FACTORIZATION IN FINITE-CODIMENSIONAL IDEALS OF
GROUP ALGEBRAS

GEORGE A. WILLIS

ABSTRACT. Let G be a o-compact, locally compact group and Z be a closed
2-sided ideal with finite codimension in L(G). Tt is shown that there are a
closed left ideal £ having a right bounded approximate identity and a closed
right ideal R having a left bounded approximate identity such that Z = L+7R.
The proof uses ideas from the theory of boundaries of random walks on groups.

1. INTRODUCTION

A Banach algebra A is said to be idempotent if A2 = A where A2 is defined
to be span{ab : a, b € A}. Of course A is idempotent if it has an identity, but it
can be a difficult and fruitful question to decide whether a Banach algebra which
does not have an identity is idempotent. This question was tackled by W. Rudin,
see [27], in the case when A is the group algebra L'(G) of a non-discrete, locally
compact group G and he showed that L!(G) is idempotent for many groups G.
Shortly afterwards P.J. Cohen showed that if a Banach algebra .4 has a bounded
approximate identity then every element in A is a product, see [2], [1], Theorem
11.10 or [10], Theorem 32.22. Since, by [10] Theorem 20.27, every group algebra
has a bounded approximate identity, it follows that group algebras are idempotent.

The question of whether an ideal in a group algebra is idempotent generally
depends on properties of the ideal and of the group for its answer. Ideals in L!(G)
do not, in general, have a bounded approximate identity, see [26] and [14], and
may fail to be idempotent, see [29], Theorem 7.6.3 and [10], Theorem 42.16. In
all these examples G is abelian and the ideals have infinite codimension. However
it is shown here that for an arbitrary locally compact group G, if 7 is an ideal
with finite codimension in L(G), then Z is idempotent. This will be an immediate
consequence of the following

Theorem 1.1. Let G be a o-compact, locally compact group and I be a closed
2-sided ideal with finite codimension in L'(G). Then

I=L+R,

where L is a closed left ideal in L'(G) with a right bounded approximate identity
and R is a closed right ideal in L'(G) with a left bounded approzimate identity.

For o-compact G the theorem implies directly that finite-codimensional ideals
in L'(G) are idempotent, and indeed that every element in the ideal is a sum
of 2 products. The same conclusion holds if G is not o-compact because each
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element f of the ideal is an L'-function on G and hence is supported on some
open, o-compact subgroup of G. Applying the theorem to the subalgebra of L!(G)
consisting of functions supported on this open subgroup shows that f is the sum of
2 products in 7.

Idempotence of proper ideals in group algebras has been established previously
in a number of cases, which usually require that the group be amenable. Once
again, one of the earliest results is due to Rudin, who showed in [28] that, if G is
compact and Z is an ideal in L'(G) which has a Banach space complement, then
T has a bounded approximate identity. It was shown by H. Reiter in [21] that the
codimension one ideal

e ={reri: [ fam},

where m denotes the left invariant Haar measure on (G, has a bounded approximate
identity if and only if G is amenable. This theorem of Reiter was extended by Liu,
van Rooij and Wang who showed in [17], Theorem 2 that, if G is amenable, then
every complemented ideal in L'(G) has a bounded approximate identity. Their
argument developed further the method used by Rudin in [28]. As a final result in
this direction, cohomological techniques show that, when G is an amenable group,
an ideal Z in L!(G) has a bounded approximate identity if and only if it is weakly
complemented, see [9], Proposition VII.2.37 or [3]. As observed above, even in the
case when G is abelian there are many ideals which do not satisfy this condition.

Since finite-codimensional ideals are complemented, the theorem proved here
says nothing new about amenable groups; indeed its conclusion is not as strong
as known results. For non-amenable groups though it is just about as strong as
can be expected (but see the discussion of connected groups below). In the case
when Z = L{(G), this is shown by the previously cited theorem of Reiter, [21]. More
generally, it is shown in [36] that, if G is not amenable, then no finite-codimensional
ideal in L'(G) has a bounded approximate identity.

Even when G is not amenable, idempotence of certain ideals in L'(G) can be
shown by considering amenable subgroups of G. If G is locally compact and H is
a closed subgroup of G, then

Jg =span{f — fxd,:he H} ,

is a closed left ideal in L'(G). When H is a normal subgroup Jg is a 2-sided ideal.
Then Jy has a right bounded approximate identity if and only if H is amenable,
see [22], Theorems 10.1 and 10.2. This fact may be used, in conjunction with a Lie
groups argument, to show that, if G is connected, then finite-codimensional ideals
in L!(G) are idempotent, see [38]. These methods in fact show that L} (G) is a sum
of two left ideals each having a right bounded approximate identity, i.e., that the
approximate identities are on the same side.

Free groups with 2 or more generators are neither amenable nor connected and
so the results cited above say nothing about idempotence of finite-codimensional
ideals in their group algebras. There are few factorization theorems applying to
general group algebras. In [34] it was shown that, if Z has codimension 1 in L}(G),
then every element of 7 is a sum of 4 products and in [37] the number of products
required was reduced to 2. The proof in [37] corresponds to part of the argument
used here and we recall the main points of that proof in section 3 below. In [35]
it was shown that, if G is discrete and finitely generated, then each ideal having
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codimension 2 in L'(G) is idempotent, the number of products required increasing
with the number of generators of G. The theorem proved here improves these
results by being applicable to all finite-codimensional ideals, all locally compact
groups and by showing that only 2 products are required in all cases.

The rest of the paper gives the proof of the theorem, which is set out in sections
as follows. In the next section it is shown that to each finite-codimensional ideal 7
in L'(G) there corresponds a finite-dimensional, bounded representation pz of G.
The closure of the range of pz is a compact group, K, and harmonic analysis on K
plays an essential role in the proof. In the case when Z = L}(G), K becomes trivial
and the proof reduces to the argument given in [37]. This argument uses ideas
connected with random walks on G which must be incorporated in the general case
and the requisite facts are recalled in section 3. Section 4 uses the random walk
techniques to produce functions in L*(G) which convolve approximately like matrix
coefficients of pz. In the case when G is amenable these approximations are related
to the weak containment of the irreducible representations of K in the regular
representation of G but are, of course, much weaker. The functions produced in
section 4 are used in section 5 to define £, R and their approximate identities and
to show that Z = £ + R. The final section discusses some further consequences of
the theorem and some open problems.

2. THE REPRESENTATION p7z AND COMPACT GROUP K

Let Z be a 2-sided, closed ideal with finite codimension in L!'(G) and define
V = LY(G)/Z. Then V is a finite-dimensional Banach algebra.

Since 7 is an ideal, it is closed under translation and so the regular representation
of G on L*(G) induces a finite-dimensional representation of G by isometries on V.
Call this representation pz. Thus

pr(x)(f+T) =06 xf+T (z€G, f+TeV).

Since pz : G — Isometries(V), the closure of pz(G) in the operator-norm topology
on V is a compact group of isometries on V. Define K = pz(G)~ to be this compact
group, so that p7: G — K.

Now the identity representation of K on V is finite-dimensional, continuous and
bounded and so it induces a finite-dimensional representation © of L'(K) on V
given by

O(p)v = /Kgb(k)kv dm (k) (veV, ¢ € LNK)).

Define Z = kernel(®). Then 7 is a finite-codimensional, closed, 2-sided ideal in
L'(K) and so has a bounded approximate identity, by [28] or [17]. This bounded
approximate identity can be described explicitly in terms of the representation
theory of K.

It follows from [10], Theorem 38.7 that there is a finite set, S, of irreducible
unitary representations, o, of K such that

I={feLY(K): flo)=0, 0 €S},
where f(o) denotes the Fourier transform of f at o, [10], 28.34.

Let $, denote the Hilbert space on which o represents K and suppose that the
dimension of §), is d,. Choose an orthonormal basis {h,} for $, and define

cap(k) = (a(k)hg, ha)
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to be the matrix coefficient of o (k) with respect to this basis, see [10], 27.5. Then
the functions ¢7 5 are continuous on K and satisfy the orthogonality relations

L ifo=71,a=vand B=6
1 cC el sdmyg = ¢ 9o’ ’
o /K B8 HK {0, otherwise,

where ¢7; denotes the complex conjugate of c;, see [10], 27.15 and 27.19. They
also satisfy the translation relations

do
(2) Ok o = ) Sa(k)Es,
~y=1

see [10], Theorem 27.20(i) and convolve as scaled matrix units

O T i&gé, ifo=7and B=7
of = T8 0, otherwise,
[10], Theorem 27.20(ii).

The subspace of L'(K) spanned by {7, 5} is an ideal in L'(K) which is isomorphic
to V and also to @, B(Hs), where B(H,) = My, . In the following, V will be
identified with this ideal. Thus {¢7;} is a basis for V. The identity element of
V is then the function

ds
(3) z= Z d, <Z cga> .
oceS a=1
The function z: (i) belongs to the centre of L'(K); (ii) is idempotent, i.e.,
zxz =z and (iii) LY(K) = Z®V, where V = LY (K)xz and 7 = L*(K)* (8, — 2).
These properties of z are shown in [10], Theorem 27.24.

The bounded approximate identity for Z has the form wy (6, — z), where (uy) is
a bounded approximate identity for L'(K). The functions u, may also be chosen
to be central, see [10], Theorem 28.53.

Unless G itself is compact, there is no function in L!(G) with properties (i)—(iii).
For instance, if Z = L{(G), then K is the trivial group and z is the constant function
1. However functions can be found in L'(G) which satisfy analogous properties in
an approximate way. In the case when Z = L}(G) these functions are probability
measures.

3. PROBABILITY MEASURES ON (G AND THE CASE WHEN Z = L}(G)

The case of the theorem when Z = L{(G) has been proved in [37], where the
ideals £ and R are described in terms of a random walk on G.
For each probability measure p on G define

Ju={f—f*p:feLlXG)} .
Then J,, is a closed left ideal in L'(G), J, C L{(G), and J,, has a right bounded

approximate identity (uxn =ux * (6 — = > p_; p**)), where (uy) is a bounded

approximate identity for L!(G). Similarly, define

wI ={f—nxf:feLl(G)} .
Then 7 is a closed, right ideal in L*(G), ,J C L{(G) and ,J has a left bounded
approximate identity.
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Theorem 3.1 ([37], 3.8). Let u be a probability measure on G such that p is
absolutely continuous with respect to Haar measure and such that supp(u) = G.
Then

L{(G) = T + Ty

Any choice of probability measure satisfying the hypotheses gives such a decom-
position of L§(G) and so it is far from being unique.

The argument from [37] is to be incorporated in the current proof and needed
facts and notation from that paper are recalled in this section. An important idea
is the notion of the boundary of the random walk with transition probability pu.
This is defined in probabilistic terms in [7], [11] and [18], VI.2 but the following
functional analytic definition is more appropriate here.

It may be shown, see [37], that the quotient space L'(G)/J,, becomes an abstract
L'-space if we define its positive cone to be the closure of L*(G)"/J,,, where L*(G) ™
denotes the set of positive functions in L!(G). By the theorem of Kakutani, see
[12] or [16], Theorem 1.1.2, there are a measure space (€2,v) and an isometric
isomorphism B : L*(G)/J, — L*(€,v) such that B((L'(G)*/J.)") = L'(Q,v)*.

An action of G on Q) may be defined so that 2 is a measurable G-space, v is
quasi-invariant and that under the induced action of L'(G) on L*(Q,v), B is a
left L'(G)-module isomorphism, see section 2 of [37]. The left action of L!'(G)
on L'(Q,v) will be denoted (f,&) — f& (f€LG), (€ L'(Q,v)). Thus, if
&= B(g+ Ju) € LY(Q,v), then

f&=FfB(g+T.) =B(f*g+Tyu)-

A consequence of this construction of (€2, ) is that

(4) /Gfdm:/QB(f—i—ju)dz/ (feLYG)).

When g is absolutely continuous with respect to m and supp(p) = G, the mea-
sure v may be chosen such that B(u + J,) = 1. (In probability theory, u is said
to be non-degenerate and v to be u-stationary in this case. In algebraic terms,
is a right modular unit for 7,,.) Then pu.1g = 1g and B is given by

B(f'f’ju) :f.].Q (f S Ll(G))
If A C Q is measurable, then 14, the characteristic function of A, lies in the

positive cone of L' (€2, ), and so the construction of L!(€,v) implies that for every
€ > 0 there is a positive f4 € L'(G) such that

(5) 114 = falallpi. <€
If {Aq, As, ..., A} is a measurable partition of 2, we may choose positive functions
fa, (i=1,2,..., p), such that |14, — fa,.1allL1 () < € for each i. Moreover,

these functions may be chosen so that
P

1o — ZfA'i> 1q
i=1

It follows, by replacing each fa, by fa, * (% S orey w**) if necessary, that the func-
tions fa, may be chosen such that

< €.
LY (Q,v)

P

,L"lfzfAzi

=1

(6)

< €,
LY(@)
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for some ' in the convex hull of the convolution powers of u.
The decomposition of L}(G) may be deduced from properties of the operator T
in B(L'(Q,v)) defined by

TE = p.€ (e L' ().

This T is a positive, norm 1 operator on L!(Q,v). Furthermore, T maps bounded
functions to bounded functions and its restriction to L°°(£,v) also has norm
1. The ergodic theorem for operators, [6], Corollary VIIL.5.5, implies then that
(22:1 Tk) /m converges in the strong operator topology to a projection P such
that

range(P) = {¢ € L'(Q,v) : T¢ = ¢} and kernel(P) = [(I — T)L'(Q,v)] .
It is shown in [37] that T¢ = £ only if £ is constant, whence kernel(T") has codimen-
sion 1 in LY(Q,v), i.e.,

(7) Lo(Qv) ={¢—p&: £ L(Qv)} .
Since B(L}(G) + J,) = Ly(2,v), see (4), we have

Ly(G) = nd + T
What is required in the following is the fact that

(8) lim lzu*k.g L pe — (/diu) 1q (¢ e LY ().

n—oo N

k=1
4. SOME APPROXIMATION RESULTS

In this section G will be a o-compact, locally compact group, K an arbitrary
compact group, and p : G — K a continuous group homomorphism with range
dense in K. It is shown how harmonic analysis on K may be pulled back, in an
approximate sense, to G via p. Should the irreducible representations of G which
factor through p happen to be weakly contained in the regular representation of G,
which occurs only if G is amenable, see [19], Theorem 4.21 or [8], Theorem 3.5.2,
these approximations could be made with the aid of weak containment. They
continue to hold when G is not amenable however. The approximations will be
used in section 4 with K and p as defined in section 1.

Let ¢ be a Borel measurable function on K. Then ¢ o p is a Borel function on
G which will be denoted ¢. For each measure, A, on G define the measure ¢ by

(Jm) (E) = / d(x) d(z) = / (bop)(x)d\(z)  for all Borel E C G.
E E
Let A be a bounded measure on G. Then A has a direct image under p which is the
measure p(A) defined on K by
PONE) =X (p 1 (E)) for all Borel E C K.

The map p is a homomorphism from M(G), the convolution algebra of bounded
measures on G, to M(K). In the following s(\) will be denoted simply by A. Then

(GAN)~=0X (¢ €B(K), \e M(Q))
and for positive A
HQE)‘”M(G) = ||¢5\HM(K) (¢ € B(K), A€ M(G)),
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where B(K) denotes the space of bounded Borel measurable functions on K.

Since G is o-compact, there is a probability measure p on G which is absolutely
continuous with respect to Haar measure and such that supp(u) = G. Choose a
fixed probability measure with these properties. (This is the only point at which it
is necessary that G be o-compact.) The closed, convex hull of the set of convolution
powers of 1 will be denoted co(p).

Since supp(p) = G and the range of p is dense in K, the support of [ is dense
in K. Then, since K is compact, the convolution powers of ji converge to my, the
Haar measure on K, in the weak-* topology and also in the sense that, for every
open subset U C K,

(9) lim i (U) = myc (U),

n—oo

see [13] or [25], Theorem VI.3.2.

Theorem 4.1. (i) Let U C K be open and let € € L*(£2,
mg (U (fQ £ du) 1q belongs to the norm closure of{(i
(i) Let ¢ € C(K) and & € L*(Q,v). Then ([ ¢dmi) ([,

the norm closure of {(g?)u’).g S co(u)}.

Then

v).
p).E '€ co(p)}.
&d ) 1q belongs to

Proof. (i) Suppose for the time being that £ is non-negative. We establish first that
mk (U) (J, € dv) 1q belongs to the weak closure in L'(Q, v) of

{(Aup').€: 4’ €co(p)}.

For this, let {A1, Ag, ..., A,} be a measurable partition of 2. Then by (5) and (6)
there are positive functions fa, € L'(G) such that:

(10) fa, 1a — 14, is arbitrarily small ;
(11) /fAi.lng:/ fa, dm =v(4;) (t=1,2,...,p); and
Q G
(12) fa, + fa, + -+ fa, — ¢ is arbitrarily small for some p’ € co(p).

Combining with (8) and replacing each fa, by fa, * (% Sory ,u*k) for some n,
which does not affect (10)—(12), these functions may be chosen to also satisfy:

(13) fa, .6 — (/ fdu) 1,4, is arbitrarily small for ¢ =1,2,...,p
Q

With the aid of (9), these functions may be chosen to satisfy one further condi-
tion. Since mg is translation invariant, (9) implies that for every x € G
(0y % ™) (U) — mg (U) asm — 00.

Since p is absolutely continuous with respect to Haar measure on G, the map
x— (6 * p*)~(U) : G — [0,1] is continuous for each n. Hence, by the dominated
convergence theorem, we have for every f € L!(G) that

(f %" /f (6, % ™) “(U) dim(z)

— mK(U)/Gf(x)dm(m) as n — oo.
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In particular,
(s @) = ([ g dm)mie(U) = vidmc (0.
Pulling back to a statement about functions on G yields
[ Aoty dm = i G =572 )~ Ak (V).
Hence, once again replacing fa, by fa, * p*" if necessary, it may be supposed that:
(14) 1o fa,

Clearly 1y fa, < fa, andso (1pfa,).€ < fa,.€. (Here we use that £ > 0.) Hence,
because A; N A; =0, (13) implies that

{deUfAi).fdu, for i = j

|L1(G) —v(A;)mg(U) is arbitrarily small.

/ (iUfAl)g dl/ ~
Aj

Since 1y fa, and £ are positive, fﬂ(iUfAi).g dv = HiUfAi
aid of (14) this yields that

0, for i # j.
L1(@) Jo & dv. With the

[ Guta)ear~

J

v(A)mg((U) [ &dv, ifi=]
0, for i # j.

Now let F = 370_| A;j14; be asimple function in L>°(€,v). Then we may choose
functions f4, which satisfy the above approximations and such that fa, + fa, +
-+ fa, = p' for some p in co(p). Then

p
>

ij=1 74

i_iAw(Ai)mK(m ( / fdu)

= (/Qde> mc(U) (/diy).

This approximation can be made for any finite number of simple functions simul-
taneously by using a partition {44, ..., A,} subordinate to all of them.

Since the simple functions F' = Z?Zl Ajla,, ranging over all measurable parti-
tions {A;} of Q and all A;, form a dense subset of L>(Q,v), it follows as claimed
that ([, £ dv)m (U)1g belongs to the weak closure of {(1yp').€ : i/ € co(u)}-

Now {(1yp').€ : ¢/ € co(ut)} is convex and so, by [6], Corollary V.2.14, its weak
closure and norm closure are the same. Hence ([, &dv)mg(U)1lg belongs to the
norm closure of this set. Moreover, if &1, ..., £ are non-negative functions in
LY(Q,v) and € > 0, there is ¢/ € co(u) such that

(Tuy') & — (/Q & dV) mi (U)lo

To see this, note that the above arguments will show that ((fQ & du) mK(U)lQ)i:l

Q

[ Gvirer av (i fa,) € dv

Q

<e (1<r<s).
LY(Qw)

belongs to the weak closure in L!(Q,v)* of {((iU,u’).gr)j:l VS co(u)} and then
apply [6], Corollary V.2.14 to LY(Q,v)*.
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Finally an arbitrary & € L'(£2,7) may be written as a linear combination of
4 non-negative functions. Hence, since & — (1yp/).¢ and & — Jo € dv are linear,
(fo, € dv) mg (U)1gq is the norm limit of a sequence of functions of the form (Ayp).€
(' € co(u)) for each ¢ € L1(Q,v).

(ii) A similar argument, using the fact that

/¢du*"—>/ odmpy as n — oo
K K

proves the claim when ¢ is positive, whence it follows for all ¢ € C(K). Al-
ternatively, the claim may be deduced from (i) by approximating ¢ m-almost
everywhere by a linear combination of characteristic functions of open sets. ([l

The proof does not show which g’ in co(u) give the approximations because of
the appeal to [6], Corollary V.2.14 in passing from the weak closure to the norm
closure. For this reason the lemma cannot be stated in the limit form

(iU; ;M) £—mi(U) < / 5du) 10

despite having

— 0 as n — 0o
L1(Q,v)

n

3=

1 n
B U) — mg(U), =S pte— ( gdu) 1q

1 n
* - xk
k=1
The results below are most conveniently stated in a limit form and to do this it
is necessary to adjoin an ideal point co to co(u) and to define a topology 7 of

neighbourhoods of co.
The open neighbourhoods of oo include the sets:

A(U,e) = {p" € co(p) : |/ (U) = mg (U)| < e},
where U C K is open;

B<¢,e>{u’ecom):'/Kwﬂ’/Kasde]«},
where ¢ € C'(K);

C(f,e) = {u' € col)  |Ilf %' llps(ey = 1B + Tl s o
where f € LY(G);

and - ||B(f + \7,11.)||L1(Q’V) as n — oQ.

LY(G)

<6},

D(U€,¢) = {u’ € o) : H(ivu’)-E ~ (@) ([ €av) 10

where U C K is open and ¢ € L*(€,v); and

< e},
LY(Q)
B(6,6,6) = {u' & cop) - H(éw.g - ( /| ¢dmx) ( / w) 10

<€p,
L1(Q,v)
where ¢ € C(K) and &€ € LY(Q,v).
It is clear that any intersection of finitely many sets of the forms A, B and C
is not empty because % ZZ=1 w** will belong to this intersection for n sufficiently
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large. The proof of the Theorem shows that in fact any intersection of finitely many
sets of the forms A to F is not empty. We define the topology on co(u) so that
these intersections form a filterbase of neighbourhoods of cc.

Definition 4.2. Let 7 be the topology on co(u) with base consisting of all finite
intersections of sets of the forms A to E. If for every ¢ > 0 there is an M € 7T such
that

|®(u") — L|| < € whenever p/ € M

we shall say that
®(y') — L as ' — oo.

Theorem 4.1 may now be restated as: for every open U C K, every continuous
¢ on K and every & € LY (Q,v),

(1u) . — mk(U) (/diu> 1q and

(q@u’) £ — </K ¢>de) </diy> 1o asy — oo

Lemma 4.3. Let ¢ be a continuous function on K, My € T and € > 0. Then there
are 11 € My and My € T such that

' (Gpa) * o — (/Kéf)de) [2

Proof. Theorem 4.1 shows that there is a p; € M; such that

(fp1)-1a — </0¢de> 1o

Since L* (£, v) is isometric to L' (G)/J,, it follows from the definition of the topol-
ogy 7 that there is an My € 7 such that

(Gpa) * o — (/Kéf)de) 2

for every pg € Ms. O

<€
LY(G)

for every po € Ms.

< €.
L' (Q,v)

<€
LY(G)

Lemma 4.4. Let U C K be an open set such that mg(U) = mg(U) and let € > 0
be given. Then there is an open neighbourhood, V', of e in K such that

l¢* 1 = Lullpap) <€
for every ¢ € C(K) satisfying: (i) ¢ > 0; (i) supp(p) C V; and (iii) [ ¢pdmg =1

Proof. Since my is a regular measure, there are: a compact set C C U; and an open
set W D U such that myg (W \ C) < e. Choose V to be a symmetric neighbourhood
of e such that VC C U and VU C W. Then for every ¢ satisfying (i)—(iii),
1, ifkeC
(p*1y) (k) =40, if k=W

0<c<1, ifkeW\C.

Hence this V satisfies the assertion of the lemma. O
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Definition 4.5. For ¢ € C(K) and k € K the left translate of ¢ by k is the
function dy * ¢. It will be denoted by ¢y.

We shall use the fact that if supp(¢) C V, then supp(¢x) C kV.

Lemma 4.6. Let My € T and € > 0 be given. Let U C K be an open set such
that mg(U) = mi(U) and let k € K. Choose V. C K as in Lemma 4.4 and let
¢ € C(K) satisfy (i)—(iii) of that Lemma. Then there are 3 € My and My € T

such that

< He

H(qzk,ul) * (Lupg) — (¢ * 1U)NM2‘ LG

for every po € M.

Proof. Let W and C be as chosen in the proof of Lemma 4.4. Then, by translation
invariance of mg, mg (kW \ kC) < e. By Lemma 4.3 and the definition of 7 there
are 1 € My and My € 7 such that for every us € Mo

15

€,

(15) H(%m)*uz—ﬂz‘y(@
(16) i (KW \ KC) < e,
(17) (/ br dﬂl)ﬂg(U) <mp(U) +e€
K

(18) and f2(kC) > my (kC) —e.

The convolution of ¢ with 1k is again the constant function and so we have

p2 = Lypo + Lippe = (dr * 1u) 2 + (r * Lo\o) T

Hence (15) may be written
| [(Bremn)  Qomz) = (60 % 10) Wiz | + (@) * Lrvwiz) = (60 % Liyw) o] |

< €.

LY(G)

We abbreviate the first term inside the norm on the left of this inequality as Fy
and the second as Fx\p so that the inequality becomes

(19) HFU+FK\UHL1(G) <¢

The idea of the proof is to show that F; and Fi\y have small mass where their
supports overlap.
Now supp(1yfiz) C U and supp(¢xfiy) C kV so that

supp ((drfin) * (1ufiz)) C kW.
It follows that 1xw ((drfi1) * (Lyfie)) = (Prfi1) * (1yfiz), whence
Lew (((l;k,ul) * (iUuz)) = (Grm) * (o pa)

because each of these measures is positive. Similarly, supp ((¢x * 1y)fi2) C kW and
it follows that

(20) Fy = LwwFy = 1y Fu + Lnn e Fu.

It may be seen in a similar way that supp(FK\U) C K\ kC. Hence ikCFK\U =0
and the intersection of the supports of Fy and F\ s is contained in supp(i EWA\EC)-
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Since 0 < ¢ * 1y < 1 it follows from (16) that ((¢g * 1y)fiz) (KW \ kC) < €
which implies that

| Lewke ((0n * 1U)NM2)HL1(G) <e
Also, by (17) we have
(Prin) * (Lufiz) (kW) <m(U) + ¢
and, since supp(¢x) C kV and V~1C C U, we have
(Drfn) * (upiz) (kC) = ((¢rfa) * fi2) (kC)
> j2(kC)—e€, by (15),
> mg(kC)—2¢ by (18).
Hence (drfiz) * (Lyjiz) (kW \ kC) < 3e and

i (6 ivm))| | <3e

H ek | (Grp1) * (Lo pz) L@ €

Therefore ||ikW\kCFU||L1(G) < 4e. Hence, by (20),
Fullpie = ||ikcFU||L1(G JFHikW\kC’FU||L1(G)

< |Tke (Fu + Fi\o) || o) + 4 since Lie Fryw =0,
< |Fo + Frooll ) + 46
< 5e, by (19).

O

Theorem 4.7. Let My € T and € > 0 be given. Let ¢1, ¢po € C(K). Then there
are 1 € My and My € T such that

H Grin) * (Popin) — (f1 * ¢2)NM2‘

<e
LY(G)
for every po € M.
Proof. Suppose for now that ¢; > 0 and fK ¢1dmi = 1.
Since my (K) = 1, there are at most countably many s in ¢(K) such that the

level set Ly = {k € K : ¢a(k) = s} has non-zero measure. By covering ¢2(K)
with open disks whose boundaries do not contain any such s, we may find complex

values s; and mutually disjoint open sets U; C K, i =1, 2, ..., p, such that
(21) |Si — ¢2(k)| <e for keU;

P
(22) and K\ <U Ui> has measure 0.

i=1

Then |¢a(k) — >F_, 5,1y, (k)| < eforall k e | J_, U,

Note that (22) implies that mg (U;) = mg (U;) for each i. Hence a symmetric
neighbourhood V of e in K may be chosen as in Lemma 4.4 such that VC; C U;
and VU; C W; where C; C U; C W; satisfy

m(Wi\C) < gy oy

Since K is compact there are k1, ko, ..., kq in K such that {k;V : j =1,2,...,q}
is an open cover. Let {u(J) 7 =12,. ..,q} be a partition of unity subordinate
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to this open cover, so that u¥) € C(K) and supp(u'?)) C k;V for each j and
>9_,ul) = 1. Define

tj:/ u(j)¢1de
K

and
P = tj_l‘slc;l «(uWey), ift; #0

Then: (i) %) > 0 (ii) supp(¢)) C V, (iii) [, %) dmy = 1 for each j with t; # 0
and

q
(23) Yoty = o
j=1
By Lemma 4.6 there are 1 € My and My € 7 such that
7 () 5 () ~ €
[(8m) = (Lons) = (o) <10) ) < 577

for 1 <i<pand1l<j<qand for every us € Ms. Hence

P P ~
||( ;(ij),Ud) * (Z Sle,;NQ) — ( ,(CJJ) *Z&lm) H2
i=1 i=1

<€
LY(G)
for 1 < j < q and for every us € My. Now (23) implies that
~ P P ~
‘ <¢1/~L1) * (Z Siluim) - <¢>1 * Zsi]-Ui> 142 <e
i=1 i=1 LY(G)

for every ps € My, where we have used that Z;I.:l tj = [ drdmg = 1.
Since | >°F_, s;1y, (k) — ¢2(k)| < € for every k not in a set of measure 0,

p
‘ 1% P2 — P1 % (Z Si]-Ui>

i=1
Furthermore, by choosing a smaller M if necessary, it may be supposed that

< €.

o0

P
&1l a6 (Z SilUi) fi2 — P2z <e.
i=1 M(K)
for every ps € Ms. Therefore
) ) — ~ 3
H(¢1H1) * (¢2M2) (¢1 % ¢2) M2‘ 6 < 3e

for every ps € Ms.

The desired estimate may be obtained for arbitrary ¢; € C'(K) by writing ¢ as
a linear combination of four positive functions whose integral over K is 1 and by
scaling e. |

The final approximation theorem in this section relies on the following lemma,
which is an immediate consequence of Theorem 4.1.
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Lemma 4.8. Let FF C C(K) be compact. Then

(fu) 10 — (/K ¢de> 1o

uniformly for ¢ in F as y’ — oo.

Note that, since K is compact, the set ¢ = {¢dr = dx * ¢ : k € K} is compact
for every ¢ € C(K).

Theorem 4.9. Let ¢ € C(K) and f € L*(G). Then
(Qz(f * MI)) g — </ ¢de) flg as p’ — oo.

Proof. Note first of all that f * p/' = [ f(x)d, * i/ dm(zx) and (0 * ) = by %
(pp—rpt "), whence

Hf* ) = [3 @), % (Bomrpt') dim(z).

Also f.1lo = [, f(2)8,-10 dm(z). Hence
H iﬁ(f*u’)) 1o - ( /K ¢dm1<> Faf

( . 1u).19 - (/qude) 1Q> dm(z)

_/G|f($)\ H (ng—lul) Ao — </K ¢de) 1q

Now {(gm—l cx € Gl C (;SK, which is compact, and so

(ﬁgz—lﬂl) dg — </K Gy de> 1q

uniformly for z in G as ' — oo and [, ¢, dmg = [ pdmg for every x € G
because m is translation invariant. Hence

(6os) 10~ ( [ odoc ) 10

uniformly for x € G as y’ — oo. Therefore

H(d?(f 1)) 1o - ( /K ¢>de) flq

4.1. Comparison with weak containment. In the case when G is amenable,
the probability measure ;1 may be chosen so that ) is a one point set, see [11], [24]
or [37], Theorem 1.2. Then J,, = L}(G) and

flg = (/ fdm) 1o (f € LM@)).
G
Theorem 4.9 then reduces to the statement that

i [ (74w dm(/ ¢>de> (/ fdm> (6 € C(K), f e LY(G)).

W —00

LY(Q,)

IA

dm(x).
LY,

— 0
L1(Q,v)

— 0as u’ — oo.
LY(Q)

O
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This restricted case may be seen directly because J, being equal to L}(G) means

that
e (i5) - (L) (25)

for f € L*(G), which implies that the trivial representation of G is weakly contained
in the regular representation and also implies the Property P, see [20], Section 8.4
and [8], Sections 3.2, 3.5, 3.7. Then the special case of Theorem 4.9 follows because

(24) lim

n— o0

=0
LYG)

lim [ ¢p™dm = lim / odp™ (¢ € C(K))
and, since ©*" > mp, this limit equals fK pdmg.

That the approximation theorems in this section are much weaker than Property
P, or weak containment of the trivial representation may be seen by considering
the case when K = {e}. In that case Theorem 4.7 reduces in effect to the familiar

estimate
1 = *k 1 = *k
B ED I =D B
k=1

2
< 77
k=1 "

LY(@)

which is of course much weaker than (24). This latter estimate is essential for
the definitions of the bounded approximate identities in J,, and ,J and also for
the application of the ergodic theorem described in section 3. The estimates in
Theorems 4.1, 4.7 and 4.9 are used in an analogous way in the next section.

5. PROOF OF THE MAIN THEOREM

The proof of the theorem follows the same steps as the case when Z is L}(G).
First the ideals £ and R are defined and it is shown that they have bounded approx-
imate identities. Next the quotient L'(G)/L and its subspace Z/L are described
and it is shown that the left bounded approximate identity for R is a bounded
approximate identity for Z/L£. Finally it is deduced that Z = £ + R.

Let pz, K and z be as defined in section 2. As in section 4, let u be a fixed
probability measure on G which is absolutely continuous with respect to Haar
measure and satisfies supp(u) = G. We now impose one further condition on .

Since G is o-compact, it has a compact normal subgroup N such that G/N is
separable, see [10], Theorem 8.7. Then my, the normalized Haar measure on N,
belongs to the centre of M (G). We require that g = my *u, which may be achieved
by replacing p by my * u if necessary. The quotient map L'(G) — L*(G)/J, then
factors through the map Ty : LY(G) — L'(G/N), see [20], 3.4.4 for the definition
of Ty. Since L'(G/N) is separable, it follows that L(£2,v) is separable. (It may
be shown that in fact the quotient map factors through T even without supposing
that p = m,, * p, see [37], Proposition 5.2 for a related result.)

5.1. Definition of £ and R. For the definition of £, choose probability measures
w1, f2, - .., from co(p) satisfying

~ - - 1
(25) | (Zn) * Zping1) — Z,Un+1||L1(G) < on (n=1, 2, ...).
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These may be chosen by applying Theorem 4.7 repeatedly as follows. Since zxz = z
there are py € co(u) and My € 7 such that

- - - 1
1(Zpa) * (Z1) = 20| 1.y < 5

for every p/ € M;. Choose such puy and M;. Now suppose that p, € co(u) and
M, € T have been chosen such that

- - - 1
) * ) = 20 sy < 5

for every ' € M,,. Then by Theorem 4.7, there are p,+1 € M, and M,11 € T

such that )

[(Zrns1) * (Z1) = 20| 11y < BUES)
for every p/ € My, 4.

It follows from the definition of 7 that, if C' is a countable subset of C'(K), then
{pn} may also be supposed to satisfy fG édun — fK ¢dmy as n — oo for every
¢ in C. Now K is a closed subgroup of a finite dimensional matrix group and is
therefore separable. Hence C(K') has a dense countable subset and {u,} may be
chosen to satisfy

(26) lim / bdp, = / ¢ dmy for every ¢ € C(K).
G K

n—oo

The definition of 7, implies immediately that f (% Sy ,u*k) — 0 as n — oo for
every f in J, and so it may be further supposed that

(27) lim f* p, =0 for every f € J,.

Now (26) and (27), together with the fact that L(Q,v) is separable, imply that
the filterbase defining the topology 7 can be chosen to be countable. Hence it may
be supposed that, in this topology, p, — o0 as n — oo.
Define, for positive integers m < n,
n
Um,n = H (66 - é,ur) = (66 - éﬂm) * (5e - 2,Ufm+1) O (5(3 - 2#71)
r=m

(The factors in this product do not commute and so it is necessary to specify the
order of the product.) Then

(28) Um,n4+1 — Umpn = —Umn * (2/%1—0—1)

where ||ty p * (2un+1)||M(G) < (3)" lttm,n—1llar(q)- Hence

1 n
limntalisier < Tomnlhay + (5) Tomnilie

which implies that

|M(G) <e Hum,m”M(G) <e(l+]zl)

for all m and n. Then, by (28),

[t

1 n
limanss = tmallsiey < (5) €1+ 1410

so that {um n}o2, is a Cauchy sequence for each m.
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Define
U, = M Uy, p (m=1, 2,3, ...).
Then for each m
(29) lumllarey < e+ 2ll)-

(It is not difficult to see that in fact limsup,, . [[umllarg)y <1+ 12l 21 (x)-)
When n > m we have

[t * wp — um“M(G) = |l(um — um,n—l) * UnHM(@
(30) < eI+ [2]loo) [t — um,n—lHM(G)

— 0 asn — oo.

Also, for f € LY(G) and v € V = LY(G)/T we have

fro= [ f@pr(oydmo)
G
Hence, for each v € V

lim (Zu,)*xv = lm [ Z(z)pz(x)vdu,(x)

n—oo n—oo G

. / 2(k)kvdmg (), by (26),
K

= v, since z is the unit in V.

Therefore u,, x v = 0 for every v € V, and it follows that
(31) frunc€Z (m=1,23,..., fcLYQ)).
Define
L={fecLY(G): lim f*u,=f}

Then £ is a left ideal in L'(G) and is closed because {u,,} is bounded, see (29).

It follows from (30) that £ # 0 and, since Z is closed, from (31) that £ C Z. Let
{uxr}xea be a bounded approximate identity for L*(G). Then {u % tm }(xm)eaxz+
is contained in £ by (30), is a bounded net by (29) and is a right approximate
identity for £ by definition. Therefore £ is a closed, left ideal having a right
bounded approximate identity.

The right ideal R is defined in an analogous way. The probability measures i,
must be chosen to satisfy, in addition to (25)-(27),

1
on
This condition may be imposed on u., as it is chosen or, alternatively, if u is chosen

to be a symmetric measure, then it follows automatically from (25). Define, for
m<mn,

(32) |Gttnsr) * (Bhin) = Zttnsl ) < (n=1,2,...).

Wm,n = (56 - Zﬂn) ook (56 - Z/fbm-i-l) * (66 - Zﬂ'm)
and
Wy = nh_}ngo Win,n-
Next define
R={feL'G): lim wy,*f=f}
m—0o0
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Then R is a closed right ideal in L'(G) with left bounded approximate identity
{wm * UA}(m,A)eZ+ XA~

5.2. Description of L'(G)/L and Z/L. The quotient space L(G)/L may be seen
to be isomorphic to V&L (Q,v). For this, define a G-action on V&L (Q,v) by

z.(v®E&) = pr(x)v @ 6,.€ (veV, €€ LM ()).
Then the map = — z.F is continuous and bounded for each F in V&L (Q,v) and
so we may define an action of L'(G) on VL' (Q,v) by
f.F :/ f(x)z.Fdm(z)  (f € LYG), F € V&L'Y(Q,v))
G
so that V®L! (€, v) becomes a Banach left L!(G)-module.
Define a left L!(G)-module homomorphism Q : L'(G) — V&L (Q,v) by
QU =r(z®1a)  (f€LY Q)

Recall that we have identified V with an ideal in L'(K), so that 2 belongs to
V. Tt will be useful to have the following description of Q(f) in terms of matrix

coefficients. We abbreviate the double sum ) .« Zi‘jﬁzl as y.

Lemma 5.1. Q(f) = Y _ @5 ® (ds¢5f)1q.

o,a,3

o,a,8°

Proof. By definition
Q) = [(z©1q)
= /G f(@)(pz(x)z ® §:.1q) dm(x)

- ;d /G £ (@) oz ()T © 82 10) dm(z), by (3),

= Z /Gd(,f(x)égﬁ(x)(égﬁ®5m.1g)dm(x)7 by (2),

o,a,f

= Y @ (deesf)1q.

o,a,f

[
It may now be shown that @ induces an isomorphism between L!(G)/L and
VLY (Q,v).
Lemma 5.2. Q is surjective and the kernel of Q equals L.
Proof. Let F be in VOL'(Q,v). Since {¢7;} is a basis for V, F may be written

uniquely as F' = > 5Cq5®¢& 5 for some {75} C LY(Q,v) and there is a constant
M > 0 such that

Z Cop ® &8 < Z IcesllclléasllL@.r) < M Z Cop ® &3

o,a,3 oo, o,a,3
The description of the map B : L'(G)/J, — L'(Q,v) in section 3 implies that
functions fJ; € L'(G) may be chosen such that || f75L1(q) < 21€55/L1 () and
with €7, = 7,10,
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Now by Lemma 5.1

Q Z ngﬁ( cxﬁ*:u Zc'yé® Z d C'yécaﬁ ,B*N“) 19

o,a,83 77,6 o,a,f

and, by Theorem 4.9, as u/ — oo the right hand side converges to

Z C’y§ ® Z d / 75ég¢ﬁ de&gﬁ = Z Egﬁ ® fgﬁa by (1)a

77,6 o,a,p o,a,8

= I

Since for every u' € co(u)

> @pfls ) <2M || > @085,

o, LY(G) o,a,B
we have thus shown that for every € > 0 there is
9= Z cop(fag* ') in LY(@)
0,003

with [|gllz1 ey < 2M||F|| and [|[F' — Q(g)|| < e. It follows that @ is surjective.
A similar calculation to that in the last paragraph shows that

Q) — 2®1q as ' — .
Hence Q(un,) = 0 for each m and it follows that £ C kernel(Q).
On the other hand, suppose that Q(f) = 0. Then, by Lemma 5.1,
0,0,

Since {¢7;} is a linearly independent set, and by the construction of (2,v), it
follows that

Copf € Jy forall o, a, B.

Hence
[ Gm) = /G F(2)8e * (i) dim(z)
_ / F(@) (60 % 3) (62 # pim) dm(z)
G

— /Gf(gc) Z dyCop(w aﬁ (0z * i) dm(x), by (2) and (3),

o,a,3

= > @5 ((deZsf) * 1)
o,a,B
— 0 asm — oo, by (27).

Therefore f * u,, — f as m — oo and kernel(Q) C L. O
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It may now be seen that Q(Z) = V ® L}(Q,v). For this, define the operator
R:V® LY (Q,v) — V on simple tensors by

Rv®¢) = </Q£du)v

and extend to V ® L1(Q,v) by linearity. Then it is clear that R is surjective and it
is also an L'(G)-module homomorphism because

R(/f@ﬁ@d@v@&ﬁ)mdw>

[ 1@ R(pr@)o © 8,.) dm(z)

/Lf@ﬂ<j£5m€dV>pz@Ovmn@0

([ew) [ f@mmpin
fa

)
(/<)

= [Rw®Y).

R(f.(v©£))

Hence R(Q (f)) = R(f-(#® 1q)) = f.z = f +Z so that Ro () is the quotient map
LY(G) — LY(@)/T. Tt follows that Q(Z) = kernel(R) =V @ L} (Q, v).

5.3. The approximate identity for Q(Z). Next we show that the left bounded
approximate identity for R is also an approximate identity for V ® L{(Q,v). For
this, note that for each ¢, 5 in the basis for V and each ¢ in Ly(Q,v)

Gm). (0 6) = Lam%mmmwﬁk®@@mmm

= Y @@ (3,mm) £ by (2),
1

do

— ZE:Q®<Azczade) </Q§dl/>197 as m — 0o

y=1

=

)

where we have used Theorem 4.1(ii) and that u,, — 0o as m — oo. Therefore
W, (€5 @ &) — €5 @& as m — 00 and {wp * Ux}(m,n)ez+xA 1S a left bounded
approximate identity V @ L} (€2, v) as well as for R.

5.4. The decomposition of Z. Let f be in Z. Then Q(f) belongs to V& L§(, v).
Hence, by Cohen’s factorization theorem, in its module version given in [1], Theorem
11.10 and [10], Theorem 32.22, there are w in R and F in V ® L} (2, v) such that
Q(f) = w.F. There is ¢g; in Z such that F = Q(g¢1) and so we have f = w=x g1 + g2
for some g, in £, showing that f belongs to R 4+ £ as desired.
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6. COROLLARIES AND FURTHER QUESTIONS

6.1. Automatic continuity. The theorem implies that finite-codimensional ideals
in group algebras are idempotent, that every element is the sum of 2 products in
fact. It is shown in [5] that various automatic continuity results follow.

Corollary 6.1. Let G be a locally compact group. Then:
(i) each finite-codimensional ideal in L*(G) is closed;
(ii) each derivation D from L*(G) to a finite-dimensional Banach bimodule X
s continuous; and
(iii) each homomorphism from L*(G) to a finite-dimensional Banach algebra is
continuous.

A similar argument to that given in the introduction implies the

Corollary 6.2. Let G be a locally compact group and Z be a closed, two-sided
ideal with finite codimension in L' (G). Suppose that {a,} is a sequence in T which
converges to 0. Then there are elements u and v in T and sequences {s,} and {t,}
converging to 0 such that

Gp = Sp * U+ v xt, for everyn.

Corollary 6.2 implies that, if Z is an ideal with finite codimension in L!(G) and
T :7 — X is a bimodule homomorphism, then 7" is continuous. The question of
automatic continuity of derivations from general group algebras is still open. The
standard technique for treating this question, described in [4] and [32], uses two
steps. Step 1 shows that a certain ideal, called the continuity ideal, has finite
codimension in the algebra and step 2 uses an approximate identity argument to
show that the restriction of the derivation to the continuity ideal is continuous. This
approach does succeed in showing that all derivations from C*-algebras are contin-
uous, [23], and is used in [38] to show that derivations from L!(G) are continuous
for certain groups G. In the case of general locally compact groups, Corollary 6.2
would suffice to carry out step 2 if step 1 could be completed. However our current
understanding of the structure of general group algebras seems inadequate for this.
If the Continuum Hypothesis is assumed, there are discontinuous homomorphisms
from group algebras of infinite abelian and certain other groups, [30].

6.2. One-sided factorization. If G is a connected group, then L}(G) is the sum
of 2 left ideals each having a right bounded approximate identity, see [38]. Similar
arguments to those above then show that left L} (G)-module homomorphisms from
L}(G) are continuous. It is not known whether, for a general locally compact group
G, if T is a finite-codimensional ideal in L'(G) and {a,} is a sequence in Z which
converges to 0, there are an integer k& and sequences {07(17 )} which converge to 0 and
elements b in 7, 1 < i < k, such that
k

(33) an:ch)*b(i) (n=1,2,3,...),

i=1
i.e., whether there is a one sided factorization of null sequences in Z. Such a
factorization could be shown for £}(G), where G is an arbitrary discrete group,
if it could be shown for free groups. Let Fy be the free group on k generators
T1, T2, ..., ¥x. Then the k left ideals [(*(Fy) * (6 — 0s,)] ", m =1, 2, ..., k,
each have a right bounded approximate identity and their sum is dense in £§(Fy).
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However this does not suffice to prove that (33) holds in £}(Fx). It may be that
factorization properties in £}(Fy) distinguish between the groups Fy, k = 1, 2, 3,

.., see Question 27 on page 467 of the volume in which [5] appears. Note that
parts (d) and (e) of this question are answered in the present paper.

6.3. Homological unitality. The algebra A is said to be homologically unital
or H-unital if the complex

(34) {0} At A4~ AgAxA —1— .

where

n—1
d:a1®"'®an'_’Z(_l)i71a1®"'®aiai+l®"'®ana
i=1

is acyclic, see [40]. An algebra is H-unital if it has a unit and a Banach algebra
is H-unital if it has a bounded approximate identity. Suppose that A is a finite-
codimensional ideal in the group algebra L!(G). Then, as shown in [17], when G
is amenable A4 has a bounded approximate identity and so in this case A is H-
unital. The Main Theorem implies that the first homology group of (34) vanishes
for arbitrary G but it is not known in general whether a finite-codimensional ideal
in L'(G) can be H-unital when G is not amenable. What is known is that £ (Fy)
is not H-unital for ¥ > 2 because the complex (34) is not exact at the second
place: this follows from the same calculation which shows that the second bounded
cohomology group of Fy is non-zero, see [33], Chapter 8. Now the existence of a
bounded approximate identity in L}(G) characterises amenability of G, [21], and
it may be that H-unitality of L}(G), or perhaps the condition that some of the
homology groups of (34) after the first vanish, characterises amenability or some
interesting larger class of locally compact groups. The one sided factorization which
holds when G is connected might help to show that some further homology groups
vanish in this case.

6.4. Extension to other ideals. A natural question to ask is: which ideals in
L'(G) may be decomposed as in the Main Theorem? It is shown in [38] that, if G
is discrete or connected and N is a closed normal subgroup, then the ideal

(35)  In={fcLYG): /N f(zn)mpy(n) =0 for almost every x in G}

has such a decomposition. It can be shown that a necessary condition for Z to have
such a decomposition is that Z should be weakly complemented. Furthermore, a
subspace of an L'-space is weakly complemented if and only if the quotient by
that subspace is a local L'-space in the sense defined in [15] and so an equivalent
necessary condition is that L!'(G)/Z should be a local L'-space. That the quo-
tient space has this form in the cases where such a decomposition is known may
be seen directly because finite-dimensional spaces are isomorphic to L!-spaces and
LYG)/In = LY(G/N). Recall too that L'(G)/J, = L*(Q,v) and that this iso-
morphism was used in an essential way in the application of the ergodic theorem
in section 2 and in the proof of Theorem 3.1. This suggests the

Conjecture 6.3. The ideal T in L*(G) has a decomposition
I=L+R,
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where L is a closed left ideal with a right bounded approximate identity and R is a
closed right ideal with a left bounded approximate identity if and only if T is weakly
complemented.

Further evidence for the conjecture is the fact that, when G is amenable, 7 has
a bounded approximate identity if and only if it is weakly complemented, see [9],
Proposition VII.2.37 and [3]. Also, when G is abelian, the ideal Z is weakly com-
plemented if and only if it is the kernel of a I" closed element of the coset ring of I'y,
where I' denotes the dual group of G and I'y denotes I with the discrete topology,
see [17], Theorem 12. A similar description of the weakly complemented ideals in
L'(G) when G is non-abelian, might allow the techniques used here and in [39] to
be used to prove the conjecture. However such a characterization of weakly com-
plemented ideals in non-commutative group algebras seems to be beyond current
techniques.

6.5. One last question. We have seen that each element in Lj(G) is a sum of 2
products and is in fact a product when G is amenable. It is not known whether
each element in L{(G) is a product when G is not amenable. This question is
particularly intriguing in the case when G is a free group.
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