to the symmetry of the loading and the sample geome-
try, two of the transmission conditions, i.e. [orr] : 0 and Fr(lur),[ur]) : oro,
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Ep  =  81 .3  MPa
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are satisfied identically because of [ur] : 0 and ota 0 holds in this case. The
two remaining conditions [zr] :0 and Fr(Q,[uo]): oahave to be verified. The
first one is the same as in the case of the pure elastic imperfect interface [16] and
is of less interest in comparison with the second one.

In Fig. 4a). a comparison of the left and right-hand side of the condition
Fo(O,[ur]) : oy is presented. The traction is represented by the solid line while
the values of the left-hand side function are depicted by circles in several points.
The visible plastic zone appears in the middle of the interface after 30 incre-
ments. The accuracry of the evaluated transmission condition is in the same
range as it has been checked for the pure elastic interface [t7]. Moreover, the
region where the transmission conditions are valid does not change practically,
regardless whether the interphase material is in the elastic or plastic region. To
illustrate this fact, a magnification of the same functions as in Fig. 4a) is pre-
sented in Fig.  b). The 1% accuracy criterion has been chosen to indicate the
validity regions. It is also important to note that the plastic zones which appear

a)

. 2 0 2

x-coordinate, mm

b)

4.96 4.97 4.98 4.99 5.00

x-coordinate, mm

Ftc. 4. Validity of the transmission conditions for thin elasto-plastic interface.
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near the free edges are very small and therefore invisible in the scale of Fig. 4a).
The range of the plastic zone coincides more or less with the range of singularity
dominated domains for the elastic interface [17] and starts to be smaller during
the plastic deformation.

Additionally to the presented analysis, investigations of possible singularity
of the solution for a bimaterial body with a soft imperfect elasto-plastic interface
model near the interface crack tip or near free edges should be done. Respective
results concerning the pure elastic imperfect interface have been obtained in

[1 ,  i4 ,  151.
One of the crucial points to underline is the fact that the stress-strain state of

the 2D bimaterial structure under consideration is not purely monotonic due to
definition in [12]. Thus, it would be natural to expect a more significant difference
between the numerically and analytically predicted interfacial conditions than
it was clarified for the pure elastic interface in [16]. However, as it follows from
the results presented in Fig. 4, the accuracy of the transmission conditions for
the elasto-plastic interface is much better than one' could expect due to the
limitations of the deformation theory.

Another important fact which should be mentioned here concerns Remark 2.
It may happen for vely large plastic deformations that the generalised Poisson's
ratio will approach its maximal value of 0.5 and, as a result, the transmission
conditions evaluated here should be used with a reselvation, as it follows from the
results obtained in [18] for the soft, weakly compressible elastic interface. Nev-
ertheless, if Poisson's ratio of the elasto-plastic interphase is sufficiently smallel
than 0.5 in the elastic regime, then the transmission conditions evaluated in the
paper can be applied in the range of usual plastic defbrmations. For example,
the maximum value of the generalised Poisson's ratio takes in the numerical
simulation the value of. ü :0.42 after 100 increments, while ru (0) : 9.3.
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Abstract

A thin soft elasto-plastic interphase between two different media is under consideration. The intermediate layer is assumed to be of
infinitesimal thickness and is modelled by non-linear transmission conditions which incorporate the elasto-plastic material behaviour of
the layer. FEM analysis of a bimaterial structure with such an imperfect elasto-plastic interface shows the efficiency of the approach and
illustrates some restrictions of its application.
� 2006 Elsevier Ltd. All rights reserved.

Keywords: Elastic–plastic layer; Imperfect interface; Non-classical transmission conditions

1. Introduction

Thin interphases appearing in dissimilar bodies such as
composite structures with adhesively bonded materials
may significantly influence the whole spectrum of struc-
tural parameters: strength, dynamics, fracture, lifetime,
and so on. Recently, significant efforts have been done to
clarify various phenomena connected with the so-called
elastic imperfect interface approach. It consists of replacing
the real thin interphase between two different materials by
an infinitesimal layer of zero thickness. This layer is then
modelled by special transmission conditions which incor-
porate information about geometrical and mechanical
properties of the thin interphase. At first, such proposed
conditions were based on phenomenological approaches
and have been sufficiently exploited (see [1–3] among others
and the respective references). Later, various imperfect
transmission conditions have been evaluated by asymptotic
methods in [4–7] for different types of interfaces and mate-
rials. The accurate asymptotic behaviour of solutions of
interface crack problems at the imperfect interface formu-

lation has been investigated in [8–10] where it has been
shown that the behaviour may be very complicated and
essentially depending on the material and geometrical
properties of the imperfect interfaces. Possible error esti-
mates and ranges of the edge zone effects connected with
utilisation of the imperfect models have been discussed in
detail in [11,12] by FEM analysis. This short review shows
that elastic imperfect interfaces have been intensively inves-
tigated in different directions.

However, thin elasto-plastic interfaces play even a more
important role in real applications [13] and results which
are obtained up to now are absolutely insufficient and are
mainly concentrated on problems of thin plastic interpha-
ses between stiff adherends [14,15].

In the present work, imperfect transmission conditions
for a soft elasto-plastic interphase are discussed. The inter-
face is described by Hencky’s deformation theory model.
Only the main terms, i.e. zero-order expressions, of the
asymptotic analysis are considered. Respective transmis-
sion conditions are naturally non-linear. Higher-order
expressions can be later much easier constructed contin-
uing the asymptotic procedure from the respective linear
boundary problems. Numerical examples based on an
accurate finite element simulations show the high efficiency
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of the approach, in spite of the fact that the deformation
theory has its own strong restrictions.

2. Description of the thin elasto-plastic interface

Let us first consider only the elasto-plastic interphase
and assume that its material behaviour can be modelled
by Hencky’s law [15,16]:

e ¼ 1� 2m
E

r; De ¼ /þ 1

2l

� �
Dr; ð1Þ

where m is Poisson’s ratio, l and E are the shear and
Young’s modulae of the material in the elastic regime
(E = 2l(1 + m)). As usual, the first invariants of the strain
and stress tensors are denoted by e and r. Furthermore,
De and Dr are deviators of strain and stress, respectively,
while J2(e) and J2(r) are their second invariants.

Function / is known in Eq. (1) and it is assumed to depend
only on the second invariant of the strain deviator [15]:

/ ¼ /ðJ 2ðeÞÞ; ð2Þ
where /(t) = 0 holds within the elastic region (t 6 J2(ecr),
ecr: initial yield strain tensor). It is well known that such
a model appropriately describes only monotonic or nearly
monotonic loading and, in fact, constitutes one of the non-
linear elasticity models [15,17]. It can be rewritten in the
elasticity-like form after transformations as

rij ¼ 2~leij þ ~kedij; i; j ¼ 1; 2; 3; ð3Þ
where the generalised Lamé’s coefficients are introduced by
the following formulae:

~lð/Þ ¼ 1

2
/þ 1þ m

E

� ��1

;

~kð/Þ ¼ 1

3
/þ 1þ m

E

� ��1 3m
1� 2m

þ /
E

1� 2m

� �
:

ð4Þ

Let us note that these coefficients simply coincide in the
pure elastic regime (/ = 0) with the respective elastic
Lamé’s parameters:

~lð0Þ ¼ l ¼ E
2ð1þ mÞ ;

~kð0Þ ¼ k ¼ mE
ð1þ mÞð1� 2mÞ : ð5Þ

Using notations (4), the generalised Poisson’s ratio can be
defined in the following manner:

~mð/Þ ¼
~kð/Þ

2ð~kð/Þ þ ~lð/ÞÞ
¼ 3mþ /E

3þ 2/E
: ð6Þ

In [18], new transmission conditions which describe the
behaviour of a flat thin elasto-plastic interphase of constant
thickness situated between two different materials have
been evaluated by means of asymptotic techniques for a
plane strain state. The only restriction to the model was
that the adherends should be essentially stiffer than the
interphase itself in all regimes (elastic or plastic ones).
Assuming that the interface middle line is y = 0, the condi-
tions take the following non-linear form [18]:

½rxy � ¼ 0; ½ry � ¼ 0; ð7Þ
F xð½ux�; ½uy �Þ ¼ rxy ; F yð½ux�; ½uy �Þ ¼ ry ; ð8Þ

where [f] = f(x, 0+) � f(x, 0�) is the jump of the function f

along the infinitesimal interface y = 0. The functions on the
left-hand sides of Eq. (8) are defined from the generalised
Lamé’s coefficients (20) given in Appendix, where the main
ideas of the asymptotic analysis to evaluate the transmis-
sion conditions (7) and (8) are presented.

It is important to note that the transmission conditions
(7) and (8) correspond to the main (zero-order) term of the
asymptotic procedure. Next terms are also possible to con-
struct. Moreover, they have to be found from solutions of
the consequent linear boundary value problems for the cor-
responding degree of approximation. However, whereas it
is also easy to prove the estimate of such an approach
which is terminating the procedure at any step in the case
of linear elasticity, the elasto-plastic interphase is a much
more complicated problem due to the material non-linear-
ity. In such cases, FEM analysis of modelling problems is
the most effective way to check applicability of the trans-
mission conditions and to discover its restrictions. This
approach is utilised in the following.

3. Numerical examples

3.1. Metallic joints

The geometry of the sample and loading conditions are
shown in Fig. 1. The real elasto-plastic behaviour of the
aluminium alloy AlCuMg1 [19] is assigned to the metallic
adherends which are adhesively bonded by the interface
and it is assumed that both are identical with Young’s
modulae E± = 72,700 MPa and Poisson’s ratio m± = 0.34.
The geometrical dimensions are L = 10 mm, H = 1 mm
and 2h = 0.01 mm. As a result, the value of � = 2h/
H = 0.01 can be considered as the small parameter.

Two different elasto-plastic interphases are considered: a
linear hardening material model and an elastic-perfectly
plastic material. Corresponding material parameters are
described in Fig. 2(a). Namely, elastic parameters of the
interphases are the same: E = 813 MPa, m = 0.3. In the

Fig. 1. Schematic representation of the problem, evaluation paths and
boundary conditions of the investigated structure.
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plastic region which is appearing after reaching the Huber–
Mises stress of value kt,0 = 50 MPa, the constant hardening
modulus Ep = 81.3 MPa is prescribed for the hardening
material and kt = kt,0 for the ideal plasticity case. Let us
underline that all commercial FEM codes are based on
the more general theory of plastic flow [15–17]. As it has
been mentioned above, the results with these models (plas-
tic flow and deformation theories) coincide only under
monotonic or nearly monotonic loading. Because of this,
only monotonic external loading is applied in the modelling
approach (Dirichlet boundary condition at the top of the
sample).

The respective functions / involved in the deformation
theory Eqs. (1) and (2) have been calculated by the given
interphase properties of the flow theory [15,16] and its
graphs are shown in Fig. 2(b). Furthermore, it was
assumed in both cases that the elasto-plastic material is
obeying the Huber–Mises yield criterion.

The commercial finite element code MSC.Marc is used
for the simulation of the mechanical behaviour of the mod-

elling thin intermediate elasto-plastic layer between two
elastic adherends. The two-dimensional FE-mesh is built
up of four-node, isoparametric elements with bilinear inter-
polation functions. In order to cover all possible edge
effects [12] (cf. Fig. 1, left and right hand side of the inter-
phase), a strong mesh refinement is performed in these
regions, Fig. 3. The density of the elements along the inter-
phase is shown in Fig. 4. Furthermore, the mesh is gener-
ated in such a way that it is possible to evaluate the
displacements and stresses along the axes of geometrical
symmetry, and along all the interfaces between the inter-
phase elasto-plastic material and the adherends as well as
along the lines parallel and perpendicular to the interfaces
and lying within the interphase layer.

3.1.1. Elasto-plastic interphase with hardening law
3.1.1.1. Simple tensile loading. A simple monotonic tensile
loading (ux(x,H/2) = 0,uy(x,H/2) = vy) is applied to the
top of the bimaterial sample in the range from 0% to
0.6% of vy/H in 100 incremental steps.
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Fig. 3. Two-dimensional FE-mesh: strong mesh refinement in the investigated area.
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First of all, distributions of all displacements and stress
components in direction perpendicular to the interface
through the whole sample in its middle part (along the line
A cf. Fig. 1) are shown in Figs. 5 and 6. Results presented
in Figs. 5(a) and 6(a) correspond to the elastic regime while
Figs. 5(b) and 6(b) are valid for the plastic deformation. As
one can see, stresses within the interface are constant
whereas the displacements are linear functions which com-
pletely coincides with the theoretical predictions. As a
result, equivalent Huber–Mises stress and the equivalent
plastic strain do not change within the interphase in direc-

tion perpendicular to its boundaries (for a fixed x). Its var-
iation along the middle line of the elasto-plastic interphase
is presented for several increments in Fig. 7.

Due to the symmetry of the loading and the sample
geometry, two of the transmission conditions, i.e.
[rxy] = 0 and Fx([ux], [uy]) = rxy, are satisfied identically
because of [ux] = 0 and rxy = 0 holds in this case. The
remaining two conditions [uy] = 0 and Fy(0, [uy]) = ry have
to be verified. The first one is the same as in the case of the
pure elastic imperfect interface [11], has the same order of
accuracy as discovered in [11] and, because of this, it is of
less interest in comparison with the second one.

In Fig. 8(a), comparisons of the left and right hand sides
of the condition Fy(0, [uy]) = ry are presented. The traction
is drawn by the solid line while the values of the left-hand
side function in (8)2 is depicted by circles in several points.
The visible plastic zone appears in the middle of the inter-
face at the 30th increment with a deformation ratio of vy/
H = 0.18%. The accuracy of the evaluated transmission
condition (8)2 is in the same range as it has been checked
for the pure elastic interface [11]. Moreover, the region
where the transmission conditions are valid does not
change practically regardless the interphase material is in
the elastic or plastic region, Fig. 8(b). To highlight this fact,
a magnification of the same functions as in Fig. 8(a) is
presented in Fig. 8(b). A 1% accuracy criterion has been
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364 G. Mishuris, A. Öchsner / Composite Structures 80 (2007) 361–372



chosen to indicate the validity regions for the transmission
conditions. The regions are of 2–3 thickness of the inter-
phase. It is also important to note that the plastic zones
appearing near the free edges are very small and are invis-
ible in the scale of Fig. 8(a). The zone where the transmis-
sion conditions are not longer valid coincides more or less
with the range of the singularity dominated domains for
the elastic interface [12] and becomes to be smaller with
accumulated plastic deformation.

3.1.1.2. Combined loading. Now we apply to the top of the
specimen a combined loading in such a way that in y-direc-
tion the same displacement is prescribed whereas in the per-
pendicular direction there is also a non-zero monotonic
loading: (ux(x,H/2) = vx,uy(x,H/2) = vy) in the same
ranges from 0% to 0.6% for vy/H and vx/H, respectively,
in 100 incremental steps.

In this case, the same particularities can be observed
with respect to distributions of the displacements and stres-
ses inside the thin interphase and outside the interphase
within the surrounding materials. In Fig. 9, the results con-
cerning Huber–Mises stress and equivalent plastic strain
are presented in the same way as it has been done in
Fig. 7. A slightly different behaviour can be observed which

shows now the influence of the additional secondary load-
ing in x-direction.

A more interesting question is about the validity of the
transmission conditions. Now both of them are not trivial.
Moreover, a second non-zero jump [ux] is presented in the
functions Fx, Fy appearing in the transmission conditions
(17). It is interesting to note that the validity region is at
least not smaller than in the case of the simple tensile load-
ing. To manifest this, we present Fig. 10 where the same
values are depicted as in Fig. 8.

The same accuracy for the evaluated transmission con-
ditions arises for the second transmission condition dealing
with the jump [ux]. We skip this picture only because it can-
not be compared with the case of the simple tensile loading.

One of the crucial points to underline is the fact that the
stress-strain state of the 2D bimaterial structure under con-
sideration is not pure monotonic due to the definition in
[15]. Thus, it would be natural to expect a more essential
difference between the numerical model based on the plas-
tic flow theory and the analytically predicted interfacial
conditions based on the deformation theory in comparison
with the accuracy observed for the pure elastic interface.
However, as it follows from the results presented in Figs.
8 and 10, the accuracy of the transmission conditions is
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much better than one can even expect due to the limitation
of the deformation theory. However, this is only true for a
hardening interphase law. It will be shown in the following
that the results are slightly worse in the case of perfect plas-
ticity. It should be noted here that the adherends remained
in the pure elastic regime at any stage of the applied
deformation.

3.1.2. Elasto-plastic interphase with perfect plasticity

3.1.2.1. Simple tensile loading. In this case, also the same
monotonic tensile loading (ux(x,H/2) = 0,uy(x,H/2) = vy)
has been applied to the top of the bimaterial sample in
range from 0% to 0.4% of vy/H in 200 incremental steps.
Because of the perfect plasticity law in the plastic region,
one should increase the accuracy of the calculations.

The results concerning the behaviour of the solution
within the interphase in direction perpendicular to the glue
line (y = 0) are similar to those shown in Figs. 5 and 6 at
point x = 0 and hold without any conceptual change (con-
stant stresses and linear displacements at each increment).
Distributions of the equivalent Huber–Mises stress and
the equivalent plastic strain along the middle line of the
elasto-plastic interphase (y = 0) are presented for several
increments in Fig. 11. One can clearly observe the ideal
plasticity plateau starting from a total deformation of vy/
H = 0.14%.

The verification of the transmission condition (8)2 in this
case is presented in Fig. 12. Still very good agreement with
the theoretical results can be observed over the whole range
of the interface.

3.1.2.2. Combined loading. Let us now consider a combined
loading. In this case it will be a monotonically increasing
external loading (ux(x,H/2) = vx,uy(x,H/2) = vy) applied
to the top of the bimaterial sample in the same range from
0% to 0.4% for vy/H and vx/H, respectively, in 200 incre-
mental steps.

We also restrict ourselves to show the same results as for
the simple tensile loading case. Respective equivalent
Huber–Mises stress and equivalent plastic strain curves are
presented in Fig. 13, whereas the verification of the validity
of the transmission conditions can be done based in Fig. 14.

A very important difference in comparison with the
hardening law can be observed in the case of the ideal plas-
ticity law. Namely, the region where the transmission con-
ditions are valid is smaller than that in the case of the
hardening plastic law (compare Figs. 8(b) and 10(b)) and
this region essentially depends on the level of plastic defor-
mation (compare Figs. 12(b) and 14(b)). To clarify the dif-
ference, some estimates of the zone ends have been
presented in Table 1 for the hardening and the ideal plastic-
ity law for different levels of the deformation. However, in
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both cases application of combined loading provided
slightly better results for the applicability of the transmis-
sion conditions. This is an important result. First of all
because a combined external loading is more frequent in
technical applications. On the other hand, it shows that
the worse accuracy appears in simple loading cases which
researchers usually apply for testing.

3.2. Fibre reinforced plastics

All previous simulations and evaluations were performed
for adhesively bonded metallic joints made of aluminium

adherends. In the following sections, typical material
parameter sets taken from the context of fibre-reinforced
plastics (FRP) were assigned to the same finite element
model as described in Section 3.1. For simplicity, the fibres
were assumed to reveal an isotropic, homogeneous and lin-
ear-elastic behaviour and possible effects resulting from cur-
vatures were neglected in order to compare the results with
findings obtained in the previous section. For both types of
fibres, i.e. glass and carbon, the interphase consists of the
same elasto-plastic epoxy matrix with elastic constants
E = 3000 MPa and m = 0.4 [20]. The plastic parameters of
the interphase, i.e. initial yield stress kt,0 = 45 MPa and
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linear hardening modulus Ep = 2200 MPa were taken from
Ref. [21], cf. graphical representation given in Fig. 15a).

The respective function / involved in the deformation
theory Eqs. (1) and (2) has been calculated by the given
interphase properties of the flow theory [15,16] and its
graph is shown in Fig. 15(b). Furthermore, it was assumed
that the elasto-plastic matrix is obeying the Huber–Mises
yield criterion.

3.2.1. Glass fibres and epoxy matrix

In the following section, a typical material set for glass
fibres, i.e. E± = 66,500 MPa and m± = 0.23 [22], is consid-
ered. The same external monotonic tensile loading as in
the case of metallic joints (vy/H = 0.006) is applied in 100
incremental steps. Fig. 16 shows the distribution of equiv-

alent Huber–Mises stress and strain along the middle line
(y = 0) of the elasto-plastic interphase for different levels
of deformation. Comparing this figure with the results
obtained in the previous section (cf. Fig. 7), one can
observe that the behaviour is quite different. Namely, a
practical constant behaviour for both quantities is obtained
over a wide range of the interphase for the fibre–matrix
structure. In addition to that, small maxima occur now
close to the free surface while the material set for the metal-
lic structure reveals its maximum in the middle where
x = y = 0 holds.

Comparing the results for the equivalent plastic strains
(i.e. Figs. 16(b) and 7(b)), one can see that the level for
the plastic strain is much lower in the case of the fibre–
matrix material set which is a direct result of the chosen
material parameters. Despite the lower initial yield stress,
first plastic deformation occurs a few increments later in
the case of the fibre–matrix material because the equivalent
yield stress is much more homogeneously distributed over
the length of the interphase.

The validity of the transmission condition is shown in
Fig. 17. As can be seen, a perfect fulfilment is again
obtained over the range presented in Fig. 17(a). Looking
at the magnification shown in Fig. 17(b), one can observe
that the range of the validity decreases from x � 4.9 (cf.
Fig. 8(b)) to x � 4.5 compared to the metallic configura-
tion. This is an important information in order to decide
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Table 1
Validity of the transmission condition in terms of d/(2h) for metallic joints

Deformation 0.12% 0.22% 0.6%

Hardening
Simple tensile 1.81 1.93 3.45
Combined loading 1.82 1.90 3.01

Ideal 0.1% 0.16% 0.4%
Simple tensile 1.78 82.35 118.6
Combined loading 1.82 1.80 94.2
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where interphase or special singularity elements should be
introduced in an improved numerical approach. Neverthe-
less, a range of x � 4.5 for the validity is from a practical
point of view still quite good.

3.2.2. Carbon fibres and epoxy matrix

A typical set for carbon fibres (E± = 227,000 MPa and
m± = 0.3 [20]) is assigned for the adherends in the following
section. In order to obtain comparable values for the equiv-

alent plastic strain, the maximum evaluated external dis-
placement is limited to vy/H = 0.0018. As in the previous
example of a fibre reinforced plastic, a homogeneously dis-
tribution of the equivalent stress and strain is obtained, cf.
Fig. 18.

Looking at Fig. 19 which illustrates the validity of the
transmission condition, one can see that a validity region
(x � 4.95) is significantly larger than in the case of the
glass–fibre material set and now comparable to the values
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obtained for the metallic joint. It should be noted here that
the same range compared to the metallic joints could be
obtained even though the material properties for the inter-
phase and the level of the external loading are quite
different.

The normalised values for the validity of the transmis-
sion conditions for fibre–matrix material sets are summa-
rised in Table 2. As can be seen, the much stiffer carbon
fibre reveals results comparable to the metallic joint set
and significantly better than the glass fibre. Reminding that
the interphase material was the same for both fibre–matrix
cases, one can see that the stiffness ratio between interphase
and joint materials directly influences the validity of the
transmission conditions.

4. Discussions and conclusion

The very good accuracy of the presented approach will
enable the introduction of novel finite elements for thin
interphases. Later, we concentrate on the weak side of
the method and its respective restrictions.

It follows from Eqs. (6) and (11) that m 6 ~mð/Þ 6 1=2
and ~mð/Þ ! 1=2 for /!1. Hence, it may happen for
large plastic deformations that the generalised Poisson’s
ratio will approaches its maximal value of 0.5 and, as a
result, the transmission conditions evaluated here should
be used with a reservation as it follows from the results
obtained in [23] for the weakly compressible soft elastic
interface. Nevertheless, if Poisson’s ratio of the elasto-plas-
tic interphase is sufficiently smaller than 0.5 in the elastic
regime, then in the range of usual plastic deformations,
the transmission conditions which were evaluated in the
paper can be applied.

For example, the maximum value of the generalised
Poisson’s coefficient (6) in the numerical simulation for
the 100th increment with a deformation ratio of vy/
H = 0.6% (hardening case) takes the value ~m ¼ 0:47, while
~mð0Þ ¼ 0:3. Additionally, values of the generalised Pois-
son’s ratio are presented in Fig. 20 for four different adhe-
sive materials. Three of them (hardening law and ideal
plasticity law for the interphase in metallic joints and fibre
reinforced plastics) were used earlier in this paper and the
last one is from Ref. [24] where properties of real adhesive
have been discussed. One can conclude from Fig. 20 that
the ideal plasticity case is the most dangerous in the dis-
cussed sense. Also it provides the worst results with respect
to the validity of the transmission conditions (16) and (17),
cf. Tables 1 and 2.

The transmission conditions (16) and (17) which were
evaluated in the paper are non-linear and the jumps of
the displacements in different directions with respect to
the bimaterial interface cannot, generally speaking, be sep-
arated from each other. This only occurs in the elastic
regime. Another possibility where the jumps are separated,
even under plastic regime, appears in the case of some spe-
cial loadings (simple tension or simple shear), where one of
the non-linear transmission conditions (17) is satisfied iden-
tically whereas the other contains on the left-hand side the

Table 2
Validity of the transmission condition in terms of d/(2h) for fibre
reinforced plastics (hardening)

Material Deformation 0.12% 0.30% 0.6%

Glass–glass Simple tensile 51.74 56.42 56.55

Deformation 0.06% 0.084% 0.18%
Carbon–carbon Simple tensile 4.32 4.57 5.13
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only remaining non-zero jump (generally speaking in the
non-linear form).

Additionally, to the presented analysis, investigations of
the possible singularity of the solution for a bimaterial
body with the soft imperfect elasto-plastic interface model
near the interface crack tip or near free edge should be
done. Respective results concerning pure elastic imperfect
interface have been obtained in [8–10].
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Appendix

Here, only the main ideas in a comprehensive form how
to evaluate transmission conditions (16) and (17) are pre-
sented. For more details and proof, a prospective reader
is requested to the paper [18].

Let us consider a bi-material domain with a thin elasto-
plastic layer between two different elastic materials (Fig. 1)
which can be described by Hencky’s law (1) in such a way
that the conditions

2h ¼ 2�h0; ~l ¼ �~l0; ~k ¼ �~k0; ð9Þ
are simultaneously satisfied with some small parameter
�� 1, and

h0 � L; ~l0 � l�; ~k0 � k�; ð10Þ
while L is a characteristic size of the body and l±, k± are
the respective generalised Lamé’s coefficients of the adher-
ends which are much higher under the same level of defor-
mation than the corresponding values of the elasto-plastic
interface. Let us note that it is sufficient to use instead of ~l
and ~k in estimate (9) its value in the elastic region because

0 < ~lð/Þ 6 l; k 6 ~kð/Þ < 1þ m
3m

k ð11Þ

and Poisson’s ratio of the interphase is rather different
from zero. Moreover, one can show [18] that the function
~lð/Þ monotonically decreases, while functions ~mð/Þ and
~kð/Þ monotonically increase.

Within the interface together with Eq. (1), the equilib-
rium equations should be satisfied:

orx

ox
þ orxy

oy
¼ 0;

orxy

ox
þ ory

oy
¼ 0; y 2 ð��h0; �h0Þ: ð12Þ

Along the two bimaterial interfaces between the layer and the
adherends (y = ±�h0), the perfect transmission conditions
are assumed to be along the interphase boundaries true:

uxðx;��h0Þ ¼ u�x ðx;��h0Þ; uyðx;��h0Þ ¼ u�y ðx;��h0Þ;
ð13Þ

rxyðx;��h0Þ ¼ r�xyðx;��h0Þ; ryðx;��h0Þ ¼ r�y ðx;��h0Þ:
ð14Þ

Following for [25], we search for a possible solution in a
form of asymptotic series:

uðx; yÞ ¼
X1
j¼0

�jujðx; nÞ; rðx; nÞ ¼
X1
j¼0

�jrjðx; nÞ: ð15Þ

To construct the asymptotic procedure [25], it is necessary
to collect in all equations and in the transmission condi-
tions the terms of the same order with respect to the small
parameter e and then to solve step by step the correspond-
ing boundary value problems. Thus, repeating the line of
the reasoning as in [11] one can find the solution for the
zero-order approximation within the interface in the fol-
lowing form [18]:

½rxy �y¼0 ¼ 0; ½ry �y¼0 ¼ 0; ð16Þ
F xð½ux�; ½uy �Þ ¼ rxy ; F yð½ux�; ½uy �Þ ¼ ry ; ð17Þ

F x ¼
1

2h
~lð/ðJ 2ðeÞÞÞ � ½ux�;

F y ¼
1

2h
ð~kþ 2~lÞð/ðJ 2ðeÞÞÞ � ½uy �: ð18Þ

It was proven in [18] that all values within the interphase
do not depend on the variable y in the main terms, such
that J2(e) = J2(x), /(J2(e)) = /(x), and

J 2ðeÞ ¼
½ux�2

16h2
þ ½uy �2

12h2
: ð19Þ

Note here that functions Fx(t, Æ) and Fy(Æ, t) in (17) mono-
tonically increase with respect to the variable t.

Eqs. (16) and (17) substitute the complete system of non-
linear transmission conditions for the soft elasto-plastic
interface in a bimaterial structure.
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[11] Mishuris G, Öchsner A, Kuhn G. Imperfect interfaces in dissimilar
elastic body: FEM-analysis. In: Ren Z, Kuhn G, Skerget L, Hribersek
M, editors. Advanced Computational Engineering Mechanics. Proc.
of the First Workshop, Maribor Slovenia, October 9–11, 2003. Mari-
bor: University of Maribor Publishers; 2003. p. 101–10.

[12] Mishuris G, Öchsner A. Edge effects connected with thin interphases
in composite materials. Compos Struct 2005;68:409–17.

[13] Rosselli F, Carbutt P. Structural bonding applications for the
transportation industry. Sampe J 2001;37(6):7–13.

[14] Ikeda T, Yamashita A, Lee D, Miyazaki N. Failure of a ductile
adhesive layer constrained by hard adherends. Trans ASME J Engng
Mater Technol 2000;122:80–5.

[15] Kachanov LM. Fundamentals of the theory of plasticity. Mos-
cow: MIR Publishers; 1974.

[16] Chen WF. Constitutive equations for engineering materials. Amster-
dam: Elsevier; 1994.

[17] Hill R. The mathematical theory of plasticity. Oxford: Clarendon
Press; 1998.
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Abstract. Imperfect transmission conditions modelling a thin intermediate layer between two
bonded materials in a dissimilar strip are derived in this paper. The interphase material is
assumed to be heat-resistant and situated in a thin rectangular domain between the main
materials. Different types of the interphase are investigated: homogeneous and inhomogeneous;
linear and nonlinear ones.

Introduction

Thin interphases are commonly used in modern technology [1]. An inhomogeneous structure
obtained in such a way may exhibit a wider variety of thermal and mechanical properties.
On the other hand, numerical modelling of composites with thin interphases is still a difficult
numerical task as it requires high inhomogeneity of the constructed mesh which can lead to a
loss of accuracy and even numerical instability. That explains the high interest to model the
interphases as a zero thickness object described by specific so-called transmission conditions
along the infinitesimal interface. In the case of constant heat conductivity, the problem has been
completely solved in [2], where the general approach was developed independent of the range
of the heat conductivity of the thin (in comparison with the matched adherents) interphase.
However, such interphases often manifest clear nonlinear or homogeneous properties connected
with the production and exploitation processes [1]. In this paper, we derived the transmission
conditions in the case of inhomogeneous or nonlinear heat conductivity. We concentrated our
interest to a a heat-resistant interphase which is the most important case from an application
point of view. We will apply the same approach as it has been done in [3, 4, 5] in the case of
structural elastic and elasto-plastic interphases that allows us to overcome problems connected
with possible nonlinearities. We can refer here also to other methods to deal with the thin inter-
phases [6, 7] as well as to construct effective homogenesation properties of composite materials
[8, 9, 10].

Problem formulation

Let us consider a bimaterial structure matched together with a thin intermediate layer of the
constant thickness 2h (Fig. 1). The heat transfer equations are satisfied in the surrounding
materials:

∇k±∇T± + Q± = ρ±c±
∂T±

∂t
, (x, y) ∈ Ω±, (1)
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where T± and Q± are temperature and the thermal sources within the respective materials
occupied domains Ω± while k±, c± and ρ± are their thermal conductivities, heat capacities and
densities, respectively. We are not going to solve the problem but to derive the transmission
conditions modelling the heat-resistant layer. As a result, we do not need to accurately describe
here properties of the surrounding materials.

Within the thin interphase, a similar equation is given by

∇k∇T + Q = ρc
∂T

∂t
, (x, y) ∈ Ω, (2)

where T and Q are temperature and the thermal sources within the interphase and

k = k(x, y, t, T ), c = c(x, y, t, T ), ρ = ρ(x, y, t, T ),

which can depend on the space and time variables as well as the unknown temperature. As
usual, the heat flux inside the interphase is defined by Fourier’s law:

q = −k∇T.

Transmission conditions along the material interfaces Γ± = {(x, y), x ∈ (−a, a), y = ±h}
between the domains Ω and Ω±, respectively, (see Fig.1) should be written in form:

[n · q]|Γ+
= 0, [T ]|Γ+

= 0, (3)

[n · q]|Γ−
= 0, [T ]|Γ−

= 0. (4)

Here, as usual, [f ]|Γ = f(x, α+) − f(x, α−) is the jump of the function f across the interface
Γ = {(x, y), x ∈ (−a, a), y = α}.

ρ, c, k

ρ  , c  , k+ + +

ρ  , c  , k- - -

2h

Γ

Γ

+

-

Fig. 1: Bimaterial structure with a thin interphase

Assumption 1. We consider throughout this paper that the domain

Ω = {(x, y) : y ∈ (−h, h), x ∈ (−a, a)}

representing the intermediate interphase is thin enough in comparison with characteristic sizes
of both surrounding adherends Ω± (see Fig. 1), thus h = ǫh̃ (ǫ << 1).
Assumption 2. The next crucial point for this analysis is that the interphase itself is heat-
resistant so that the thermal conductivity of the intermediate layer is much smaller than those

Diffusion in Solids and Liquids88



of the bonded materials. In other words the ratios k/k± are of the same order of ǫ as it occurred
for the interphase thickness:

k = ǫk̃. (5)

Assumption 3. Finally, we want to allow that the thermal conductivity of the interface k,
sources Q and the multiplicator ρc are smooth but maybe fast changing functions with respect
to the interphase thickness:

k̃ = k̃(x, y/ǫ, t, T, ), Q = Q(x, y/ǫ, t), ρc ≡ ρ(x, y/ǫ, t, T ) · c(x, y/ǫ, t, T ), (6)

After appropriate rescalling of the space variables as shown in Fig. 2, we use the standard
asymptotic approach applied in case of thin domains following for procedure from [11]:

y = ǫξ, (x, y) ∈ Ω.

Then, equation (2) can be finally rewritten in an equivalent form as:

1

ǫ2

∂

∂ξ
k̃

∂

∂ξ
T̃ +

∂

∂x
k̃

∂

∂x
T̃ +

1

ǫ
Q̃ =

1

ǫ
ρ̃c

∂T̃

∂t
, ξ ∈ (−h̃, h̃), x ∈ (−a, a), (7)

where
T̃ (x, ξ, t) ≡ T (x, y, t),

and it follows from assumption (6) that:

k̃ = k̃(x, ξ, t, T̃ ), Q̃ = Q(x, ξ, t), ρ̃c = ρc(x, ξ, t, T̃ ).

x

x

k2 h

2 a

~ ~x

y

2 a
2 h

r e s c a l i n g

k

Fig. 2: Thin interphase domain before and after rescalling.

We will seek for the solution within the interphase layer in the form of an asymptotic expansion:

T̃ (x, ξ, t, ǫ) = T̃0(x, ξ, t) + ǫT̃1(x, ξ, t) + ǫ2T̃1(x, ξ, t) + ... (8)

and the heat flux is calculated from the asymptotic expansion:

q̃(x, ξ, t, ǫ) = −k̃(x, ξ, t, T̃ ) [ǫ
∂

∂x
,

∂

∂ξ
]T̃ = −k̃(x, ξ, t, T̃0)[0, 1]

∂

∂ξ
T̃0 + O(ǫ), ǫ → 0. (9)

Then from Eq. (7) we receive a consequence of the boundary value problems within the inter-
phase:

∂

∂ξ
k̃(x, ξ, t, T̃0)

∂

∂ξ
T̃0 = 0, ξ ∈ (−h̃, h̃), (10)
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∂

∂ξ
k̃(x, ξ, t, T̃0)

∂

∂ξ
T̃j = Rj(x, ξ, t, T̃0, ..., T̃j−1), j = 1, 2, ..., ξ ∈ (−h̃, h̃). (11)

It is important to note an important difference between Eqs. (10) and (11). Namely, the first
one is nonlinear while Eqs. (11) which correspond to the next terms of the asymptotic expansion
are linear with respect to functions T̃j. Note here that the derivative with time appears only in
the right hand side of Eqs. (11).
Transmission conditions (3) and (4) can be rewritten in new notations in the forms:

T+(x, ǫh̃, t) = T̃0(x, h̃, τ) + ǫT̃1(x, h̃, t) + ǫ2T̃2(x, h̃, t) + ..., (12)

T−(x,−ǫh̃, t) = T̃0(x,−h̃, t) + ǫT̃1(x,−h̃, t) + ǫ2T̃2(x,−h̃, t) + ..., (13)

q+
y (x, ǫh̃, t) = −k̃(x, h̃, t, T̃ (x, h, t))

(
∂

∂ξ
T̃0(x, h̃, t) + ǫ

∂

∂ξ
T̃1(x, h̃, t) + ...

)
, (14)

q−y (x,−ǫh̃, t) = −k̃(x,−h̃, t, T̃ (x,−h, t))

(
∂

∂ξ
T̃0(x,−h̃, t) + ǫ

∂

∂ξ
T̃1(x,−h̃, t) + ...

)
. (15)

Expanding the left-hand sides of (12)-(15) and right-hand sides of (14)-(15) in Taylor series,
we can receive the consequence of the transmission conditions. We restrict ourself in this paper
only to find the main asymptotic term, i.e. T̃0, of the expansion (8). As a result, we can stay in
Eqs. (12)-(15) only with the terms:

T+(x, 0, t) = T̃0(x, h̃, t), T−(x, 0, t) = T̃0(x,−h̃, t), x ∈ (−a, a), (16)

k̃(x, h̃, t, T̃0(x, h̃, t))
∂

∂ξ
T̃0(x, h̃, t) = −q+

y (x, 0, t), x ∈ (−a, a), (17)

k̃(x,−h̃, t, T̃0(x,−h̃, t))
∂

∂ξ
T̃0(x,−h̃, t) = −q−y (x, 0, t), x ∈ (−a, a). (18)

Integrating equation (10), we obtain:

k̃(x, ξ, t, T̃0)
∂

∂ξ
T̃0(x, ξ, t) = C(x, t), ξ ∈ (−h̃, h̃). (19)

Comparing (17) and (18) with (19), we immediately receive the first transmission condition:

q+
y (x, 0, t) = q−y (x, 0, t), x ∈ (−a, a), (20)

and can additionally conclude that:

C(x, t) = −q±y (x, 0, t), x ∈ (−a, a). (21)

Now, it remains to consider the ordinary differential equation (19) with respect to the variable
ξ, while x and t are the only parameters. Unfortunately, it is not possible to solve Eq. (19) in a
closed form for an arbitrary function k̃. However, we are able to do this for some specific classes
of this function.

Special case 1. Let k̃(x, ξ, t, T̃0) = k̃1(x, ξ, t), so that the heat conductivity does not
depend on the temperature distribution. Then, Eq. (19) can be integrated to receive:

T̃0(x, ξ, t) = C(x, t)

ξ∫

−h

dz

k̃1(x, z, t)
+ D1(x, t), ξ ∈ (−h̃, h̃). (22)
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Constant D1 and the second transmission conditions can be found from the two conditions
given in Eqs. (16):

D1(x, t) = T−(x, 0, t),

and
T+(x, 0, t) − T−(x, 0, t) = −Λ1(x, t)q±y (x, 0, t), (23)

where

Λ1(x, t) =

h̃∫

−h̃

dz

k̃1(x, z, t)
=

h∫

−h

dy

k1(x, y, t)
. (24)

Special case 2. Let k̃(x, ξ, t, T̃0) = k̃2(x, t, T̃0), so that in this case the heat conductivity
depends on time and temperature distribution but does not directly depend on the position of
the point in the direction perpendicular to the interface. Then, again Eq. (19) can be integrated
in other manner:

T0(x,ξ,t)∫

T−(x,0,t)

k̃2(x, t, z)dz = C(x, t)ξ + D2(x, t), ξ ∈ (−h̃, h̃). (25)

Constant D2 and the second transmission condition can be found from the two conditions in
(16):

D2(x, t) = q±y (x, 0, t)h̃,

and
Λ2(x, t, T+(x, 0, t)) − Λ2(x, t, T−(x, 0, t)) = −q±y (x, 0, t), (26)

where

Λ2(x, t, z) =
1

2h̃

∫
k̃2(x, t, z)dz =

1

2h

∫
k2(x, t, z)dz. (27)

In the case when k̃(x, ξ, t, T̃0) = k̃∗(x, t) both of the conditions (23) and (26) coincide to each
other and:

Λ1(x, t) =
2h

k∗(x, t)
, Λ2(x, t, z) =

1

2h
k∗(x, t)z.

Genaral case. Let us assume that we have solved somehow the ordinary differential equa-
tion (19) and Φ(T0, x, q) = E is the integral of the equation. Then the respective transmission
conditions for the heat-resistant interface takes in this case the following general form:

Φ(T+(x), x, q(x)) − Φ(T−(x), x, q(x)) = 0, q(x) = q+(x) = q−(x). (28)

Concluding remarks

We can summarise the derivation procedure for two special cases in the table 1, where functions
Λ1 and Λ2 are defined in (24) and (27), respectively.

As it follows from this analysis, the imperfect transmission transmission conditions can
be successfully derived in the case of thin heat-resistant interphases for a wider class of their
thermal properties. Moreover, having in hand any specific formulae for the heat conductivity
one can try to derive respective nonlinear transmission conditions with taking into account
relations (28).
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On the other hand, it is highly important to know what is the range of the material param-
eters where the condition can be applied, and when it is necessary to take into account some
specific effect (for example high time gradient). This investigation will be done in the next
paper presented in this issue by very accurate FEM simulations. The further question is how
to implement the transmission conditions in a standard commercial code in order to decrease
(and in a drastic way) the number of elements involved in the simulations without any loss of
the calculation accuracy.

k = k(x, y, t) [n · q]y=0 = 0 Λ−1
1 (x, t)[T ]|y=0 = −n · q|y=0

k = k(x, t, T ) [n · q]y=0 = 0 [Λ2(x, t, T )]|T=T±(x,0,t) = −n · q|y=0

Table 1: Transmission conditions for thin heat-resistant interface. Functions Λ1 and Λ2 are
defined in (24) and (27), respectively.
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Abstract. Imperfect transmission conditions modelling a thin 2D intermediate layer between
two bonded materials in a dissimilar strip have been derived and analytically analysed in
another paper of this issue. In this paper, the validity of these transmission conditions for heat
conduction problems has been investigated due to the finite element method (FEM) for various
cases: namely, steady-state under uniform boundary conditions with constant or functional-
dependent, i.e. temperature or spatial coordinate, conductivities of the interphase, non-uniform
boundary conditions and finally for transient analysis. It is shown that the accuracy of the
transmission conditions is excellent over the whole range of the interphase and that typical
edge effects known from structural problems are not observable under the chosen problem
parameters.

Introduction

Thin films, e.g. adhesive layers, are nowadays an important part of technological processes
and components [1]. As an example, adhesive layers allow for joining materials with essen-
tially different properties at very high quality. The application of such hybrid structures in
safety-relevant applications requires a highly accurate and efficient prediction of their physi-
cal behaviour, which necessitates the development of robust simulation models and techniques
based on, and verified by, appropriate experimental procedures.

L

H
2h

k -

k +

k ( y , T )
x

y
r + ,  c p +

r - ,  c p -

r ,  c p

Fig. 1: Schematic representation of the problem.

In the scope of this paper, imperfect transmission conditions applied to a thin heat-resistant
layer in a hybrid model structure (cf. Fig. 1) are going to be numerically investigated in order
to verify the applicability and accuracy of the analytical relations for conduction problems.
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Finite Element Modelling

The commercial finite element code MSC.Marc is used for the simulation of the thermal be-
haviour of the modelling thin intermediate layer between two adherends. Both adherends reveal
constant material properties for all simulations. It should be noted here that the theoreti-
cal derivation of the transmission conditions has been performed under the precondition that
the conductivity of the thin interphase is much smaller (i.e. a heat-resistant layer) than the
conductivities of the adherends. In the simulations, the intermediate layer has the thickness
2h = H/100 = 0.01 while the length of all components is equal to L = 10. The two-dimensional
FE-mesh is built up of four-node, isoparametric elements with bilinear interpolation functions.
In order to cover possible edge effects [2], a strong mesh refinement is performed near the free
surface of the interphase. Further details of the finite element mesh can be found in [3]. In ad-
dition, the mesh is generated in such a way that it is possible to evaluate the temperatures and
fluxes along the axes of geometrical symmetry, and along both interfaces (i.e. the line or surface
where the thin layer and the adherends are in contact) as well as along lines perpendicular to
the interfaces.

Results

All numerical simulations have been performed for the same aluminium adherends which reveal
a constant conductivity of k± = 237 W

m·K
at 300 K. Furthermore, it has been assumed that the

temperature dependence of all adherend material parameters can be neglected.

Uniform boundary conditions, steady-state. The following examples refer to a steady-
state solution where constant Dirichlet boundary conditions have been prescribed at the top
(y = +H/2) and bottom (y = −H/2) surface (cf. Fig. 2). The thin interphase has been assumed
to be made of an epoxy resin which exhibits different formulations of its thermal conductivity:
namely, a constant conductivity (Eq. (1)), an interphase which linearly depends on the temper-
ature (Eq. (2)) and finally a conductivity quadratically depending on the vertical coordinate
(Eq. (3)):

k = 0.2 W
m·K

, (1)

k(T ) = 1
70

(−115 + 0.43 · T ) W
m·K

= c1 + c2 · T , (2)

k(y) = 0.2 + 800 · y2 W
m·K

= c3 + c4 · y
2 . (3)

These three different formulations of the interphase thermal conductivity yield to quite
different expressions for the transmission conditions which relate the temperature jump [T ] =
T (x, y = +h) − T (x, y = −h) to the heat flux q = qy in the middle of the layer:

k = const. : [T ] = −
q · 2h

k
, (4)

k = k(T ) : [T ] ·

(
c1 +

c2

2
· (T+ + T−)

)
= F (T+) − F (T−) = −q · 2h , (5)

k = k(y) : [T ] = −
2

√
c3c4

arctan


h

2
·

√
c3

c4


 · q = −

1

a′
· q · 2h . (6)

Details of the derivation are given in another paper of the authors in this issue or in the case
of constant material parameters in [4, 5].
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It should be noted here that due to the absence of any heat sources or sinks, thermal equi-
librium demands that the heat flux qy is constant over the thickness. Figure 2 illustrates the
shape of the temperature profile perpendicular to the interphase for x = 0. The temperature
is linearly changing in the adherends since the thermal conductivity has been assumed to be
constant in space and temperature. Furthermore, the curves for different formulations of the
conductivity practically coincide inside the adherends in the presented scale of the figure. Look-
ing at the magnification of the temperature distribution (cf. Fig. 2, right) inside the interphase,
different behaviour of the temperature can be observed: constant conductivity yields to a linear
temperature profile while y- and T -dependency results in non-linear temperature distributions.
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Fig. 2: Temperature distribution perpendicular to the interphase (along the line x = 0) for
different formulations of the interphase conductivity k.
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Fig. 3: Verification of the transmission condition validity along the interphase for different
formulations of the interphase conductivity k.

Figure 3 presents the verification of the transmission conditions (cf. Eqs. (1)-(3)) along the
whole interphase by independently extracting the right and left hand side of the equations from
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FEM evaluation. As can be seen in different magnifications, the coincidence is perfect up to
the free boundary of the specimens. It must be noted here that in the case of a structural-
mechanical problem, different edge effects [2, 3] are occurring near the free boundary due to
the contraction of the material. This cannot be observed for these heat conduction problems
under the chosen properties and parameters.

Non-uniform boundary conditions, steady-state. The following steady-state example
refers to the case where quadratically changing Dirichlet boundary conditions have been as-
signed at the top (T (x, y = 0.5) = 360 + 3 · x2) and the bottom (T (x, y = 0.5) = 290 + 3 · x2)
of the specimen. The interphase reveals the temperature-dependency given in Eq. (2).
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Fig. 4: Temperature distribution along (middle line, y = 0) and perpendicular (along the line
x = 0) to the interphase for non-uniform boundary conditions (’parabolic’ case).

The altering temperature distribution at the boundaries is reflected in the shape of the
temperature profile along the interphase (cf. Fig. 4, left) while the characteristic perpendicular
to the interphase (cf. Fig. 4, right) is the same as in the previous example.
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boundary conditions (’parabolic’ case).
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Looking at the graphical comparison of the left and right hand sides of the corresponding
transmission condition (cf. Fig. 7), one can see that both terms yield to a curvilinear distribu-
tion. Nevertheless, the same excellent coincidence (rel. error 10−4 %) is obtained up to the end,
i.e. the free surface, of the specimen.
In the final example of this section (so-called ’edge’ case), an additional horizontal temperature
gradient is superimposed to the vertical gradient by applying Dirichlet conditions to the upper
right and lower left specimen corners:

T (x = −5.0,−0.5 ≤ y ≤ −0.205) = T (−5.0 ≤ x ≤ −4.68, y = −0.5) = 290 K , (7)

T (x = 5.0, 0.205 ≤ y ≤ 0.5) = T (4.68 ≤ x ≤ 5.0, y = 0.5) = 360 K . (8)
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Fig. 6: Temperature distribution along (middle line, y = 0) and perpendicular (along the line
x = 0) to the interphase for non-uniform boundary conditions (’edge’ case).

Looking at the temperature distribution along the interphase (cf. Fig. 6, left), an approx-
imately linear increasing distribution can be observed while the shape perpendicular to the
interphase reveals the same characteristics as in the previous examples.
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Figure 7 indicates that the superimposed horizontal heat flux does not change the validity
of the transmission conditions in the vertical direction and the same good coincidence as in the
previous examples is obtained.

Transient analysis. The following section addresses a transient analysis where the definition
of the interphase conductivity and the boundary conditions (’edge’ case) are taken as in the
previous example. The boundary temperatures were linearly changed from the uniform initial
temperature of 325 K, which was assigned to all nodes of the model, to the values of the previous
example: 360 K at the upper right corner and 290 K at the lower left corner. For this transient
analysis, the mass density ̺ and specific heat at constant pressure cp need to be defined for all
components:

̺Al = 2698.8 kg
m3 and cp,Al = 898.2 J

kg·K
, (9)

̺Ep = 1200 kg
m3 and cp,Ep = 790 J

kg·K
. (10)

For simplicity, the temperature dependency of the density and the specific heat has been
neglected in Eqs. (9)-(10).
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Fig. 8: Temperature distribution along (middle line, y = 0) and perpendicular (along the line
x = 0) to the interphase for a transient analysis.

The temperature distribution along the interphase is shown in Fig. 8 (left) for a certain point
of time in the transient regime and for the steady-state condition. As can be seen, a significant
temperature change is included in the transient simulation. The high non-uniformity of the
temperature perpendicular to the interphase (especially in the region close to the free surface)
is shown in Fig. 8 (right).

Looking at the verification of the transmission condition shown in Fig. 9, one can see that
the condition is fulfilled in general along the whole range of the interphase (left figure) while
a slight deviation can be observed very near the free surface (rel. error 0.5 %), i.e. the region
where higher gradients prevail during time steps of the transient regime.
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Fig. 9: Verification of the transmission condition validity along the interphase for a transient
analysis.

Discussion and Outlook

Finite element analysis could proof the applicability of transmission conditions for heat-resistant
inhomogeneous interphases. Extremely good accuracy could be observed over the whole range
of the interphase for different formulations of the interphase conductivity and different bound-
ary conditions. Only in the case of transient problems with high gradients per time step [6],
an extension of the applied conditions seems to be appropriate. The implementation of the
investigated transmission conditions into a commercial finite element code as special interphase
elements is reserved for our future research work.

Acknowledgments

G. Mishuris has been supported by a Marie Curie Transfer of Knowledge Fellowship of the
European Community’s Sixth Framework Programme under contract number MTKD-CT-2004-
509809. The paper has been completed during his short-time stay at the University of Aveiro.
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Abstract
A thin heat-conducting adhesive layer is considered in a two-dimensional approach. The material of the
adhesive layer exhibits an arbitrary non-homogeneous thermal conductivity which is a function of the spa-
tial coordinate perpendicular to the interface. Based on the weighted residual method, a new finite element
formulation for a four-node, rectangular element is derived which is able to easily incorporate high conduc-
tivity gradients in the new thermal conductivity matrix. The approach is not based on any assumptions of
the temperature distribution (e.g. linear or cubic) but considers that the heat flux must be constant in the
case that no heat sources or sinks are present. A numerical example of a simple bonded joint illustrates the
implementation into the commercial finite element code MSC.Marc due to special user subroutines. The
numerical results are compared to a classical approach based on standard elements and the differences are
discussed.
© Koninklijke Brill NV, Leiden, 2008
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1. Introduction

Thin adhesives are nowadays an important part of technological processes and com-
ponents [1]. They allow joining of materials with considerably different properties
with very high quality compared to other joining technologies. The application
of such bonded structures in safety-relevant applications, e.g. structural parts for
the aerospace and automotive industries, requires a highly accurate prediction of
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their mechanical behaviour, which necessitates the development of robust simu-
lation models and techniques based on, and verified by, appropriate experimental
procedures.

The theoretical treatment of thin interphases can be classified into three different
major approaches where considerable work has been related to their mechanical
properties. The first of these, and the most popular, assumes that the bi-material
interface is of zero thickness, which allows the so-called “perfect contact condi-
tion” to be satisfied along the whole length of the interface [2, 3]. The perfect
contact conditions occur in the case of heat conduction problems where the tem-
peratures and fluxes remain continuous across the whole interface. However, such
an approach makes it impossible to take into account any internal properties of
the real interphase between the bonded materials. On the other hand, properties
of adhesive materials may differ fundamentally from those of the bonded mate-
rials. For this reason, a second approach has been implemented in the theoretical
modelling of bonded dissimilar materials. It consists in the assumption that there
is an additional thin layer of finite thickness with its own mechanical properties
(see review in [4]). However, in modern technology very thin adhesive layers (thin
films) are used [5]. This fact makes it difficult to perform numerical calculations
using FEM, since the need to build a complicated mesh of fundamentally different-
sized elements can lead to a loss in accuracy, unstable calculations and even loss
of convergence [6]. In such a case, the third approach may be very successful: the
so-called imperfect interface approach. This consists in using some special non-
classical transmission conditions which take into account the intrinsic properties
of the thin interphase, but the conditions are still applicable along the imaginary
zero-thickness interface (bondline). Such transmission conditions can be obtained
from some phenomenological assumptions or from an accurate asymptotic analysis
taking into account various features of the intermediate layer. Imperfect transmis-
sion conditions applied to a thin heat-resistant layer in a hybrid model structure
were analytically derived in [7] and their applicability and accuracy were verified
in [8].

At the early stage of numerical finite element simulation of adhesive layers, con-
ventional finite elements were used [9, 10] to investigate the stresses within an
adhesive layer. Later on, so-called interface elements [11] were developed which
were applied to various fields of civil engineering such as soil-reinforcement in-
teraction [12], rock joints [13] and discrete cracking in concrete mechanics [14].
Furthermore, interface elements are suited to model delamination and failure in
composite structures [15] when combined with damage models.

The objective of this study was to develop a new finite element formulation for
thin heat-conducting interphases which includes material non-homogeneities. In the
scope of this paper, a spatial dependency perpendicular to the bondline is consid-
ered.
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2. Basics of Heat Transfer

Heat conduction analysis is based on Fourier’s law (conduction rate equation)

q = −k∇T , (1)

where q = {qx qy}T is the heat flux vector and ∇T = { ∂T
∂x

∂T
∂y

}T is the temper-
ature gradient vector which is generated by the Nabla operator ∇ . The continuum
conductivity matrix k reduces for isotropic materials to k = k · I, where k is the
isotropic heat conductivity (scalar) and I = �11� is the identity matrix.

To solve a heat conduction problem means to determine the temperature field
T = T (x, y, t) in its spatial and temporal dependencies. Then the heat flux field
can be determined according to Fourier’s law, equation (1). The unknown temper-
ature field is obtained by solving the so-called heat diffusion equation. This partial
differential equation can be obtained by applying the first law of thermodynamics
to a differential control volume which gives after some transformations the continu-
ity equation of thermodynamics. Combining the continuity equation with Fourier’s
law and introducing a third law describing the relationship between temperature
and energy gives the heat diffusion equation in its general form as [16, 17]

�c
∂T

∂t
= ∇T(k∇T ) + η̇, (2)

where � is the mass density, c the specific heat, t the time and η̇ the energy rate per
unit volume, i.e. a heat source or sink with the unit of thermal energy per time and
volume.

3. Derivation of the New Finite Element Formulation

Let us consider in the following the special case of the two-dimensional, steady-
state (∂T /∂t = 0) heat diffusion equation where no sources or sinks are present
(η̇ = 0) and the material reveals isotropic properties (k → k). The basic idea of the
weighted residual method [18] consists in multiplying a partial differential equation
with a weighting function w and to require that the entire integral vanishes over the
whole domain. For the exact solution, this expression is independent of the weight-
ing function and is always fulfilled. Replacing the exact solution by an approximate
solution produces a ‘residual’ function R such that R = ∇T(k∇T ) �= 0. This error
will be distributed according to the scalar weighting function and the integral over
the entire domain � will be forced to be zero in a certain average sense, i.e.,

∫

�

w
(∇T(k∇T )

)
d� =

∫

�

wR d� = 0. (3)

The application of the Green–Gauss theorem [19], i.e.
∫

�

w∇T(k∇T )d� =
∫

�

w(k∇T )Tn d� −
∫

�

(∇Tw)(k∇T )d� = 0, (4)
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or
∫

�

(∇Tw)(k∇T )d� =
∫

�

w(k∇T )Tn d�, (5)

gives the formulation which forms the basis for the derivation of the principal finite
element equation. The basic idea of the finite element method is to approximate the
unknown temperature T not in the entire domain � as given in equation (5) but in
a sub-domain �e, i.e. a so-called finite element. Let us consider in the following
the two-dimensional sub-domain �e = �e(−a � x � a,−h � y � h) as shown
in Fig. 1.

For such a case, the left-hand side of equation (5) can be written as
∫ h

−h

∫ a

−a

(∇Twk)∇T dx dy · t =
∫ h

−h

∫ a

−a

k
[

∂w
∂x

∂w
∂y

]
[

∂T
∂x

∂T
∂y

]

dx dy · t, (6)

where t is the constant thickness of the element. The constant thickness assumption
in equation (6) is a common approach for two-dimensional elements. Rescaling the
problem, i.e.

y = ε · χ, h = ε · h̃, (7)

dy = ε · dχ, k = ε · k̃, (8)

which stretches the vertical dimension in the same range as the horizontal dimen-
sion (cf. Fig. 2) gives (the second equation of (8) implies that a heat resistant
interface, i.e. that the thermal conductivity of the intermediate layer is much smaller

Figure 1. Two-dimensional rectangular sub-domain (−a � x � a,−h � y � h) with boundaries �i

and boundary heat fluxes qi .

Figure 2. Thin interphase domain before and after rescaling of the vertical dimension.
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than those of the bonded materials, is considered)
∫ h̃

−h̃

∫ a

−a

εk̃
[

∂w
∂x

1
ε

∂w
∂χ

]
[

∂T
∂x

1
ε

∂T
∂χ

]

dx ε dχ · t

=
∫ h̃

−h̃

∫ a

−a

εk̃
∂w

∂x

∂T

∂x
dx ε dχ · t

︸ ︷︷ ︸
O(ε2)

+
∫ h̃

−h̃

∫ a

−a

εk̃
1

ε

∂w

∂χ

1

ε

∂T

∂χ
dx ε dχ · t. (9)

Neglecting the terms of higher orders in equation (9), the left-hand side of equa-
tion (5) can be approximated as
∫ h̃

−h̃

∫ a

−a

εk̃
[

∂w
∂x

1
ε

∂w
∂χ

]
[

∂T
∂x

1
ε

∂T
∂χ

]

dx ε dχ · t ≈
∫ h̃

−h̃

∫ a

−a

k̃
∂w

∂χ

∂T

∂χ
dx dχ · t. (10)

The temperature distribution within an element is obtained by multiplying the nodal
temperature vector Te with the vector of the so-called shape functions Ne, which are
prescribed in terms of independent variables (such as the spatial coordinates). The
weighting function w is approximated within an element in a similar manner as the
temperature, i.e. w = δTT

e Ne, where δTe is a vector of arbitrary temperatures. Since
the nodal temperatures are not a function of the spatial coordinates, the derivatives
in equation (10) can be expressed as derivatives of the shape functions and the
approximation of equation (5) is obtained as

∫ h̃

−h̃

∫ a

−a

k̃
∂Ne

∂χ

(
∂Ne

∂χ

)T

dx dχ · t. (11)

Equation (11) forms the basis for the derivation of the 4 × 4 elemental heat conduc-
tivity matrix Ke of the special element.

Let us assume in the following that the conductivity of the interphase element is
only a function of the y-coordinate and is evaluated at the centre of the element in
the x-direction. In addition, let us assume that no sources are present in the inter-
phase. It follows immediately from Fourier’s law that the heat flux in y-direction,
or after rescaling in χ -direction, can be expressed as:

∂T

∂χ
= c(x)

k̃(χ)
, (12)

where c is an arbitrary function, independent of χ . Rearrangement and integration
of equation (12) gives:

T (x,χ)1 = c1(x) + c2(x)

∫ χ

−h̃

dζ

k̃(χ)
= c1(x) + c2(x)

(
ψ(χ) − ψ(−h̃)

)
, (13)

where the following identity is satisfied: ∂ψ(χ)/∂χ = 1/k̃(χ). The integration can
be performed in the same manner from the opposite side, i.e. from h̃ until χ . Com-
bination of both solutions is also a solution and the consideration that the ci are
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arbitrary functions gives:
T (x,χ) = c4(x)

(
ψ(χ) − ψ(h̃)

)+ c2(x)
(
ψ(χ) − ψ(−h̃)

)
. (14)

Assuming that linear elements are applied to the surrounding adherends, a linear
x-dependency of the functions c2 and c4 is assumed in the following:

T (x,χ) = (αx + β)
(
ψ(χ) − ψ(h̃)

)+ (γ x + δ)
(
ψ(χ) − ψ(−h̃)

)
. (15)

The unknown constants α, . . . , δ can be determined by evaluating the nodal temper-
atures T1, . . . , T4 (cf. Fig. 2, right):

Ti = −�ψ
(
(−1)i+1αa + β

)
for i = 1,2, (16)

Ti = −�ψ
(
(−1)i+1γ a + δ

)
for i = 3,4, (17)

where �ψ = ψ(h̃) − ψ(−h̃). From equations (16) and (17), the four unknowns
α, . . . , δ can be determined and equation (15) can be finally written as:

T (x,χ) = 1

2�ψ

(
ψ(χ) − ψ(h̃)

)
(

x

a
− 1

)

T1

+ −1

2�ψ

(
ψ(χ) − ψ(h̃)

)
(

x

a
+ 1

)

T2

+ 1

2�ψ

(
ψ(χ) − ψ(−h̃)

)
(

x

a
+ 1

)

T3

+ −1

2�ψ

(
ψ(χ) − ψ(−h̃)

)
(

x

a
− 1

)

T4, (18)

from which the nodal shape functions in the (x,χ)-coordinate system can be identi-
fied as the multipliers of the nodal temperatures T1, . . . , T4. The derivatives of these
shape functions can easily be obtained by considering ∂ψ(χ)/∂χ = 1/k̃(χ) and
∂ψ(−h̃)/∂χ = 0 as:

∂Ni

∂χ
= (−1)i+1

2�ψ

{(
x
a

− 1
)

(
x
a

+ 1
)

}
1

k̃(χ)
, if

i = 1,4,

i = 2,3.
(19)

Introducing the derivatives of the shape functions into equation (11) enables the
calculation of the elemental conductivity matrix. In the following, the components
of the elemental conductivity matrix will be determined:
• k11:

k11 =
∫ h̃

χ=−h̃

∫ 1

ξ=−1
k̃

1

4�ψ2
(ξ − 1)2 1

k̃2
a dξ
︸︷︷︸

dx

dχ t

=
∫ 1

−1

(ξ − 1)2

4�ψ2
a dξ t

∫ h̃

−h̃

dχ

k̃(ζ )
︸ ︷︷ ︸

�ψ

= at

4�ψ

∫ 1

−1
(ξ − 1)2 dξ

= at

4�ψ
· 8

3
= 2

3
· a · t
�ψ

. (20)
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• k12:

k12 = − at

4�ψ

∫ 1

−1
(ξ2 − 1)dξ = − at

4�ψ
· −4

3
= 1

3
· a · t
�ψ

. (21)

In a similar way, the other 14 components can be obtained and the 4 × 4 elemental
conductivity matrix can be composed as

Ke = at

3�ψ

⎡

⎢
⎣

2 1 −1 −2
1 2 −2 −1

−1 −2 2 1
−2 −1 1 2

⎤

⎥
⎦ , (22)

where

�ψ =
∫ h̃

−h̃

1

k̃(χ)
dχ =

∫ h

−h

1

(1/ε)k(y)

1

ε
dy =

∫ h

−h

1

k(y)
dy. (23)

It should be noted here that this element formulation has been derived under the
assumptions that all internal angles of the element are equal to 90◦ and that the thin
interphase is parallel to the x-axis. A transformation to more general cases is easy
to obtain.

In the special case k̃ = const, the evaluation of �ψ gives

�ψ =
∫ h

−h

1

k(y)
dy = 1

k

∫ h

−h

dy = 2h

k
, (24)

and the constant stiffness matrix of a thin element with k = const is immediately
obtained as:

Ke = atk

6h

⎡

⎢
⎣

2 1 −1 −2
1 2 −2 −1

−1 −2 2 1
−2 −1 1 2

⎤

⎥
⎦ . (25)

For the evaluation of the right-hand side of equation (5), the boundary integral can
be split in the following four contributions:

∫ h

−h

wk
∂T

∂x

∣
∣
∣
∣
x=−a

[−1
0

]

dy +
∫ a

−a

wk
∂T

∂y

∣
∣
∣
∣
y=h

[
0
1

]

dx (26)

+
∫ h

−h

wk
∂T

∂x

∣
∣
∣
∣
x=a

[
1
0

]

dy +
∫ a

−a

wk
∂T

∂y

∣
∣
∣
∣
y=−h

[
0

−1

]

dx. (27)

Using the same rescaling relationships as in equations (7) and (8) gives
∫ h̃

−h̃

wk̃ε2
(

∂T

∂x

∣
∣
∣
∣
x=a

[
1
0

]

+ ∂T

∂x

∣
∣
∣
∣
x=−a

[−1
0

])

dy (28)

+
∫ a

−a

wk̃

(
∂T

∂χ

∣
∣
∣
∣
x=h̃

[
0
1

]

+ ∂T

∂χ

∣
∣
∣
∣
x=−h̃

[
0

−1

])

dχ, (29)
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where the integral in equation (28) is of order O(ε2) in comparison with the integral
in equation (29). Thus, we can approximate the boundary integral as

∫

�e

w(k∇T )Tn d�e ≈
∫ a

−a

wk̃

(
∂T

∂χ

∣
∣
∣
∣
x=h̃

[
0
1

]

+ ∂T

∂χ

∣
∣
∣
∣
x=−h̃

[
0

−1

])

dχ, (30)

where the same approximation for the weighting function, i.e. w = δTT
e Ne, can be

introduced. The vector of arbitrary temperatures, i.e. δTT
e , can be canceled with

the corresponding expression on the left-hand side of equation (5) (after replacing
the weighting function w with its approximation, i.e. w = δTT

e Ne) and the integral
needs to be evaluated for each node along the element boundary. For node 1, the
shape function N1 is equal to one and identically zero for all other nodes. In ad-
dition, all other shape functions are identically zero for node 1 (cf. equation (18)).
The nodal evaluation of the left-hand side of equation (30) at node 1 can be written
as

(

−k̃
∂T

∂χ

)

node 1
, (31)

which is equal to the heat flux entering the element at node 1. Similar results can be
obtained for all other nodes and the right-hand side of equation (5) can be finally
written after rescaling as

∫

�e

Ne(k∇T )Tn d�e ≈

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(−k ∂T
∂y

)

node 1
(−k ∂T

∂y

)

node 2
(+k ∂T

∂y

)

node 3
(+k ∂T

∂y

)

node 4

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, (32)

which can be assembled with classical elements into the global load vector.

4. Implementation Into a Commercial Code and Example Calculation

4.1. General Model Description

The commercial finite element code Marc® (MSC Software Corporation, Santa
Ana, CA, USA) is used for the simulation of the thermal behaviour of thin in-
termediate layers between two adherends. One of the real strengths of this code (as
in the case of the commercial code ABAQUS) is the user subroutine feature which
allows the user to substitute his own subroutines for those existing in the code. This
feature provides the user with a wide latitude for solving non-standard problems
such as the implementation of new finite element formulations. When such a rou-
tine is linked to the main code, the user is simply replacing the one which exists
in the comercial program using appropriate control setup. The new finite element
formulation is implemented as a new heat conductivity matrix by means of a special
user subroutine (the so-called uselem routine in Marc®) written in Fortran.
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Figure 3. Schematic representation of a thin interphase acting as an adhesive layer.

Both adherends reveal constant material properties for all simulations. In the
simulations, the intermediate layer has the thickness 2h = H/100 = 0.01 while
the length of all components is equal to L = 10, cf. Fig. 3. We do not assign any
specific units since the finite element computation requires only a consistent set
of units. One may assign meter, m to lengths, degree Kelvin, K for temperatures
and W

m·K for conductivities. The two-dimensional FE-mesh is built up of four-
node, isoparametric elements (so-called quad4) with bilinear interpolation func-
tions.

Details of the different meshes and the principal idea of the new finite element
formulation are shown in Fig. 4. For the classical approach shown in Fig. 4a, several
elements (in the present example, eight quad4 elements are used to model the thin
layer) over the thickness of the interphase are required to approximate strong ma-
terial gradients in y-direction. The new finite element formulation should be able
to consider such gradients based on its formulation and only a single element is
required to reproduce the behaviour of the interphase, cf. Fig. 4b.

As a direct result, the number of elements assigned to the adhesive layer is sig-
nificantly reduced. In our example, the adhesive elements are reduced by a factor
of eight. For a good finite element mesh, the so-called aspect ratio must be con-
sidered. This ratio is the quotient between the longest and the shortest element
dimensions and is by definition greater than or equal to one. If the aspect ratio
is 1, the element is considered to be ideal with respect to this error estimate. Ac-
ceptable ranges for the aspect ratio are element and problem dependent, but a rule of
thumb is that the ratio should be smaller than 3 for linear elements. As can be seen
from Fig. 4b, the approach based on the new finite element formulation allows the
application of much larger adherend elements. Thus, not only the number of adhe-
sive elements but also the adherend elements are significantly reduced. It should be
noted here that for the new approach, the number of transition elements (cf. Fig. 4a),
i.e. the elements with internal angles 
 90◦, can be dramatically reduced or even
avoided as in our example. This can be interesting for some load cases where these
elements exhibit due to their distorted geometry only poor results (so-called skew-
ness).
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Figure 4. Mesh details: (a) classical approach with eight quad4 elements over the thickness of the
interphase; (b) a single new finite element approximating the interphase.

4.2. Results

All numerical simulations have been performed for the same aluminium adherends
which exhibit a constant conductivity of 237. Furthermore, it has been assumed that
the temperature dependence of all adherend material parameters can be neglected
and that no heat sources or sinks are located within the adherends. The different
model formulations of the adhesive material are shown in Fig. 5. As can be seen,
different parabolic shapes (k(y) = c1 + c2 · y2) have been assigned to the adhe-
sive layer in order to simulate changing material properties within the interphase.
It should be noted here that within the present study, only a dependency on the
vertical, i.e. y, direction has been considered. A constant Dirichlet (temperature)
boundary condition of 290 has been prescribed at the bottom (y = −H/2) surface
(cf. Fig. 3). At the opposite side, a constant Neumann (flux) condition of +600 has
been assigned to each node.

The temperature distribution over the thickness is shown in Fig. 6. As can be
seen from this graphical representation, the formulation of the adhesive layer signif-
icantly influences the temperature at the upper boundary (y = +H/2): The higher
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Figure 5. Different parabolic formulations of the adhesive heat conductivity k in dependence of the
vertical spatial coordinate y. Parameter c2 determines the curvature of the parabolic shape (c1 is
constant for all curves).

the coefficient c2, the lower is the boundary value of the temperature. The same
tendency can be observed for the temperature distribution within the interphase, cf.
Fig. 6b.

As a direct result of the applied boundary conditions, i.e. prescribed tempera-
ture and flux, the temperature at the lower interface (y = −0.005) is practically
constant for all adhesive conductivity formulations. Only at the upper interface
(y = +0.005), the influence of the non-linear adhesive behaviour on the temper-
ature is observable. Thus, a reasonable way to investigate the performance of the
new finite element implementation under the chosen boundary conditions is to eval-
uate the temperature T = T (y = 0.005). This temperature for both finite element
approaches, i.e. the classical approach with many elements over the thickness and
the new interphase element, is shown in Fig. 7. It can be observed that the new finite
element formulation which is based on a single element over the adhesive thickness
is in perfect coincidence with the classical approach based on 8 elements in the
example presented.

5. Discussion and Outlook

It has been shown in the work presented that the new finite element implementa-
tion is able to reproduce the same results as the classical approach which is based
on a finite element mesh with many elements over the interphase thickness. The
new finite element approach is based on the constancy of the heat flux and no as-
sumptions for any specific temperature distribution. The major advantage of the
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(a)

(b)

Figure 6. Temperature distribution: (a) entire thickness of the specimen; (b) within the interphase of
thickness 2h = 0.01.

new approach is that the number of elements and, thus, the number of degrees of
freedom is significantly reduced. As a direct result, the computation is much faster
and the generation of the finite element mesh is less time-consuming. However, it
should be noted here that the temperature distribution within the interphase is no
longer available in the post-processor if only a single new element over the thick-
ness is used. This stems from the fact that the temperature values are computed at
the nodes and these values can be graphically displayed in the post-processor. Intro-
duction of the interphase elements means that there are no more nodes in the range
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Figure 7. Comparison of the performance of the new finite element formulation by evaluating the
temperature at the upper interface, i.e. y = 0.005.

−h < y < h (cf. Fig. 1) and a detailed temperature distribution cannot be displayed.
Only an evaluation of equation (18) would yield this result for the single element
approach.

Further numerical testing of the new element by adjusting the horizontal (2a) and
vertical (2h) dimensions revealed that the new element is not sensitive to the aspect
ratio under similar boundary conditions and internal angles equal to 90◦. Consider-
able errors can only be expected if a temperature gradient in the x-direction occurs
since the approximation of equation (10) would be violated.

It should be noted here that the classical approach with linear shape functions
would give for a rectangular element with dimensions 2a and 2h:

k

3
· t

ah

⎡

⎢
⎢
⎢
⎢
⎣

a2 + h2 1
2a2 − h2 −1

2a2 − 1
2h2 −a2 + 1

2h2

1
2a2 − h2 a2 + h2 −a2 + 1

2h2 −1
2a2 − 1

2h2

−1
2a2 − 1

2h2 −a2 + 1
2h2 a2 + h2 1

2a2 − h2

−a2 + 1
2h2 −1

2a2 − 1
2h2 1

2a2 − h2 a2 + h2

⎤

⎥
⎥
⎥
⎥
⎦

, (33)

which converges in the special case h 
 a (neglecting h inside the matrix) to equa-
tion (25). Based on this theoretical derivation, it can be concluded that a single
classical element can be used for non-homogeneous interphases if the element is
thin (h 
 a) and if the average, i.e. integral, conductivity over the thickness is
computed. However, it must be highlighted that in the case of the classical element,
the computation of the average conductivity must be done and assigned manually
in the pre-processor of the finite element code. The advantage of the new element
formulation becomes clear in the case of conductivity changes along the x-axis (i.e.
a variation in the x-direction with each element) and if the geometry of the element
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exhibits internal angles not equal to 90◦. In such cases, a manual computation of
the average conductivity is no longer possible from a practical point of view.

The theoretical derivations presented within this study were based on the as-
sumption that the adhesive layer was only dependent on the vertical (y) spatial
coordinate (cf. equation (12)) and that the layer was heat resistant compared to the
adherend properties (cf. equation (8)2). In our future research work, more compli-
cated and interesting cases, e.g. that the adhesive conductivity is a function of the
temperature, will be investigated and implemented in the code.
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Abstract. Imperfect transmission conditions modelling a thin reactive intermediate layer be-
tween two bonded materials in a dissimilar strip are derived in this paper. The interphase
material is assumed to be heat-resistant and situated in a thin rectangular domain between
the main materials. Different types of the interphase are investigated in detail: constant and
temperature dependent sources.

Introduction

Thin interphases are commonly used in modern technology [1]. An inhomogeneous structure
obtained in such a way may exhibit a wider variety of thermal and mechanical properties. On
the other hand, finite element modeling of composites with thin interphases is still a difficult
numerical task as it requires high inhomogeneity of the constructed mesh which can lead to a
loss of accuracy and even numerical instability. This explains the high interest to model the
interphases as a zero thickness object described by specific so-called transmission conditions
along the infinitesimal interface. In the case of constant heat conductivity, the problem has been
completely solved in [2], where the general approach was developed independent of the range
of the heat conductivity of the thin (in comparison with the matched adherents) interphase.
Such interphases often manifest clear nonlinear or homogeneous properties connected with the
manufacturing and exploitation processes [1] and the respective transmission conditions have
been evaluated in [4]. In the scope of this paper, we consider other important case [5] when the
nonlinearity is assigned to the source term and defines a so-called reactive interphase. Again,
we concentrated our interest to a heat-resistant interphase which is the most important case
from an application point of view. We will apply the same approach as it has been done in
[3, 4, 6, 7]. We also refer here to other methods to deal with thin interphases [8, 9] as well as
to construct effective homogenesed properties of composite materials [10, 11, 12].

Problem formulation

Let us consider a bimaterial structure matched together with a thin intermediate layer of the
constant thickness 2h (cf. Fig. 1) and length 2a . The heat transfer equations are satisfied in
the surrounding materials:

∇k±∇T± + Q± = ρ±c±
∂T±

∂t
, (x, y) ∈ Ω±, (1)
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where T± and Q± are temperatures and the thermal sources within the respective materials
occupied domains Ω± while k±, c± and ρ± are their thermal conductivities, heat capacities and
densities, respectively. We are not going to solve the problem but to derive the transmission
conditions modelling the heat-resistant layer. As a result, we do not need to accurately describe
here properties of the surrounding materials domains Ω±.

Within the thin interphase, a similar equation is given by

k∆T + Q = ρc
∂T

∂t
, (x, y) ∈ Ω, (2)

where T and Q are the temperature and the thermal sources within the interphase and c =
c(x, y, t, T ), ρ = ρ(x, y, t, T ), which can depend on the space and time variables as well as the
unknown temperature. We also assume for simplicity that k = const. As usual, the heat flux
inside the interphase is defined by Fourier’s law:

q = −k∇T.

Transmission conditions along the material interfaces Γ± = {(x, y), x ∈ (−a, a), y = ±h}
between the domains Ω and Ω±, respectively, (see Fig.1) should be written in the form:

[n · q]|Γ+
= 0, [T ]|Γ+

= 0, (3)

[n · q]|Γ−
= 0, [T ]|Γ−

= 0. (4)

Here, as usual, [f ]|Γ = f(x, α+) − f(x, α−) is the jump of the function f across the interface
Γ = {(x, y), x ∈ (−a, a), y = α}.

ρ, c, k

ρ  , c  , k+ + +

ρ  , c  , k- - -

2h

Γ

Γ

+

-

Fig. 1: Bimaterial structure with a thin reactive interphase Ω.

Assumption 1. We consider throughout this paper that the domain

Ω = {(x, y) : y ∈ (−h, h), x ∈ (−a, a)}

representing the intermediate interphase is thin enough in comparison with characteristic sizes
of both surrounding adherends Ω± (see Fig. 1), thus h = ǫh̃ (ǫ << 1).
Assumption 2. The next crucial point for this analysis is that the interphase itself is heat-
resistant so that the thermal conductivity of the intermediate layer is much smaller than those
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of the bonded materials. In other words the ratios k/k± are of the same order of ǫ as it has
been appeared for the interphase thickness:

k = ǫk̃. (5)

Assumption 3. Finally, we want to allow that the thermal conductivity of the interface k,
sources Q and the multiplicator ρc are smooth but may be fast changing functions with respect
to the interphase thickness:

Q =
1

ǫ
Q̃(T ), ρc ≡ ρ(x, y/ǫ, t, T ) · c(x, y/ǫ, t, T ), ρc/k̃ ∼ 1. (6)

After appropriate rescalling of the space variables as shown in Fig. 2, we use the standard
asymptotic approach applied in case of thin domains following for procedure given in [13]:

y = ǫξ, (x, y) ∈ Ω.

Then, Eq. (2) can be finally rewritten in an equivalent form as:

1

ǫ2
k̃

∂2

∂ξ2
T̃ + k̃

∂2

∂x2
T̃ +

1

ǫ2
Q̃ =

1

ǫ
ρ̃c

∂T̃

∂t
, ξ ∈ (−h̃, h̃), x ∈ (−a, a), (7)

where
T̃ (x, ξ, t) ≡ T (x, y, t), ρ̃c ≡ ρc(x, ξ, t, T̃ ).

x

x

k2 h

2 a

~ ~x

y

2 a
2 h

r e s c a l i n g

k

Fig. 2: Thin interphase domain before and after rescalling.

We will seek for the solution within the interphase layer in the form of an asymptotic expansion:

T̃ (x, ξ, t, ǫ) = T̃0(x, ξ, t) + ǫT̃1(x, ξ, t) + ǫ2T̃1(x, ξ, t) + ... (8)

and the heat flux is calculated from the asymptotic expansion:

q̃(x, ξ, t, ǫ) = −k̃ [ǫ
∂

∂x
,

∂

∂ξ
]T̃ = −k̃[0, 1]

∂

∂ξ
T̃0 + O(ǫ), ǫ → 0. (9)

Then from Eq. (7) we receive a consequence of the boundary value problems within the inter-
phase:

k̃
∂2

∂ξ2
T̃0 + Q̃(T̃0) = 0, ξ ∈ (−h̃, h̃), (10)
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k̃
∂2

∂ξ2
T̃j + Q̃′(T̃0)Tj = Rj(x, ξ, t, T̃0, ..., T̃j−1), j = 1, 2, ..., ξ ∈ (−h̃, h̃). (11)

It is important to note an important difference between Eqs. (10) and (11). Namely, the first
one is nonlinear while Eqs. (11) which correspond to the next terms of the asymptotic expansion
are linear with respect to functions T̃j. Note here that the derivative with time appears only in
the right hand side of Eqs. (11).
Transmission conditions (3) and (4) can be rewritten in new notations in the forms:

T+(x, ǫh̃, t) = T̃0(x, h̃, τ) + ǫT̃1(x, h̃, t) + ǫ2T̃2(x, h̃, t) + ..., (12)

T−(x,−ǫh̃, t) = T̃0(x,−h̃, t) + ǫT̃1(x,−h̃, t) + ǫ2T̃2(x,−h̃, t) + ..., (13)

q+(x, ǫh̃, t) = −k̃

(
∂

∂ξ
T̃0(x, h̃, t) + ǫ

∂

∂ξ
T̃1(x, h̃, t) + ...

)
, (14)

q−(x,−ǫh̃, t) = −k̃

(
∂

∂ξ
T̃0(x,−h̃, t) + ǫ

∂

∂ξ
T̃1(x,−h̃, t) + ...

)
, (15)

where q± = [0, 1]q± are the second components of the vector of flux in the respective domains.
Expanding the left-hand sides of (12)-(15) and right-hand sides of (14)-(15) in Taylor series,

we can receive the consequence of the transmission conditions. We restrict ourself in this paper
only to find the main asymptotic term, i.e. T̃0, of the expansion (8). As a result, we can stay in
Eqs. (12)-(15) only with the terms:

T+(x, 0, t) = T̃0(x, h̃, t), T−(x, 0, t) = T̃0(x,−h̃, t), x ∈ (−a, a), (16)

k̃
∂

∂ξ
T̃0(x, h̃, t) = −q+(x, 0, t), k̃

∂

∂ξ
T̃0(x,−h̃, t) = −q−(x, 0, t), x ∈ (−a, a). (17)

Integrating Eq. (10), we obtain:

(
k̃

∂

∂ξ
T̃0(x, ξ, t)

)2

= C(x, t) − Φ(T̃0(x, ξ, t)), ξ ∈ (−h̃, h̃), (18)

where we have introduced the notation:

Φ(T̃ ) = 2k̃

T̃∫

T−

Q̃(z)dz. (19)

Comparing (17) with (18), we immediately receive C(x, t) = q2
−
(x, 0, t) and additionally we

have the first transmission condition:

q2
+(x, 0, t) − q2

−
(x, 0, t) + Φ(T+(x, 0, t)) = 0, x ∈ (−a, a). (20)

Assumption. In the following, we assume that the temperature is a monotonic function within
the interphase with respect to the ξ-direction. In other words

T̃ ′

0(x, ξ, t) 6= 0, x ∈ (−a, a), as a result: q+(x, 0, t) · q−(x, 0, t) > 0. (21)

Then we can conclude that

q2
−
(x, 0, t) > Φ(T0(x, ξ, t)), x ∈ (−a, a). (22)
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Then Eq. (18) can be rewritten in an equivalent form:

k̃
∂

∂ξ
T̃0(x, ξ, t) = −q−(x, 0, t)

√
1 − Φ(T̃0(x, ξ, t))/q2

−, ξ ∈ (−h̃, h̃). (23)

It is important to note that if Φ(T+) = 0, i.e. that the sources in average sense are compen-
sated within the interphace, then q+(x, 0, t) = q−(x, 0, t), as it follows from (20).

Now, it remains to consider the ordinary differential equation (23) with respect to the
variable ξ, while x and t are the only parameters. Let us introduce an auxiliary function:

Ψ(q−, T̃ ) =

T̃∫

T−

dz√
1 − Φ(z)/q2

−

. (24)

Then the solution to (23) can be written in the general form:

k̃Ψ(q−(x, 0, t), T̃0(x, ξ, t)) = −(ξ + h̃)q−(x, 0, t), ξ ∈ (−h̃, h̃). (25)

The second transmission condition can be immediately extracted from Eq. (25):

k̃Ψ(q−(x, 0, t), T+(x, 0, t)) = −2h̃q−(x, 0, t). (26)

Unfortunately, it is not possible to write the transmission conditions (20) and (26) in terms
of simple functions. Below, we present some specific examples where the conditions can be
written in closed forms.

Special case 1. Let the source being essential but independent on the temperature dis-
tribution Q = ǫ−1Q0. Then, function Φ(T̃ ) from (19) is calculated as Φ(T̃ ) = 2k̃Q0(T̃ − T−)
and the first transmission condition can be rewritten in the form:

q2
+(x, 0, t) − q2

−
(x, 0, t) = −2k̃ Q0

(
T+(x, 0, t) − T−(x, 0, t)

)
, x ∈ (−a, a), (27)

whereas the second transmission condition takes after some algebra the following form:

q+(x, 0, t) − q−(x, 0, t) = 2h̃Q0, x ∈ (−a, a). (28)

Taking into account Eq. (28), the first transmission condition can be also additionally simplified
to obtain:

T+(x, 0, t) − T−(x, 0, t) = −
h̃

k̃
(q+(x, 0, t) + q−(x, 0, t)) , x ∈ (−a, a). (29)

Special case 2. Let Q = ǫ−1Q0T , then Φ(T̃ ) = k̃Q0(T̃
2 − T 2

−
). Note here that a power

law, e.g. Q = cTm, is very common for low temperatures [5] for small temperature increments.
The first transmission condition (20) can be now written in the form:

q2
+(x, 0, t) − q2

−
(x, 0, t) = −k̃Q0

(
T 2

+(x, 0, t) − T 2
−
(x, 0, t)

)
, x ∈ (−a, a). (30)

After some algebra, the second transmission condition (26) in the case Q0 > 0 can be rewritten
in the following form:

arcsin
T+

√
k̃Q0√

q2
+ + k̃Q0T 2

+

− arcsin
T−

√
k̃Q0√

q2
− + k̃Q0T 2

−

= −2h̃

√
Q0

k̃
sign

(
q−(x, 0, t)

)
, x ∈ (−a, a).

(31)
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In case when Q0 < 0 condition (26) is written in other form:

ln
|q+| + T+

√
−Q0k̃

|q−| + T−

√
−Q0k̃

= −2h̃

√
−Q0

k̃
sign

(
q−(x, 0, t)

)
, x ∈ (−a, a). (32)

Note that in both cases the standard heat-resisting interface [4] will be obtained if one assumes
Q0 → 0 from the derived transmission conditions:

q+ = q−, T+ − T− = −
2h̃

k̃
q±, x ∈ (−a, a). (33)

Concluding remarks

Let us underline again that the second transmission condition (26) (and consecutively, the
conditions (28), (32), (31) and (32)) have been justified only under additional assumption
that the temperature is monotonic in ξ-direction inside the interphase. Thus if one use the
transmission conditions for numerical simulation one needs to check at the end of computations
the validity of the assumption (21). If this is not fulfilled, additional analysis is necessary.

However, even if the assumption is true, it is highly important to know the range of the
material parameters where the condition can be applied, and when it is necessary to take some
specific effects (for example high time gradient) into account. This investigation will be done
in the next paper presented in this issue by very accurate FEM simulations.
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Abstract. Imperfect transmission conditions modelling a thin reactive 2D intermediate layer
between two bonded materials in a dissimilar strip have been derived and analytically analysed
in another paper of this issue. In this paper, the validity of these transmission conditions for
heat conduction problems has been investigated due to the finite element method (FEM) for
two formulations of a reactive layer: namely, based on a constant and a temperature-dependent
source or sink formulation. It is shown that the accuracy of the transmission conditions is
excellent for the investigated examples.

Introduction

Thin films, e.g. adhesive layers, are nowadays an important part of technological processes
and components [1]. As an example, adhesive layers allow for joining materials with essen-
tially different properties at very high quality. The application of such hybrid structures in
safety-relevant applications requires a highly accurate and efficient prediction of their physi-
cal behaviour, which necessitates the development of robust simulation models and techniques
based on, and verified by, appropriate experimental procedures.
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Fig. 1: Schematic representation of the problem.

Transmission conditions for 2D heat conduction problems without reaction were investigated
in [2, 3]. In the scope of this paper, imperfect transmission conditions applied to a reactive
thin heat-resistant layer in a hybrid model structure (cf. Fig. 1) are going to be numerically
investigated in order to verify the applicability and accuracy of the analytical relations for
reactive conduction problems.
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Finite Element Modelling

The commercial finite element code MSC.Marc is used for the simulation of the thermal be-
haviour of the modelling thin intermediate layer between two adherends. Both adherends reveal
constant material properties for all simulations. It should be noted here that the theoretical
derivation of the transmission conditions has been performed under the precondition that the
conductivity of the thin interphase is much smaller (i.e. a heat-resistant layer) than the conduc-
tivities of the adherends. A reaction in the interphase is modelled as a thermal heat source or
sink. The source or sink formulation is implemented by means of a special user subroutine (flux)
written in Fortran. The application of this subroutine requires a transient solution in order
to incorporate the source expression. However, only the steady-state solution (for the given
parameters, this solution is obtained in all investigated cases for 2 · 105 s) will be discussed in
the following. In the simulations, the intermediate layer has the thickness 2h = H/100 = 0.01
while the length of all components is equal to L = 10. The two-dimensional FE-mesh is built
up of four-node, isoparametric elements with bilinear interpolation functions. In order to cover
possible edge effects [4], a strong mesh refinement is performed near the free surface of the
interphase. Further details of the finite element mesh can be found in [5]. In addition, the mesh
is generated in such a way that it is possible to evaluate the temperatures and fluxes along the
axes of geometrical symmetry, and along both interfaces (i.e. the line or surface where the thin
layer and the adherends are in contact) as well as along lines perpendicular to the interfaces.

Results

All numerical simulations have been performed for the same aluminium adherends which reveal
a constant conductivity of k± = 237 W

m·K
at 300 K, a mass density of ̺± = 2698.8 kg

m3 and
a specific heat of c± = 898.2 J

kg·K
. Furthermore, it has been assumed that the temperature

dependence of all adherend material parameters can be neglected and that no heat sources or
sinks are located within the adherends.

Constant source The following examples refer to a steady-state solution where constant
Dirichlet boundary conditions have been prescribed at the top (y = +H/2) and bottom (y =
−H/2) surface (cf. Fig. 1). It could been shown in [3] that for such uniform boundary conditions,
no edge effects at the free surface can be observed and that the verification of the transmission
conditions can be done based along any arbitrary line x = const. The thin interphase has been
assumed to be made of an epoxy resin (k = 0.2 W

m·K
, ̺ = 1200 kg

m3 , c = 790 J
kg·K

) which exhibits
different values of its constant source and sink formulation:

Q = ±c . (1)

In the case of such a constant source formulation, it could be shown in another paper of
this issue that the first (1stTC) and second transmission condition (2ndTC) can be obtained as

q2
+(x, +h) − q2

−
(x,−h) = −2kQ(T+(x, +h) − T+(x,−h)) , (2)

and

q+(x, +h) − q−(x,−h) = 2hQ , (3)

where the values of the temperature and the heat flux in y-direction at the interface, i.e.
y = ±h, are evaluated. Figure 2 illustrates the shape of the temperature profile perpendicular
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to the interphase for x = 0. In the case that no source or think is acting, i.e. Q = 0, a linearly
changing temperature distribution is obtained. A heat source (Q > 0) results in an increase
of the temperature in the interphase and a deviation from the linear distribution while a heat
think (Q < 0) inverts this effect.
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Fig. 2: Temperature distribution perpendicular to the interphase (along the line x = 0) for
different formulations of the source.

In the case that no heat sources or sinks are present, thermal equilibrium demands that
the heat flux qy is constant over the thickness, cf. Fig. 3 solid line. A heat source or think, i.e.
energy addition to or substraction from the system, results in a non-uniform distribution (some
kind of z-shape) of the vertical heat flux.
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Fig. 3: Distribution of the heat flux perpendicular to the interphase (along the line x = 0) for
different formulations of the source.

It should be noted here that the jump of the heat flux qy can be checked based on a simply
energy balance (which is equivalent to the 2nd TC), i.e. the fluxes (heat transfer rate per unit
area perpendicular to the direction of the transfer) at the interface (y = ±h) in relation to the
source (energy rate per unit volume) by computing |q+ − q+| = |Q| · 2h. In the scope of a finite
element analysis where the heat flux is evaluated at the integration points, it is better to take

Defect and Diffusion Forum Vols. 273-276 3



the values of the heat flux at y = ±H/2 since the values at y = ±h are extrapolated from the
integration points and averaged with the surrounding values.

Table 1 presents the verification of the transmission conditions (cf. Eqs. (2)-(3)) along the
line x = 0 by independently extracting the right and left hand side of the equations from FEM
evaluation. The absolute value of the error has been obtained by calculating the difference of the
LHS and RHS and relating this difference to the RHS of the respective transmission condition.
As can be seen for different formulations of the source, the coincidence is practically perfect. It
should be noted here that the transmission conditions work very good in the case Q = ±5 ·10−5

where a non-monotonic temperature distribution is obtained (cf. Fig. 2). This was one of the
conditions for the derivations of the respective transmission conditions.

Q LHS 1stTC RHS 1stTC error LHS 2ndTC RHS 2ndTC error
0 0 0 0 0 0 0

+1 · 105 −2.584126337 · 106 −2.5841200 · 106 ∼ 10−6 1000.004 1000.000 ∼ 10−6

−1 · 105 2.584126337 · 106 2.5841200 · 106 ∼ 10−6 −1000.004 −1000.000 ∼ 10−6

+5 · 105 −1.292060000 · 107 −1.2920600 · 107 ∼ 0 5000.000 5000.000 ∼ 0
−5 · 105 1.292060000 · 107 1.2920600 · 107 ∼ 0 −5000.000 −5000.000 ∼ 0

Table 1: Verification of the transmission condition validity along the line x = 0 for different
values of the constant source or sink, cf. Eqs. (2) and (3).

Linear temperature dependence of the source The following examples refer to a steady-
state solution where boundary conditions and materials properties are chosen as in the previous
example. The thin interphase exhibits now different formulations of temperature-dependent
sources and sinks in the form:

Q = ±c · T . (4)

In the case of a linear temperature dependency, the the first (1stTC) can be obtained as

q2
+(x, +h) − q2

−
(x,−h) = −kQ(T 2

+(x, +h) − T 2
+(x,−h)) . (5)

The second transmission condition (2ndTC) can be written for the case of a source (Q > 0) as

arcsin
T+

√
kQ√

q2
+ + kQT 2

+

− arcsin
T−

√
kQ√

q2
− + kQT 2

−

= −2h

√
Q

k
· sign(q−) , (6)

and in the case of a sink (Q < 0) as

ln
|q+| + T+

√
−Qk

|q−| + T−

√
−Qk

= −2h

√
−Q

k
· sign(q−). (7)

The basic characteristic of the temperature (cf. Fig. 4) and flux distribution (cf. Fig. 5)
perpendicular to the interphase is the same as in the previous example: A heat source (Q > 0)
results in an increase of the temperature in the interphase and a deviation from the linear
distribution (Q = 0) while a heat think (Q < 0) inverts this effect while the distribution of
the flux takes again a z-shape. Table 2 presents the verification of the transmission conditions
(cf. Eqs. (5)-(7)) along the line x = 0 by independently extracting the right and left hand
side of the equations from FEM evaluation. The error is for the presented cases of the same
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Fig. 4: Temperature distribution perpendicular to the interphase (along the line x = 0) for
different formulations of the source.
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Fig. 5: Distribution of the heat flux perpendicular to the interphase (along the line x = 0) for
different formulations of the source.

magnitude. Increasing the magnitude of the source expression (e.g. to ±1000 · T ) results in
a non-monotonic temperature distribution inside the interphase (cf. Fig. 6) and the second
transmission condition (6) and (7) fails. Such a case requires further theoretical treatment and
is not covered within the given set of transmission conditions. It should be noted here that if
the numerical simulation provides the same flux sign from different sides of the interface, then
the conditions are justified. This means that there is a simple criteria for the user to decide if
any further adjustment is necessary to be implemented in the computation.

Discussion and Outlook

Finite element analysis could proof the applicability of transmission conditions for reactive heat-
resistant interphases. Extremely good accuracy could be observed over the whole range of the
interphase for different formulations of the interphase reactivity if the temperature distribution
is monotonic in the interphase. The investigation of non-monotonic temperature distributions

Defect and Diffusion Forum Vols. 273-276 5



Q 1stTC 2ndTC
LHS in 106 RHS in 106 error LHS RHS error

+350 · T −2.953040092 −2.953714114 ∼ 10−4 0.4182537246 0.4183300133 ∼ 10−4

−350 · T 2.926256300 2.925572089 ∼ 10−4 0.4183936650 0.4183300133 ∼ 10−4

+700 · T −5.934144040 −5.936940450 ∼ 10−4 0.5913703654 0.5916079783 ∼ 10−4

−700 · T 5.826983886 5.824374720 ∼ 10−4 0.5918125961 0.5916079783 ∼ 10−4

+103 · T −8.512875735 −8.518489254 ∼ 10−4 0.5223167368 0.7071067812 ∼ 10−1

−103 · T 8.293877599 8.288563544 ∼ 10−4 0.3000266983 −0.7071067812 ∼ 100

Table 2: Verification of the transmission condition validity along the line x = 0 for different
values of the temperature-dependent source or sink, cf. Eqs. (5)-(7).
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Fig. 6: Heat flux and temperature distribution perpendicular to the interphase (along the line
x = 0) for a strong source.

and the implementation of the investigated transmission conditions into a commercial finite
element code as special interphase elements is reserved for our future research work.
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Abstract. Imperfect transmission conditions modelling a thin reactive intermediate layer be-
tween two bonded materials in a dissimilar strip are derived in this paper in most general
case extending results obtained previously in [1]. The interphase material is assumed to be
heat-resistant and situated in a thin rectangular domain between the main materials.

Introduction

Thin interphases are commonly used in modern technology [2]. An inhomogeneous structure
obtained in such a way may exhibit a wider variety of thermal and mechanical properties. On
the other hand, finite element modeling of composites with thin interphases is still a difficult
numerical task as it requires high inhomogeneity of the constructed mesh which can lead to a
loss of accuracy and even numerical instability. This explains the high interest to model the
interphases as a zero thickness object described by specific so-called transmission conditions
along the infinitesimal interface. In the case of constant heat conductivity, the problem has been
completely solved in [3], where the general approach was developed independent of the range of
the heat conductivity of the thin (in comparison with the matched adherends) interphase. Such
interphases, however, often manifest pronounced non-linear or non-homogeneous properties
connected with the manufacturing and exploitation processes [2] and the respective transmission
conditions have been evaluated in [4]. In the scope of this paper, we consider another important
case [5] when the non-linearity is assigned to the source term and defines a so-called reactive
interphase. Again, we concentrate our interest to a heat-resistant interphase which is the most
important case from an practical point of view. We will apply the same approach as it has been
done in [6, 7, 8, 4]. We also refer here to other methods to deal with thin interphases [9, 10] as
well as to construct effective homogenised properties of composite materials [11, 12, 13].

Problem formulation

As in [1, 14], a bimaterial structure consisting of two different materials bonded together with
a thin intermediate heat resistant interphase of thickness 2h (cf. Fig. 1) is considered in the
following. Inside the layer, the thermal sources Q̃(T̃ ) are presented and k̃ is the thermal con-
ductivity of the interphase. It was shown that to solve the problem for the temperature, T̃ ,

Defect and Diffusion Forum Vols. 283-286 (2009) pp 521-526
online at http://www.scientific.net
© (2009) Trans Tech Publications, Switzerland
Online available since 2009/Mar/02

All rights reserved. No part of contents of this paper may be reproduced or transmitted in any form or by any means without the written permission of the
publisher: Trans Tech Publications Ltd, Switzerland, www.ttp.net. (ID: 161.139.149.137-03/03/09,02:45:54)

http://www.scientific.net
http://www.scientific.net/feedback/68617
http://www.scientific.net/feedback/68617
http://www.ttp.net


distribution in the structure, the heat resistant interphase can be replaced by non-linear trans-
mission conditions obtained from the classical perfect transmission conditions defined on both
sides of the thin interphase:

ρ, c, k

ρ  , c  , k+ + +

ρ  , c  , k- - -

2h

Γ

Γ

+

-

2a

H

Q

Fig. 1: Bimaterial structure with a thin reactive interphase Ω.

T+(x, 0, t) = T̃0(x, h̃, t), T−(x, 0, t) = T̃0(x,−h̃, t), x ∈ (−a, a), (1)

k̃
∂

∂ξ
T̃0(x, h̃, t) = −q+(x, 0, t), k̃

∂

∂ξ
T̃0(x,−h̃, t) = −q−(x, 0, t), x ∈ (−a, a), (2)

where T± and q± are temperature and heat flux along the top and the bottom of the thin inter-
phase, respectively, whereas T̃0 is the leading asymptotic term of the temperature distribution
within the thin heat resistant interphase after rescaling of the problem (see for details [1]),
which satisfies the equation:

(
k̃

∂

∂ξ
T̃0(x, ξ, t)

)2

= q2
−
(x, 0, t) − Φ(T̃0(x, ξ, t)), ξ ∈ (−h̃, h̃), (3)

where we have introduced the notation:

Φ(T̃ ) = 2k̃

T̃∫

T−

Q̃(z)dz. (4)

One of the transmission conditions can be written as:

q2
+(x, 0, t) − q2

−
(x, 0, t) + Φ(T+(x, 0, t)) = 0, x ∈ (−a, a). (5)

Moreover, it follows immediately that

q2
−
(x, 0, t) ≥ Φ(T̃0(x, ξ, t)), x ∈ (−a, a), (6)

for any internal point ξ inside the interphase.
For values of ξ situated close enough to −h̃, Eq. (3) can be rewritten in the form:

k̃ ∂
∂ξ

T̃0(x, ξ, t)√
1 − Φ(T̃0(x, ξ, t))/q2

−(x, 0, t)
= −q−(x, 0, t) , (7)
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where we have taken into account the fact that Φ(T̃−) = 0. To construct the second transmission
condition, it was assumed in [1] that the temperature within the interphase is distributed
monotonically. Although such assumption is quit realistic, it has been shown in [14] that specific
cases may appear when it is not valid (for example, if significant heat sources act within the
interphase).

In this paper, we are going to consider a more general case without any assumption on the
behaviour of the possible solution within the interphase. We only leave the condition that the
sources within the interphase have the same sign (all non-negative, Q̃(T̃ ) ≥ 0 or all non-positive
Q̃(T̃ ) ≤ 0). As a result, the only conclusion can be made that the function Φ(T̃0) is monotonic
(non-decreasing or non-increasing, respectively).

Remark 1. If one is interested in the case when the sources take different signs within
the interphase, the respective situation is much more complicated as the temperature field
may be extremely non-uniform in direction perpendicular to the interphase. If any additional
information is available (for example that the field is independent on the other variable, i.e. in
direction along the interphase), one can consider the initial thin interface as a set of N thinner
interphases in every of them the previous condition of the source sign will be valid and the
result reported below could be further generalised.

Assumption. Let now q+ · q− < 0, than there exists a point ξ = ξ∗ inside the interphase

such that q(ξ∗) = 0 (or T̃ ′

0(ξ∗) = ∂T̃0

∂ξ
|ξ=ξ∗ = 0) and it follows from Eq. (3) that in this point

q2
−

= Φ(T̃∗), T̃∗ = T̃0(ξ∗) = Φ−1(q2
−
) . (8)

Note that the inverse function Φ−1 exists because of the monotony of the function Φ. Let us
consider in the following a function Ψ with

Ψ(q−, T̃ ) =

T̃∫

T−

dz√
1 − Φ(z)/q2

−

. (9)

Then, Eq. (7) can be integrated in the intervals (−h̃, ξ∗) and (ξ∗, h̃) under consideration of the
sign of flux q(ξ) within the corresponding intervals to give:

k̃Ψ(q−, T̃ ) = −q− · (ξ + h̃) , k̃Ψ(q−, T̃+) − k̃Ψ(q−, T̃ ) = −q− · (ξ − h̃). (10)

These two relations can be written in the intermediate point ξ = ξ∗ in equivalent forms by
adding and subtracting each other as:

k̃Ψ(q−, T̃+) = −2q− · ξ∗, k̃Ψ(q−, T̃+) − 2k̃Ψ(q−, T̃∗) = 2q− · h̃. (11)

Equation (11)2 provides the remaining transmission condition if we take into account Eq. (8)2

k̃Ψ(q−, T̃+) − 2k̃Ψ(q−, Φ−1(q2
−
)) = 2q− · h̃. (12)

Remark 2. It is easy to check that in the special case of ξ∗ = h̃ (or T̃∗ = T+) the obtained
transmission condition coincides with that evaluated in [1].

Remark 3. When the problem has been solved due to the transmission conditions (5)
and (12), the position of the extremal value of the temperature within the thin heat resistant
interphase layer can be easily found from Eq. (11)1.
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Remark 4. If the position of the extremal value of the temperature is situated outside the
interphase then the chosen transmission condition (12) maybe not valid for the considered case
and one should exchange it by the transmission conditions (26) defined in the previous paper
[1]. The verification condition to be checked is:

k̃

2h̃

∣∣∣Ψ(q−, T̃+)
∣∣∣ ≤ |q−|. (13)

As in the previous papers [1, 14], transmission (5), (12) cannot be written in the general case
in terms of simple functions. Below, we present some specific examples where the conditions
can be written in relatively simple expressions.

Special case 1. Let the source be essential but independent of the temperature dis-
tribution, i.e. Q = ε−1Q0. Then, function Φ(T̃ ) from Eq. (4) can be calculated as Φ(T̃ ) =
2k̃Q0(T̃ − T−) and the first transmission condition (5) can be rewritten in the form:

q2
+(x, 0, t) − q2

−
(x, 0, t) = −2k̃ Q0 ·

(
T+(x, 0, t) − T−(x, 0, t)

)
, x ∈ (−a, a). (14)

The auxiliary function (9) allowing to recover from (10) the distribution of the temperature T̃
within the interphase can be easily computed to give:

Ψ(q−, T̃ ) =
q−

2

k̃Q0


1 −

√
1 −

2k̃Q0

q−2
(T̃ − T̃−)


 .

Then, after some algebra, the second condition (12) takes the following form:

sgn (q−(x, 0, t)) · |q+(x, 0, t)| + q−(x, 0, t) = −2h̃Q0, x ∈ (−a, a). (15)

However, it holds due to our initial assumption that sgn (q−(x, 0, t)) = −sgn (q+(x, 0, t)). This
means that condition (15) can be equivalently rewritten in the form:

q+(x, 0, t) − q−(x, 0, t) = 2h̃Q0, x ∈ (−a, a), (16)

which completely coincides with the condition obtained in [1] under other assumptions for the
same source distribution. This in turn allows us to simplify the first transmission condition to
the form

T+(x, 0, t) − T−(x, 0, t) = −
h̃

k̃
· (q+(x, 0, t) + q−(x, 0, t)) , x ∈ (−a, a). (17)

Remark 5. As we have shown in our previous paper [14] for a high level constant source, the
temperature T̃ (ξ) is not necessarily a monotonic function within the interface (the flux q(ξ) can
change its sign), whereas the transmission condition previously evaluated under monotonicity
assumption were valid. Our recent analysis has clarified this phenomenon.

Special case 2. Let Q = ε−1Q0T , then Φ(T̃ ) = k̃Q0 ·(T̃
2−T 2

−
). Note here that a power law,

e.g. Q = c · Tm, is very common for low temperatures [5] of for small temperature increments.
The first transmission condition (5) can be written now in the form:

q2
+(x, 0, t) − q2

−
(x, 0, t) = −k̃Q0

(
T 2

+(x, 0, t) − T 2
−
(x, 0, t)

)
, x ∈ (−a, a). (18)
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Now, the auxiliary function (9) takes different forms depending on whether we consider a source
(Q0 > 0) or a sink (Q0 < 0). Namely:

Q0 > 0 : Ψ(q−, T̃ ) =
|q−|√
k̃Q0


arcsin

T̃

√
k̃Q0√

q−2 + k̃Q0T̃ 2
−

− arcsin
T̃−

√
k̃Q0√

q−2 + k̃Q0T̃ 2
−


 .

After some algebra, the second transmission condition (12) in the case Q0 > 0 can be
rewritten in the following form:

arcsin
T̃+

√
k̃Q0√

q−2 + k̃Q0T̃ 2
−

+ arcsin
T̃−

√
k̃Q0√

q−2 + k̃Q0T̃ 2
−

= π + 2h̃

√
Q0

k̃
· sgn (q−), x ∈ (−a, a) , (19)

where the following verification condition holds:

∣∣∣∣∣∣arcsin
T̃+

√
k̃Q0√

q−2 + k̃Q0T̃ 2
−

− arcsin
T̃−

√
k̃Q0√

q−2 + k̃Q0T̃ 2
−

∣∣∣∣∣∣ ≤ 2h̃

√
Q0

k̃
. (20)

In the case when Q0 < 0, one can compute the auxiliary function (9) as

Q0 < 0 : Ψ(q−, T̃ ) =
|q−|√
−k̃Q0

log

∣∣∣∣∣∣∣
T̃

√
−k̃Q0 +

√
(T̃ 2

− − T̃ 2)k̃Q0 + q2
−

T̃−

√
−k̃Q0 + |q−|

∣∣∣∣∣∣∣
.

Then, transmission condition (12) can be written under consideration of Eq. (18) in another
form as:

ln

(
|q+| + T+

√
−Q0k̃

)(
|q−| + T−

√
−Q0k̃

)
|k̃Q0T̃ 2

− + q2
−|

= 2h̃

√
−Q0

k̃
sgn (q−), (21)

where the following additional condition

k̃Q0T̃
2
−

+ q2
−
6= 0 ,

will be satisfied automatically during the computations. Finally the verification condition takes
place: ∣∣∣∣∣∣ln

|q+| + T+

√
−Q0k̃

|q−| + T−

√
−Q0k̃

∣∣∣∣∣∣ ≤ 2h̃

√
−Q0

k̃
. (22)

Unfortunately, the situation is even more complicated than it may look from the first glance
from our analysis. Namely, all the transmission conditions and respective verification conditions
have to be checked at every point x along the imperfect interface. Effectively this means that
several intervals can exist where the type of the transmission conditions may change. The
respective borders should be found adaptively from an iterative procedure in such a way that
all the verification conditions provide in the edge points equalities instead of inequalities.

On the other hand, it is highly important to know the range of the material parameters
where the conditions can be applied, and when it is necessary to take some specific effects (for
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example high time gradient) into account.
In the following, the example presented in [14] will be re-evaluated by means of the new con-
ditions. Table 1 compares the new approach with the values from [14] where a significant drop
(factor 103 . . . 104) in the accuracy has been reported for strong temperature-dependent sources.
As can be seen, the new evaluation of the second transmission condition based on Eqs. (19)
and (21) brings the accuracy back in the same range as for for moderate sources (error 10−4).

Q 2ndTC
LHS RHS error method

+103 · T 0.5223167368 0.7071067812 ∼ 10−1 Ref. [14]
−103 · T 0.3000266983 −0.7071067812 ∼ 100 Ref. [14]
+103 · T 2.436062015 2.434485873 ∼ 10−4 Eq. (19)
−103 · T 0.7074743000 0.7071067812 ∼ 10−4 Eq. (21)

Table 1: Comparison of transmission condition evaluation along the line x = 0 for a strong
temperature-dependent source or sink.
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[4] G. Mishuris, W. Miszuris, A. Öchsner: Mater. Sci. Forum Vol. 553 (2007), p. 87

[5] C.L. Tsai, H. Weinstock, W.C. Overton, Jr: Cryogenics Vol. 18 (1978), p. 562
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2.4 Characterisation of Cellular and Porous Materials



On the uniaxial compression behavior of regular
shaped cellular metals
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Abstract

The numerical simulation of random cellular metals is still connected to many unsolved problems due to their

stochastic structure. Therefore, a periodic model of a cellular metal is developed for fundamental studies of the me-

chanical behavior and is numerically investigated under uniaxial compression. The influence of differing hardening

behaviors and differing boundary conditions on the characteristics of the material is investigated. Recommendations for

the numerical simulation are derived. In contrast to common models, experimental samples of the same geometry are

easy to manufacture and the results of the experiments show good agreement with the finite element calculations. Based

on the proposed concept of a unit cell with periodic boundary conditions, it is possible to derive constitutive equations

of cellular materials under complex loading conditions.

� 2003 Elsevier Ltd. All rights reserved.

Keywords: Cellular metal; Nonlinear behavior; Plasticity; Finite element analysis; Compression test

1. Introduction

Cellular metals, e.g. metallic foams, exhibit unique properties and are currently being considered for use

in lightweight structures such as cores of sandwich panels or as passive safety components of automobiles

(Ashby et al., 2000). Many methods for fabrication of these materials have been developed and can be
classified into four groups: foams made from melts, from powders, by sputtering and by deposition

(Banhart, 2001). Some methods have been known since the fifties, and each production method results in a

characteristic cellular structure. A typical open-cell aluminum structure made by the melt route is shown in

Fig. 1(a). However, there are technological problems related to the control of structure and properties of

the material, which remain to be solved. The vast majority of existing techniques do not allow precise

control of shape, size and distribution of the pores. That brings about a wide scatter in mechanical and

other characteristics of the materials and components.
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The mechanical properties of cellular metals, in particular their resistance to plastic deformation, the

evolution and progress of damage and fracture within the material, are determined by the microstructure
and the cell wall material respectively. The most important structural parameters which characterize a

cellular metal are the morphology of the cell (geometry, open or closed cell), the topology, the mean cell size

and the relative density, q=qS (the macroscopic density, q, divided by that of the solid material of the cell

wall, qS).

A schematic uniaxial compression stress–strain curve (cf. Fig. 2 starts with linear elasticity at low

stresses, followed by a transition zone which extends over a long collapse plateau, truncated by a regime of

densification in which the stress rises exponentially. Many investigations focus on the large strain defor-

Fig. 2. Schematic uniaxial compression stress–strain curve for a metal foam.

Fig. 1. Random cellular material and different modeling approaches. (a) Open-cell Al foam (Duocel�), (b) polyhedron cells (beam

elements) (Str€oohla et al., 2000), (c) CT scan (Str€oohla et al., 2000) and (d) perforated cube.
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mations. The initial yield stress k is then equated with the plateau stress kPlat, so that the transition zone,

which can be clearly marked in the case of certain cellular metals, remains unconsidered. In this paper, we

will investigate the elastic zone up to the first part of the plateau under uniaxial compression loading. There

are two strategies used to simulate the mechanical behavior of random (cf. Fig. 1(a)) cellular solids. Almost
all theoretical structure–property relations are based on periodic unit cells (e.g. Gibson and Ashby, 1997;

Daxner et al., 2000). Geometrically identical specimens of these periodic unit cells, for experimental veri-

fications, are difficult to realize and the prediction of the mechanical properties of random cellular solids

requires the introduction of fitting parameters (e.g. damage variable). Recently produced so-called lattice

block materials are of regular periodic structure, but the manufacturing route is quite elaborate (Desh-

pande, 2001). The other possibility is an exact scan of the geometry using computertomography (CT scan,

cf. Fig. 1(c)). This requires the availability of this high-tech equipment and if high resolution in the FE mesh

is needed, then only a small part of the object (not representative) can be scanned due to the resulting large
amount of elements (this is limited by the hardware of the computer, i.e. RAM, disk). Therefore, the simple

model of a perforated cube (cf. Fig. 1(d)) was developed for fundamental studies which is easy to manu-

facture at low price (CNC drilling) and offers the possibility of an experimental validation of numerical

simulations. With a hole diameter of 3 mm (smaller diameters can result in a failure of the drill bit) and a

hole spacing of 4 mm, a relative density of q=qS ¼ 0:2712 could be realized.

2. Modeling considerations of the perforated cube structure

The commercial finite element code MSC.Marc was used for the simulation of the macroscopic prop-

erties of the chosen cell structure, Fig. 1(d). First, the influence of the mesh density on the results was

investigated.

For the purpose of achieving a proper mesh quality, one eighth of the unit cell was subdivided into four
bodies. Each of these bodies consists of six faces which in turn are made up of four edges and four vertices.

The parameters N1 and N2 indicate the number of elements along the edges of these sub-bodies and must

not be confused with geometric dimensions (see Fig. 3, center). For a preliminary series of compression test

simulations, the mesh parameters N1 and N2 have been varied according to Table 1 in order to determine a

suitable mesh density. The table also shows the resulting amount of nodes and elements of the differing

finite element meshes. Dependent upon different mesh densities, Fig. 4(a) illustrates the resulting stress–

strain curves that have been evaluated from the uniaxial compression tests on a macroscopic level. Espe-

cially within the domain of elastic material behavior, an essential influence of the mesh density on the

Fig. 3. One eighth of the perforated cube and mesh parameters.
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results of the calculations cannot be observed on basis of the representation in Fig. 4(a). If one considers the

model with the finest discretization (Mesh_15� 30) as reference, significant deviations in the stress–strain

curve can only be recognized after the elastic limit is exceeded. But even for models with extremely coarse

meshes (Mesh_2� 4) the maximum deviation of the macroscopic stress ry is only about 6%. Minor devi-

ations from the reference result can be achieved by increasing the density of the finite element mesh. In
addition to the ry–ey-curves the initial yield stress Rp and Young�s modulus E were evaluated on a mac-

roscopic level. Fig. 4(b) shows a graphical representation of both values as a function of the mesh density

(number of nodes within the finite element mesh). It is quite obvious that both Rp and E show a strong drop

(semi-logarithmic representation!) at first, but then reach an almost constant value as the mesh density

increases. In order to avoid excessive computing time the finite element mesh 10� 20 was chosen for all

further investigations. This allows a reduction in computing time of almost 85% compared to the reference

simulation (cf. Table 1), without a significant influence on the results of the calculations.

The mechanical behavior of a cellular metal and its mathematical characterization can be described
based upon the principles of continuum mechanics, if a �representative volume element� (RVE) is consid-

ered, Fig. 1(d). In the case of cellular materials, this RVE needs to comprise of at least 5–10 unit cells, in

order to avoid edge influence and to obtain macroscopic values of the structure. The precise number de-

pends, however, on the corresponding cell structure and should be examined separately. Since the intention

of this paper is to model only isotropic solids, no further account was taken of the anisotropy caused by the

particular pore distribution and only strain states having principle strain distributions parallel to the x-, y-
and z-axes (cf. Fig. 3) should be considered. A fine mesh with solid elements (linear shape functions) of such

a structure consisting of 5–10 unit cells would lead, however, to a large amount of unknowns and a huge
amount of computing time. Therefore, only a typical repeating portion (unit cell) was simulated. Due to the

symmetry of the unit cell, only one eighth needs to be considered. The mechanically correct constraints are

in this case of great importance, Fig. 5. One possibility would be to consider one surface of the unit cell as a

Table 1

Mesh parameters and computing resources

Notation Nodes Elements Result file [MB] Computing time [103 s]

2� 4 135 56 1.09 0.482

3� 6 352 189 3.21 0.645

5� 10 1296 875 13.95 2.753

7� 14 3200 2401 37.60 7.002

10� 20 8591 7000 108.49 44.828

15� 30 27 139 23 625 363.63 317.378

Fig. 4. FE results for different mesh densities.
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free boundary. However, to simulate the mechanical behavior of a cell structure, only a periodic boundary

provides the correct constraint. With the aid of so-called multiple point constraints (MPC), the used FE-

system offers the possibility to realize such a boundary condition where all nodes on a certain surface have

the same x-displacement: uxi ¼ � � � ¼ uxj . The effect of differing boundary conditions on the deformation is

shown in Fig. 5.

3. Results of FE simulations

The results of the simulated compression tests for a unit cell, a unit cell with MPC and a cell structure

(Fig. 1(d)) are compared in Fig. 6(a). The stress–strain diagram of the cell structure coincides quite well

with the MPC unit cell. The curve for the unit cell is clearly below the other two and shows right from the

beginning clear deviations in the elastic range. The progress of Poisson�s ratio of the structure and the unit

cell with MPC shows a clearer difference than the progress of the stress–strain diagram does. Thus one can

conclude, that a cell structure consisting of 5� 5� 5 cells still cannot be regarded as a representative

volume since the edge influence is still too big. It is noticeable here, that greater cell structures are not

computable due to actual hardware limitations of the computers. The progress of Poisson�s ratio of the unit

Fig. 5. Unit cell with differing boundary conditions.

Fig. 6. Macroscopic stress–strain diagrams.
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cell is considerably higher than the two other simulations. Thus it can be stated, that the simulation of a cell

structure by means of a simple unit cell can lead to considerable errors.

For the investigation of the influence of the cell wall material on the macroscopic stress–strain behavior,

the following simulations were carried out with a periodic boundary condition. Besides the realistic
hardening behavior of an aluminum alloy (AlCuMg1), the two border cases – ideal plasticity (k ¼ 301:0611
MPa¼ const.) and linear hardening (k ¼ 1=20 � ES � epeff ) – were considered. A clear dependence in the plastic

region can be seen, Fig. 6(b).

4. Comparison of FE results with experiments

To compare the numerical simulations with experimental data, specimens were machined from cubes

made of aluminum alloy AlCuMg1. From three sides, 49 holes with a diameter of 3 mm were drilled in a
square pattern in a cube with the outer dimensions of 28 mm� 28 mm� 28 mm. Fig. 7 shows a specimen

before and after the compression test.

The compression tests were performed elongation controlled (elongation speed 1 mm/min) in a universal

electro magnetic testing machine (SCHENCK) with a capacity of 100 kN. The strains were recorded by

means of a mechanical strain-gauge extensiometer (SANDNER) attached between the two pressure feet. A

typical compression stress–strain diagram is shown in Fig. 8. It can be seen that the overall behavior of the

Fig. 7. Experimental specimen before and after compression test.

Fig. 8. Comparison of experimental data with FE simulation.
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specimen is in agreement with the finite element simulation. The scatter at the beginning of the diagram

comes from the load cell which is not sensitive enough in this range. The transition from the elastic to the

plastic zone is in the case of the experiment a little bit smoother. The simulation of the cell structure and

unit cell have already shown this effect which results partly from the edge influence.

5. Conclusions

In the current work, a simple model of a cellular metal was proposed for fundamental studies of the
mechanical behavior. Within the scope of the numerical simulation of the macroscopic behavior of cellular

metals based on unit cells, the use of periodic boundary conditions provides a dramatic reduction of CPU

time and a correct representation of the mechanical behavior. Furthermore, a reasonably good agreement

with experimental results can be shown. Under certain circumstances it may be necessary that a cell

structure built up from several cells should be modeled (e.g. anisotropic damage). Then, the resulting

calculation of a unit cell with periodic boundary conditions provides an elegant way to show whether the

number of the cells in the structure can be regarded as a representative structure. The numerical and ex-

perimental investigation of the plastic behavior under multi-axial loading conditions to obtain appropriate
constitutive equations is reserved for future research work.
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STRUCTURAL MODELING OF THE MECHANICAL BEHAVIOR

OF PERIODIC CELLULAR SOLIDS: OPEN-CELL STRUCTURES

T. Fiedler,*,** A. Öchsner,*,***

J. Gracio,*,*** and G. Kuhn**

Keywords: cellular metal, effective properties, nonlinear behavior, plasticity, yield surface, finite element

analysis, relative density

The numerical simulation of random cellular metals, e.g., metal foams, is still connected with many unsolved

problems due to their stochastic structure. Therefore, a periodic model of cellular metals is developed and its

mechanical behavior is investigated numerically under uniaxial and multiaxial stress states. The main advan-

tage of the model is that a wide range of relative densities can be covered and that test specimens of the same

geometry are possible to manufacture without oversimplifying their shape. The influence of different harden-

ing behavior and different boundary conditions on the characteristics of the material is investigated. Further-

more, the effect of internal pore pressure on its uniaxial behavior and on the shape of yield surface are

determined.

Introduction

Nature frequently uses cellular materials for creating load-carrying and weight-optimal structures. Natural materials

such as wood, cork, bones, and honeycombs, thanks to their cellular design, fulfil structural as well as functional demands. For

a long time, the development of artificial cellular materials has been aimed at utilizing the outstanding properties of biological

materials in technical applications. As an example, the geometry of honeycombs (hexagonal structures) was identically con-

verted into aluminum structures, which have been used since the ‘60s as cores of lightweight sandwich elements in aviation and

space industry [1]. Nowadays, especially foams made of polymeric materials are widely used in all fields of technology. For ex-

ample, Styrofoam® and hard polyurethane foams are widely used as packaging materials. Other typical application areas are

the fields of heat and sound absorption. During the last years, techniques for foaming metals and metal alloys and for manufac-

turing novel metallic cellular structures have been developed [2]. These cellular materials, owing to their specific properties,

have a high potential for future oriented applications [3]. The combination of specific mechanical and physical properties dis-

tinguishes them from the traditional dense metals, and applications with multifunctional requirements are of special interest in

the context of such cellular metals. Their high stiffness, in conjunction with the very low specific weight, and their high gas per-
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meability, combined with the high thermal conductivity, can be mentioned as examples. Possible applications are expected in

the area of weight-optimal safety components in automotive industry and in lightweight composite structures [4].

Cellular materials comprise a wide range of different arrangements and forms of cell structures (Fig. 1). Metallic

foams (Fig. 1a) are being investigated intensively, and they can be produced with a closed- or open-cell structure. Their main

characteristic is the very low density. The most common foams are made of aluminum alloys. Quite a regular arrangement of

cells are obtained in structures with hollow spheres, which are often called syntactic foams (Fig. 1b). A perfect regular structure

results from interconnecting networks of straight beams, which are known as lattice block materials (Fig. 1c).

What all these different cellular materials have in common is that their mechanical properties, in particular the resis-

tance to plastic deformation and the evolution and progress of damage and fracture in the materials, are determined by their

microstructure and the cell wall material. The most important structural parameters characterizing these cellular metals are the

cell morphology (geometry, open or closed cells), their topology, the mean cell size, and the relative density � � �rel s� (the

macroscopic density � divided by that of the solid material of cell walls � s). Usually, material properties of cellular materials

are given in the literature as functions of the relative density.

In this paper, an attempt is made to investigate the elastoplastic properties of cellular materials by using a regular

model structure that covers a wide range of the relative density. Uniaxial and multiaxial stress states are considered in order to

derive the corresponding material characteristics.

278

à b c

Fig. 1. Different types of cellular metals: a) open-cell metal foam (Duocel�); b) hollow alumina

spheres embedded in a magnesium matrix [2]; c) lattice block material [5].

x

y

Fig. 2. Representative volume element (RVE) of a simple perforated cell structure.
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Constitutive Modeling of Cellular Materials

The mechanical behavior of cellular metals can be described by applying the principles of continuum mechanics to a

“representative volume element” (RVE) (Fig. 2). In the case of a cellular material, the RVE must comprise at least 5 to 10 unit

cells (UC), in order to reflect its macroscopic properties. Their precise number depends on the corresponding cell structure and

should be examined separately. The aim of this paper is to model only isotropic solids, therefore, the anisotropy caused by a

particular pore distribution is disregarded, and only strain states with principle strains parallel to the x- and y-axes are consid-

ered (Fig. 2). This modeling technique, which is based on homogenous cell structures, has already been used for describing the

plastic behavior of porous metals [6, 7] and for modeling damage effects [8-10]. First investigations were done for uniaxial

loads by the present authors in [11].

Elastic behavior. Under the classical assumptions of small strains and a linear relationship between the second-order

stress tensor � ij and the strain tensor � ij , the elastic stress–strain relation is given by the generalized Hooke’s law

�
�

�
�
�
� �ij ij ij kk

E
�

�
	

�



�
�




�
�

1

1
, (1)

where E is Young’s modulus and� is the Poisson ratio. In uniaxial tension or compression, the only nonzero stress component

�xx causes an axial strain �xx and transverse strains � �yy zz� .

Thus, one can determine the elastic constants, i.e., Young’s modulus and the Poisson ratio from Eq. (1) as

E xx

xx

�
�

�
, � � 	

�

�

�

�
yy

xx

zz

xx

� 	 . (2)

Plastic behavior. Three essential elements of a plastic analysis are the yield criterion, the flow rule, and the hardening

rule, [12]. The yield criterion relates the stress state to the onset of yielding. The flow rule relates the stress state to the corre-

sponding increments of plastic strains d
ij

�p , when a plastic flow occurs. The hardening rule describes how the yield criterion is

modified upon deformation beyond the initial yield point. In what follows, we will concentrate on the mathematical and graphi-

cal representation of the yield criterion, which is one of the main topics in this paper. The yield criterion for an isotropic mate-

rial can generally be expressed as

F F ij ij� ( , , )� � � , (3)
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where � is the parameter of isotropic hardening and � ij are the parameters of kinematic hardening. The stress tensor � ij can be

split in its spherical � ij
0 and deviatoric �� ij parts. In terms of the three stress invariants J

1
0 , �J 2 , and �J 3 , where J

1
0 is the first in-

variant of the stress tensor and �J 2 and �J 3 are the second and third invariants of the deviatoric tensor [13], Eq. (3) can be written

in the form

F F J J J ij� � �( , , , )
1
0

2 3 � � , (4)

and the initial yield criterion in the form

F F J J J� � �( , , )
1
0

2 3 . (5)

In the 6D stress space, the yield condition F = 0 defines a closed hypersurface, called the yield surface. In the 3D space

of principle stresses �I , �II , and �III , this surface is two-dimensional. In this space, all planes perpendicular to the hydrostatic

axis are called octahedral planes. The octahedral plane passing through the origin is called the deviatoric plane, or �-plane [13].

The geometrical interpretation of the stress invariants introduced is given in Fig. 3 [14].

Finite-Element Simulation

General remarks. For simulating the macroscopic properties of a perforated cell structure, the commercial FE code

MSC.Marc was used. Due to the symmetry of all geometry and of the loads applied, only one eight of the unit cell was consid-

ered.

First, the geometry of structural elements has to be meshed before calculations. For optimal results, the shape of the el-

ements should show a minimum distortion [15]. To fulfill this requirement, the Mapped-Meshing algorithm provided by the

commercial code, which automatically generates a homogenous mesh for simple geometries, was used. Then, after meshing

with quadratic elements, the subbodies obtained are reunited, and the coincident nodes are merged. The simple geometries are

created by dividing the one eighth of the unit cell into four subbodies (Fig. 4a). In order to merge the meshes of the subbodies,

the number of elements of two facing surfaces must be identical. Consequently, the mesh created can be characterized by two

mesh parameters, N1 and N 2 , as indicated in Fig. 4b.

After the discretization, material properties and boundary conditions must be specified. Within this project, the mate-

rial properties of an AlCuMg1 aluminum alloy (Es = 72,700 N/mm2, �s = 0.34, and the initial tensile yield stress ks = 300
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N1

à b

N2N1

N1

N1

N1

N1

N1

N1N1

Fig. 4. Meshing of the geometry: à — subdivision of a unit cell (one eighth) for a regular mesh-

ing; b — mesh parameters N1 and N 2 .

271



N/mm2; the subcsrip s denotes the solid base material), which were obtained at the Institute of Applied Mechanics

(Erlangen-Nuremberg University), were used. The boundary conditions can be separated into those related to the applied mac-

roscopic load and the restrictions caused by the influence of neighboring geometry of the periodic structure. In what follows,

only boundary conditions of the second group are described. First, the boundary conditions must be symmetric in order to

model the behavior of the whole geometry of the cell structure, although only one eighth of it has been meshed. Then, the free

boundaries of the unit cell must be considered. Here, two different approaches were investigated: a free surface and multipoint

constraints (MPCs) imposing a periodic boundary. These MPCs ensure that all nodes on a certain surface have the same dis-

placement perpendicular to this surface. Figures 5 shows the effect of the boundary conditions on deformations of the structure

and the stress distribution inside the model geometry. On the left figure, the deformation of the model with a free surface is dis-

played. A strong contraction of the neck along the y-axis is visible. In contrast to this behavior, the special definition of MPCs

leads to a lower uniform deformation and a different distribution of the equivalent von Mises stress inside the structure.

The influence of MPCs becomes more evident when the results of an FE analysis are visualized.
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Figure 6 illustrates the stress–strain curves and Poisson ratios�obtained with and without the application of MPCs. It

is seen that the MPCs considerably affect the stress–strain curve and significantly lower the Poisson ratio. Since the MPCs al-

low for the influence of neighboring unit cells of the periodic structure and only RVEs are considered, the MPCs are utilized in

all further investigations.

Investigation of mesh density. According to [15], the results obtained by the FEM converge to exact solutions with in-

creasing mesh density. Consequently, a sufficiently fine and homogenous mesh should be generated. However, the computer

hardware (i.e., the disk space or RAM) available restricts the fineness of discretization. Figure 7a shows Young’s modulus and

the macroscopic initial yield stress in relation to the number of nodes, which indicates the mesh density. Both the characteristic

quantities considered converge to a constant value for high mesh densities. By taking the results given by the finest mesh as a

reference, a 6.35% deviation for Young’s modulus and 16.89% for the initial yield stress can be observed for the lowest mesh

density. For the second highest mesh density, these deviations decrease to 0.08% (Young’s modulus) and 0.01% (the initial

yield stress). Figure 7b illustrates the size v of the result file and the wall time t w in relation to the number of nodes. Both the

quantities show an exponential increase with rising mesh density. As a compromise between the accuracy of the FE-analysis

and wall time, the second highest mesh density was chosen. Similar investigations were performed for all other relative densi-

ties. The final results for the mesh density, represented by the number of nodes and elements, are summarized in Tab. 1. Figure

8 illustrates all the relative densities of the perforated cell structure considered.

Results

Uniaxial tensile tests. To determine Young’s modulus E, the Poisson ratio�, the macroscopic initial yield stress kt , and

the 0.2%-yield strength Rp0.2 of the material, uniaxial tensile tests were simulated. A Fortran subroutine was implemented to

calculate the macroscopic stresses and strains. The results obtained are illustrated in Fig. 9. The figure contains stress–strain

curves for each relative density. In the linearly elastic region, all the curves show a characteristic linear increase. The slope of a

curve defines Young’s modulus for the respective relative density. With rising relative densities, the stress level and Young’s

modulus both increase (also see Fig. 10).

For the tensile tests, two different types of hardening behavior were used: the real behavior of the AlCuMg1 alloy

(polynomial approximation of the flow curve with respect to the equivalent plastic strain as ks eff
p( )� = 300 + 2455.4�

eff
p –
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13,304.0( )�
eff
p 2 + 49,557.2( )�

eff
p 3 – 1.2( )�

eff
p 4 + 1.5 �105 ( )�

eff
p 5 – 88,689.9( )�

eff
p 6 , if �

eff
p � 0.52; otherwise 611.8 N/mm2

= const) and perfect plasticity (ks = 300 N/mm2). Both the cases are shown in Fig. 9. The dash-dot lines correspond to the per-

fectly plastic behavior, and the continuous lines shows the stress–strain curves in the case of polynomial hardening. For the per-

fectly plastic behavior, the stress–strain curves are taking a slightly lower course in the plastic region, because the hardening of

the base material is neglected.

From the uniaxial stress–strain curves, the basic material parameters can be determined. First, Young’s modulus is

calculated according to Eq. (2). Figure 10 shows a disproportional increase in Young’s modulus with relative density. At the

relative density� rel = 0.058, the connectivity of the material is lost, and Young’s modulus reaches the zero value. In the cases
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TABLE 1. Selected Mesh Density in Relation to the Relative Density

Relative density � rel Number of nodes Number of elements

0.1 14,329 2808

0.2 19,197 3968

0.3 19,660 4131

0.4 20,207 4300

0.5 17,435 3700

0.6 28,532 6253

0.7 28,485 6272

0.8 35,515 7936

0.9 32,249 7168

�rel = 0.1 �rel = 0.2 �rel = 0.3

�rel = 0.6�rel = 0.5�rel = 0.4

�rel = 0.7 �rel = 0.8 �rel = 0.9

Fig. 8. 3D view of structures with different relative densities.



of high relative densities, Young’s modulus converges to the stiffness of the solid material. The figure also contains experimen-

tal results from 2D and 3D investigations. It is seen that the experimental values agree excellently with FE results.

In Fig. 11, the Poisson ratio as a function of relative density is shown. For relative densities exceeding 0.4, the graph

shows a linear relationship, whereas for lower densities a slight nonlinearity is visible. Like Young’s modulus, the Poisson ratio

reaches the zero value close to the relative density� rel = 0.058 and converges to its value for the solid material with growing

relative density.

Finally, the yield stresses were determined. To this end, the first increment for which the equivalent stress reached the

yield stress of the base material was recorded, and the macroscopic stress in the y-direction was equated to the initial macro-

scopic yield stress. The normalized initial yield stress k kt ts depends linearly on the relative density. In contrast, the normal-

ized 0.2%-yield strength R kp0.2 ts, as well as Young’s modulus, increases disproportionately with the relative density.

Pure shear test. With the intent to directly determine the shear modulus, pure shear tests were also simulated. Our

main concern was to verify the validity of the continuum mechanics approach. This analysis requires the generation of a pure

shear stress state. In Fig. 13, different possible boundary conditions for a periodic cellular material are illustrated. Figure 13a

shows the generation of a pure shear state by applying the shear stresses �xy to a material. However, to define appropriate
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boundary conditions in the case of a periodic cellular material, it is advisable to transform the shear stresses into the principal

stresses. Since our intent is to simulate isotropic solids, all the normal stresses must be applied in the same material axes. There-

fore, only possibility 2 (Fig. 13b) can be chosen in order to be in agreement with the uniaxial tests.

The shear modulus G can be determined in two different ways. The first possibility is to calculate G from the ratio be-

tween the shear stress �xy and the shear strain  xy , with | | | |� �xy x� and | | | | | | � �xy x y� � :

G xy xy� | | | |�  . (6)

As an alternative, G can be calculated from Young’s modulus and the Poisson ratio according to the relation

G
E

�
�2 1( )�

. (7)

Table 2 shows the values of the shear modulus determined by using both the methods. As is seen, the maximum differ-

ence does not exceed 0.12% and decreases with growing relative density. Thus, we can assert that the continuum mechanics ap-

proach provides realistic results within the linearly elastic region for an equivalent isotropic solid.
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Influence of internal pore pressure. Possible applications of cellular metals can be found in heat exchangers, baffles,

flame barriers, and other items influenced by an internal pore pressure pi . The effect of this pressure was investigated for dif-

ferent relative densities.

Figure 14 shows stress–strain curves for a perforated cell structure with� rel = 0.5. As a reference, the case without an

internal pore pressure is shown. Also, the stress–strain curve obtained under the influence of an internal pore pressure (the ini-

tial value is 35 N/mm2, which is modified during deformation according to the ideal gas law) is presented. Compared to the ref-

erence curve, the initial macroscopic tensile yield stress is shifted to lower values, whereas the compressive yield stress reaches

higher negative values. The deviation of the macroscopic initial yield stress from the corresponding value of the reference

curve ( pi = 0 N/mm2) is 25.5 N/mm2 both in tension and compression. The third graph in the figure shows that the deviation is

still existent after the initial tensile strain (for � y = 0) is removed by simply shifting the stress–strain curve to the origin of coor-

dinates.

A symmetric deviation can also be observed in Fig. 15. Here, the initial yield stresses are shown for different internal

pore pressures varying from 0 to 50 N/mm2. The deviation of the yield stresses is linear and grows with internal pore pressure.
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TABLE 2. Comparison of Poisson Ratios

� rel G, N/mm2, (6) G, N/mm2, (7) Deviation, %

0.1 606.07 605.30 0.12

0.2 2562.32 2559.67 0.10

0.3 4672.07 4668.00 0.09

0.4 6923.86 6917.96 0.09

0.5 9364.75 9358.07 0.07

0.6 12,047.55 12,050.60 0.03

0.7 15,034.03 15,034.03 0.06

0.8 18,431.41 18,420.88 0.06

0.9 22,371.66 22,359.89 0.05
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For all the other relative densities investigated, the same linear character is observed. Furthermore, the deviation of the initial

yield stress seems to be independent of the relative density.

Multiaxial tests. To investigate the shape of yield surface, multiaxial stress states are simulated, and the shape in the

corresponding octahedral plane is drawn according to the following transformation, which projects the principle stresses first

onto the octahedral plane (angle of transformation#, cos# �1 3) and then into the Cartesian coordinate system (x, y) shown

in Fig. 16a:

y � 	 �
2

6
05[ . ( )]� � �I II III , (8)

x � 	
1

2
( )� �III II . (9)
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Here, it is important whether the plastic behavior is pressure sensitive, i.e., depends on J
1
0 or not. If there is no such a depend-

ence, i.e., the yield surface does not change along the hydrostatic axis, all stress states can be considered in a single octahedral

plane. Otherwise only stress states with the same hydrostatic stress can be represented in the same octahedral plane with J
1
0 =

const. As a results, e.g., uniaxial tensile (J
1
0 � �I ) and pure shear (J

1
0 = 0) tests cannot be represented in the same octahedral

plane. In order to construct the yield surface for the pressure-sensitive material examined, different multiaxial stress states with

J
1
0 = 0, e.g., � � �I II III� 	 �( )0 or � � � � �I II III I I� 	 � 	 % & '2 2 0 0( ), were realized, and the corresponding yield stresses

were plotted in the deviatoric plane, Fig. 16. The regular hexagon obtained corresponds to the outer bound of convex yield con-

ditions in the octahedral plane [14]. The filled circles in Fig. 16 are results from the finite-element simulation. It should be

noted here that this shape changes only in size (self-similarly) along the hydrostatic axes.
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To clarify the influence of the hydrostatic stress on the yield surface, its sections through the hydrostatic axis for �= 0° &

60( (Fig. 3) are shown in Fig. 16b. In this figure, the second invariant �J 2 is plotted on the left vertical axis, and a concave curve

is obtained. However, to investigate the convexity of a yield surface (as required by Drucker’s stability postulate), the so-called

Haigh–Westergaard coordinates J
1
0 and 2 2�J are appropriate. In this coordinate system (Fig. 16b), a straight line is obtained,

and the convexity is confirmed. Figure 17 illustrates the yield surface in the space of principal stresses, and a double-sided pyr-

amid generated by twelve planes is seen.

Conclusion

A periodic model of a cellular metal has been developed for fundamental studies of the mechanical behavior of cellu-

lar materials over a wide range of relative densities. The numerical simulation of its uniaxial mechanical behavior agreed well

with experimental results for 2D and 3D cellular structures. The effect of different hardening behavior was much smaller than

the effect of different relative densities. The investigations of the mechanical behavior in the case of internal pore pressure re-

vealed that, even under quasi-static conditions, the uniaxial stress–strain behavior was significantly influenced, and different

results in tension and compression were obtained. Under the condition that all normal stresses are applied in the same material

axes, a convex yield surface depending on all three stress invariants were obtained. These results will be used to simulate the

mechanical behavior of sandwich structures with periodic cellular core materials in our further research work.
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On an elastic-plastic transition zone in cellular metals
A. Öchsner, W. Winter, G. Kuhn

Summary A theory of plasticity is proposed for cellular metals to describe their elastic-plastic
transition zone at small strain. Under certain conditions, only a plane strain test is necessary to
determine the yield surface. The method to derive the elastic–plastic behaviour [14, 15] was
originally proposed for classical metals. A simple cubic model of a cellular metal is used to
demonstrate the method by the finite element method. Recommendations for the numerical
simulation are given. The influence of the relative density and the hardening behaviour of the
cell wall material is investigated.

Keywords Cellular metal, Nonlinear behaviour, Plasticity, Yield surface, Relative density

1
Introduction
Cellular metals, e.g. metallic foams, exhibit unique properties and are currently under con-
sideration for use in lightweight structures of automobiles, aircrafts, etc. as well as passive
safety components, [3]. There have been developed many methods for their fabrication and one
can classify them into four groups: foams made from melts, from powders, by sputtering and
by deposition, [5]. Some fabrication methods have been known since the fifties, and each of
them results in a characteristic cellular structure. There are technological problems related to
the control of the material structure, since the vast majority of existing technologies do not
allow for precise control of the shape, size and distribution of the cellular pores. That brings
about a wide scatter in mechanical and other characteristics of these materials and compo-
nents.

Recently developed fabrication methods for hollow spherical structures result in quite
homogeneous pore structures, Fig. 1. First experimental investigations show that the material
properties of comparable samples seem to be entirely reproducible, [1]. The mechanical
properties of cellular metals, in particular their resistance to plastic deformation, the evolution
and progress of damage and fracture within the material, are determined by the microstructure
and the cell wall material, respectively. The most important structural parameters which
characterize a cellular metal are the morphology of its cell (geometry, open or closed cell), the
topology, the mean cell size and the relative density, q=qS (the macroscopic density, q, divided
by that of the solid material of the cell wall, qS).

A schematic uniaxial compression stress-strain curve for a cellular metal is shown in Fig. 2.
It shows linear elasticity at low stresses, followed by a transition zone which is followed by a
long collapse plateau, truncated by a regime of densification, in which the stress rises expo-
nentially. Many investigations focus on the large deformations taking place in zones 3 and 4.
The initial yield stress k is then equated with the plateau stress kPlat , so that the transition zone,
which can be clearly distinguished in certain cellular metals, remains unconsidered.
Relationships for the elastic and plastic (plateau) behaviour of low-density foams are given in [9].

In this paper, we will investigate the elastic-plastic transition zone 2 under multi-axial
loading conditions and apply to cellular metals an interesting method to characterize the
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A. Öchsner (&), W. Winter, G. Kuhn
Institute of Applied Mechanics,
University of Erlangen-Nuremberg,
Egerlandstrasse 5, 91058 Erlangen, Germany
e-mail: oechsner@ltm.uni-erlangen.de



elastic-plastic behaviour that was originally proposed for full dense metals, [14, 15]. Beside a
uniaxial test for the determination of the elastic constants, only a plane strain experiment is
necessary to describe the elastic-plastic behaviour. A simple cubic cell structure is used, Fig. 3,
that exhibits properties similar to those of the samples shown in Fig. 2 to demonstrate prin-
cipally the procedure, and to verify the theory by finite element (FE) simulations. Transfer to
other cell structures should be possible too.

2
Constitutive modeling of cellular metals
The mechanical behaviour of a cellular metal and its mathematical characterisation can be
described based upon the principles of continuum mechanics, if a representative volume element
(RVE) is considered, Fig. 3. In the case of cellular materials, this RVE needs to comprise of at
least five to ten unit cells (UC), in order to represent macroscopic values. The precise number
depends, however, on the corresponding cell structure and should be examined separately.

Fig. 1. a Syntactic foam: hollow alu-
mina spheres embedded in a magne-
sium matrix and b Hollow sphere
foam Fe0:88Cr0:12, [13]

Fig. 2. Schematic uniaxial compression stress-
strain curve for a metal foam

Fig. 3. Representative volume element of the
simple cubic cell structure
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Since the intention of this paper is to model only isotropic solids, no further account is taken of
the anisotropy caused by the particular pore distribution, and only strain states having prin-
ciple strain distributions parallel to the x- and y-axes are considered (cf. Sec. 3). This modelling
technique, based on homogenous cell structures, has already been applied for the description of
the plastic behaviour of porous metals, [8, 10], and for the modeling of damage effects, [11, 16,
17]. However, the elastic-plastic transition zone (cf. Fig. 2) was not investigated in those works.

2.1
Elastic behaviour
Under the classical assumptions of small strains and linear relationships between the second-
order stress tensor rij and the strain tensor eij, the elastic stress-strain relation is given by the
general Hooke’s law

eij ¼
1þ m

E
rij �

m
1þ m

dijrkk

� �
¼ C�1

ijklrij ; ð1Þ

where E is the Young’s modulus, Cijkl the fourth-order stiffness moduli tensor and m the
Poisson’s ratio. In a uniaxial tension or compression test, the only non-zero stress component
rxx causes axial strain exx and transverse strains eyy ¼ ezz. Thus, one can determine the elastic
constants, i.e. the Young’s modulus and the Poisson’s ratio from Eq. (1).

2.2
Plastic behaviour
The three essential ingredients of plastic analysis are: the yield criterion, the flow rule, and the
hardening rule, [2]. The yield criterion relates the state of stress to the onset of yielding. The
flow rule relates the state of stress rij to the corresponding increments of plastic strain dep

ij,
when an increment of plastic flow occurs. The hardening rule describes how the yield criterion
is modified by straining beyond initial yield.

The yield criterion for an isotropic material can generally be expressed as

F ¼ Fðrij; j; gijÞ ¼ 0 ; ð2Þ

where j is the isotropic hardening parameter and gij the kinematic hardening parameters
respectively. The state of stress rij can be split in its spherical ro

ij and deviatoric part r0ij ¼ sij

and then expressed in terms of the combinations of the three stress invariants Jo
1 , J 02 and J 03,

where Jo
1 is the first invariant of the spherical stress tensor and J 02 and J 03 are the second and

third invariants of the deviatoric tensor, [4]. Thus, one can replace Eq. (2) by

F ¼ FðJo
1 ; J
0
2; J
0
3; j; gijÞ ¼ 0 : ð3Þ

The elastic relation (1) prevail when F < 0. When the stresses are such that F ¼ 0, yielding
begins or is already in progress. The case of F > 0 is not physically possible. The flow rule is
stated in terms of a function Q, which is described in units of stress, and is called a plastic
potential. With dk a scalar called plastic multiplier, the plastic strain increments are given by

dep
ij ¼ dk

oQ

orij
: ð4Þ

The flow rule is said to be associated if Q ¼ F, otherwise it is nonassociated. Hardening can be
modelled as isotropic (i.e. initial yield surface expands uniformly without distortion and
translation as plastic flow occurs) or as kinematic (i.e. initial yield surface translates as a rigid
body in stress space, maintaining its size, shape and orientation), either separately or in
combination.

2.3
Elastic-plastic behaviour under plane strain condition
Under the assumption of small strains, the total strain increment deij is assumed to be the sum
of the elastic strain increment dee

ij and the plastic strain increment dep
ij

deij ¼ dee
ij þ dep

ij ; ð5Þ
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where the elastic strain increment can be obtained from Hooke’s law (1) and the plastic strain
increment from the flow rule (4). The elastic-plastic transition zone of metals can be described
according to [15] by the following yield criterion:

F ¼ a Jo
1

� �2þJ 02|fflfflfflfflfflffl{zfflfflfflfflfflffl}
f

� ksð Þ2¼ 0 ; ð6Þ

where the parameter a and the shear yield stress ks control the transition in the elastic-plastic
range. When a is zero, Eq. (6) reduces to the well-known von Mises criterion, e. g. [12].
Application of the chain rule gives the derivative of the scalar function F, with respect to the
stress tensor rij as

oFðJo
1 ; J
0
2Þ

orij
¼ oF

oJo
1

� oJo
1

orij
þ oF

oJ 02
� oJ 02
orij
¼ 2aJo

1dij þ sij : ð7Þ

If Hooke’s law (1) is applied for the elastic component and the associated flow rule (4) for the
plastic component, the complete stress-strain relationship for a material obeying the yield
criterion (6) is expressed as

deij ¼ dk � 2aJo
1dij þ sij

� �
þ 1þ m

E
drij �

m
1þ m

dijdrkk

� �
: ð8Þ

Here the scalar parameter a must be determined experimentally. Following [14, 15], a plane
strain state is examined for that purpose. In a plane strain state of a planar cube (no wall
friction, principal directions are I; II; III), we may have e.g.

rI > 0 ^ eI 6¼ 0 ; ð9Þ
rII 6¼ 0 ^ eII ¼ 0 ; ð10Þ
rIII ¼ 0 ^ eIII 6¼ 0 ; ð11Þ

where rI ; rII and eI are the measured values. Using Eqs. (9)–(11) with the associated flow rule
(4) and (8), the increments of the plastic strains are given by:

dep
I ¼ dk 2aðrI þ rIIÞ þ

1

3
� ð2rI � rIIÞ

� �
; ð12Þ

dep
II ¼ dk 2aðrI þ rIIÞ þ

1

3
� ð2rII � rIÞ

� �
: ð13Þ

Dividing Eq. (13) by (12) and rearranging, the function a is obtained as

a ¼ 1

6
�
rI 1þ 2 � dep

II

dep
I

� 	
� rII

2þdep
II

dep
I

� 	

ðrI þ rIIÞ 1� dep
II

dep
I

� 	 : ð14Þ

For small plastic strains (respectively at the beginning of the yielding), the quotient is
dep

II=dep
I � 1 (respectively ¼ 0) and the quantity a can be approximated by

a � 1

6
� rI � 2rII

rI þ rII
: ð15Þ

The increment of plastic strain can be determined from Eq. (5)

dep
I ¼ deI � dee

I ; ð16Þ
dep

II ¼ deII|{z}
¼0

�dee
II ¼ �dee

II ; ð17Þ
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while the elastic strain increment can be obtained from Hooke’s law (1).
In the hardening theory of plasticity, the hardening parameter in the yield criterion must be

related to the experimental uniaxial stress-strain curve. To this end, one needs to define a stress
variable, called effective stress, which is a function of the stresses and some strain variable,
called effective strain, which is a function of the plastic strains, so that they can be plotted and
used to correlate the test results obtained by different loading conditions, [7]. Since the
effective stress should reduce to the stress rI in a uniaxial test, it follows that the function f ðrijÞ
must be some constant c multiplied by the effective stress reff to some power n

f ðrijÞ ¼ c � rn
eff : ð18Þ

For the uniaxial test, reff ¼ rI and rII ¼ rIII ¼ 0, coefficient comparison gives c ¼ aþ 1
3 and

n ¼ 2; and the effective stress can be expressed as

reff ¼ k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðJo

1 Þ
2 þ J 02

aþ 1
3

s
)

pl:strain

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3aðrI þ rIIÞ2 þ r2

I þ r2
II � rIrII

3aþ 1

s
: ð19Þ

The effective plastic strain increment dep
eff can be defined in terms of the plastic work per unit

volume in the form

dwp ¼ reff dep
eff ¼ rijdep

ij )
pl:strain

rIdep
I þ rIIdep

II þ rIII|{z}
¼0

dep
III : ð20Þ

It follows from Eq. (20) using Eqs. (1) and (19), that in the case of a plane strain test the
effective plastic strain increment is given by the following equation

dep
eff ¼

1

reff
� rIdep

I �
1

E
rIIðdrII � mdrIÞ

� �
: ð21Þ

3
Finite element simulation
The commercial FE code MSC.Marc was used for the simulation of the macroscopic properties
of the chosen cell structure, Fig. 3. A fine mesh with solid elements (quadratic shape functions)
of such a cell structure consisting of five to ten unit cells would lead, however, to a large amount
of unknowns and a huge computing time. Therefore, only a typical repeating portion (unit cell)
was simulated. Due to the symmetry of the unit cell, only one eighth needs to be considered.
The mechanically correct constraints are of great importance in this case, Fig. 4. Some
researchers use one surface of the unit cell as a free boundary. However, to simulate the

Fig. 4. Finite element model of a unit cell with boundary conditions and applied loads for uniaxial tension
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mechanical behaviour of a cell structure, only a periodic boundary provides the correct con-
straint. With the aid of multiple point constraints (MPC), the used FE-system offers the pos-
sibility to realize such a boundary condition where all nodes on a certain surface have the same
x-displacement.

The effect of different boundary conditions on the deformation can be seen in Fig. 4. The
possible errors due to inadequate boundary conditions on the Young’s modulus E, the Pois-
son’s ratio m and initial tensile yield stress kinit can be taken from Table 1. All the following
simulations were carried out with this periodic boundary. Six different relative densities were
realised (cf. Table 2) and the influence of the different hardening behaviours of the base
material on the results were investigated . Besides the realistic hardening behaviour of an
aluminium alloy (AlCuMg1), the two limiting cases: ideal plasticity (k ¼ 301:06 MPa ¼ const.),
and linear hardening (k ¼ 1=20 � ES � ep

eff ) were considered. The base material was assumed to
be isotropic and to obey the von Mises yield criterion with the associated flow rule. A number
of computer runs were carried out to ensure the convergence of the selected mesh. The final
mesh data is summarized in Table 2.

Under certain circumstances it may be necessary that a cell structure built up from several
cells should be modelled (e.g. anisotropic damage). Then, the resulting calculation of a unit cell
with periodic boundary conditions provides an elegant way to show whether the number of the
cells in the structure can be regarded as a representative structure.

4
Results

4.1
Uniaxial tension tests
From the point of view of continuum mechanics, a state under pure shear stress (result: shear
modulus G) and a state under pure hydrostatic stress (result: bulk modulus K) should aim to
determine the elastic constants, since the constants are independent from each other in this
case. However, the experimental determination of the elastic constants is mostly based on a
simple realisable tension or compression test, from which Young’s modulus and Poisson’s ratio
can be obtained. Therefore, a uniaxial tension test is considered in the following. A typical
stress-strain diagram for such a uniaxial tension test is shown in Fig. 5. The initial elastic
region appears as a straight line, where the Young’s modulus can be calculated from Eq. (1).
Application of Eq. (1) also gives the Poisson’s ratio as a negative ratio of the lateral to the axial
strain. The initial (macroscopic) yield stress is recorded when the equivalent stress of an
integration point reaches the yield stress of the base material.

The results for the normalized Young’s modulus and Poisson’s ratio as a function of the
relative densities are summarized in Fig. 6. A clear decrease of the elastic stiffness and con-
traction number with decreasing relative density can be seen. These values form the basis for
the evaluation of the plastic material behaviour. In this graph, the limit of the relative density
(contact of two pores) of the chosen cell model, ðq=qSÞlimit ¼ 0:48, is marked. Since the chosen

Table 1. Comparision of uniaxial tensile test results for different boundary conditions

Unit cell Unit cell with MPC’s Deviation

E ¼ 39969 MPa E ¼ 42784 MPa 6.58%
m ¼ 0:3229 m ¼ 0:2784 15.98%
kinit ¼ 81:4 MPa kinit ¼ 114:7 MPa 28.97%

Table 2. Selected mesh density

Relative density Number of nodes Number of elements

0.95 11297 2400
0.90 8713 1800
0.80 4835 960
0.70 7421 1500
0.60 11769 2352
0.50 13464 2700
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cell structure should be an idealised model of a cellular metal where in the theoretical case
E=ES ! 0 for .=.S ! 0 holds, the investigated relative densities of the cell structure should not
be so close to ðq=qSÞlimit , since E=ES ! 0 for .=.S ! ðq=qSÞlimit is valid. This drop in stiffness is
not discussed in this paper. It should be noted here, that Young’s modulus and Poisson’s ratio
can be converted into shear and bulk moduli by the classical relationships for isotropic
materials, e. g. [6].

4.2
Multiaxial tests
For the determination of the yield criterion, one needs to realize different multi-axial stress or
strain states. Figure 7 shows the numerical results obtained for the yield stress and the slope of

Fig. 5. Uniaxial tensile stress-strain
curves and Poisson’s ratios for a unit
cell with a relative density of
q=qS ¼ 0:7

Fig. 6. Relative Young’s modulus
and relative Poisson’s ratio plotted
against relative density

Fig. 7. The initial and subsequent
yield surface for a relative density of
q=qS ¼ 0:7
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the yield criterion at points of first yielding and a subsequent yield surface obtained by con-
necting points with the same value of plastic work wp. Altogether ten states of strain were
analysed. It can be seen that the points can be fitted by a yield criterion according to Eq. (4),
which is an elliptical curve in the

ffiffiffiffi
J 02

p
; Jo

1

� �
- plane (semi axes: ks=

ffiffiffi
a
p

and ks). This elliptical
shape is also common in the context of soil mechanics or sintered metals. To check the
normality criterion (associated flow rule), the angle between the incremental plastic strain
vector and the tangent to the yield surface has been calculated and is shown in Fig. 7. An
acceptable agreement has been obtained for most of the stress states. It should be noted that the
values were more accurate for smaller plastic strain increments.

4.3
Plane strain tests
The results of the measured stresses of a plane strain test are shown in Fig. 8. In the elastic
region ee

II ¼ 0 is valid and from Eq. (1) we get m ¼ rII=rI ¼ 0:2784, a new relationship for the
calculation of Poisson’s ratio. This value was obtained from the uniaxial tension test, see
Table 1. This ratio changes in the elastic-plastic transition zone and converges towards the
straight line rII ¼ 0:4185rI (case of rigid-plastic yielding of a von Mises material; cf. Eq. (17)
with (13)). It is interesting that in the case of ideal plasticity the convergence is not so marked
since the stress increase is prevented due to the constant yield stress. In conventional plasticity,
it is assumed that the volume remains constant for the material undergoing plastic deformation
(dep

kk ¼ 0). In the deformation of cellular metals, however, the volume does not remain con-
stant in the plastic region.

The progression of the parameter a ¼ aðep
eff Þ according to Eq. (14) is shown in Fig. 9. For the

first few increments after initial yielding, the approximation according to Eq. (15) was used.
The parameter decreases constantly from the initial value a ¼ 0:05777 but does not reach zero,

Fig. 8. The progress of stress in a
plane strain test for a relative density
of q=qS ¼ 0:7

Fig. 9. The dependence of the
parameter a on the equivalent plastic
strain for a relative density of
q=qS ¼ 0:7
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as in the case of classical metals. The progression of k or ks is not shown here, since the results
can also be obtained from the uniaxial test, Fig. 5.

Under the given assumptions, it is now possible to determine the yield surface by a plane
strain test. Figure 10 summarizes the shape of the initial yield surface for differing relative
densities.

5
Conclusion
A method that was originally proposed for the elastic-plastic transition zone of metals [14, 15],
has been successfully applied to a simple model of a cellular metal. Under the assumption of the
validity of a yield criterion according to (6) and the associated flow rule, a simple plane strain
test offers the possibility to determine the yield surface for different relative densities. The
application of the method to other cell structures (e.g. for open cell structures with low density)
and experimental realisations are reserved for future research.
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